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Problem 9.10: Use the linear ODE y' = Ay to analyze the accuracy and
stability of Heun’s method (see Section 9.6.3). In particular, verify that this
method is second order accurate and describe or plot its stability region in
the complex plane.

Heun’s method (or second-order Runge-Kutta method) for numerically solv-
ing ordinary differential equations of the form 3’ = f(¢,y) is given by

h
Yp+1 = Y + Ek(/ﬁ +ks) ,

where ki = f(tx,yx) and ks = f(ty + hg, yr + hiky). Starting with given
inital value yo at time point ¢y, one proceeds with step size h; in order
to calculate the approximate solutions w1, ¥, ys,... at further time points
tl :t0+h1,t2 :t1+h2,t3 :t2+h3,....

Stability of Heun’s method

The exact solution of ODE ¢y’ = Ay, where \ is complex constant, is given
by y(t) = e*. This solution is stable if Re(\) < 0 and assymptotically stable
if Re(A\) < 0. In order to determine the stability of Heun’s method, we
will therefore consider the case that Re(\) < 0, which means that the exact
solution decays to zero.

For the given ODE 3’ = Ay, the approximate solution by Heun’s method is
given by:

oot = () + (0 b+ e £t 00))

h
= y+ ;(Ayk + Myk + heAyr))

N2
= yk<1+>\hk+ 2k>




If we assume that the step size h is constant, we have:

A2h2
Ykl = yk<1+)\h+ 5 )

AZR2\*

For Heun’s method, the approximate solution given by this formula must
decay to zero as does the exact solution. This holds if

212

|1+h)\+ <1,

which describes the stability region in the complex plane for Heun’s method.
If we suppose that A < 0 is a real number, this in turn means that we have
to choose 0 < h < —%, such that the inequality 0 < 1+ Ah + @ < 1 holds.

Accuracy of Heun’s method
Accuracy of a numerical method is said to be of order p if
Iy = O (hz“) :

where l, = yr — ug_1(tx), where u;_; denotes the exact solution through
(th—1, Yr—1)-

We may again suppose constant step size h, thus having t, = k- h. In our
case, the exact solution through (tx_1,yx—1) = ((k — 1)h,yx—1) is given by

ukfl(t) = exy(l;cj)h eM.

Thus, we have:

b = Y — up—1(tx)

A*h? Yk—1  xkn
— yk‘fl (1 + )\h + 2 > - e)\(k_l)je

A2h? A2h2 0 N3R3 At )

= 1|1+ AR —1— M —
Yk 1<+ + 5 6 2

= Y1+ O((AR)*)

This means that Heun’s method is indeed second order accurate.



