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Higher-Order ODEs

Order of ODE determined by highest-order
derivative of solution function appearing in ODE

Equations with higher derivatives can be trans-
formed into equivalent first-order system

Given k-th order ODE

y® =ty .y,

define k£ new unknowns

ui(t) = y,
up(t) = v/,

up(t) = y*=b

Differential Equations

Differential equations involve derivatives of un-
known solution function

Ordinary differential equation (ODE): all deriva-
tives are with respect to single independent

variable, often representing time

Solution of differential equation is function in
infinite-dimensional space

Numerical solution of differential equations is
based on finite-dimensional approximation

Differential equation is replaced with algebraic

equation whose solution approximates that of
given differential equation

Higher-Order ODEs, continued

Original ODE equivalent to first-order system
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We restrict our attention to first-order ODEs
in discussing numerical solution methods

Most ODE software designed to solve only first-
order equations



Example: Newton’s Second Law

Newton's Second Law of Motion, F' = ma, is
second-order ODE, since acceleration a is sec-
ond derivative of position coordinate, denoted
by y

Thus, ODE has form
y'=F/m,
where F' and m are force and mass, respectively

Defining u; = y and us = %' yields equivalent
system of two first-order ODEs
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Ordinary Differential Equations

General first-order system of ODEs has form

y'(@t) = f(ty),

where y:R — R”, f:R"*+1 . R and ¢y =
dy/dt denotes derivative with respect to ¢,

Y1 dyy/dt
Yo | _ | dy2/dt
y’{’L dyn/dt

Function f is given and we wish to determine
unknown function y satisfying ODE

For simplicity, we will often consider special
case of single scalar ODE, n=1

Example Continued

We can now use method for first-order equa-
tions to solve this system

First component of solution u is solution y of
original second-order equation

In addition, we also get second component uyp,
which is velocity y’

Initial Value Problems

ODE vy = f(t,y) does not by itself determine
unique solution function

This is because ODE merely specifies slope
y'(t) of solution function at each point but not
actual value y(t) at any point

In general, infinite family of functions satisfies
ODE, provided f is sufficiently smooth

To single out particular solution, must specify
value yg of solution function at some point ¢g

Thus, part of given problem data is require-
ment that

y(to) = yo



Initial Value Problems, continued

This requirement determines unique solution
to ODE, provided f is smooth

Because of interpretation of independent vari-
able ¢t as time, we think of tg as initial time
and yq as initial value

Hence, this is termed initial value problem, or
IvP

ODE governs evolution of system in time from
its initial state ygp at time tg onward, and we

seek function y(t) that describes state of sys-
tem as function of time

Example: Initial Value Problem

Family of solutions for ODE ¢/ =y

to

11

Example: Initial Value Problem

Consider scalar ODE

[
Yy =y

Family of solutions is given by y = ce!, where
c is any real constant

Imposing initial condition y(¢g) = yg singles out
unique particular solution

For this example, if tg = 0, then ¢ = yg, which
means that solution is y(t) = yge!
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Stability of Solutions
Solution of ODE is

e Stable if solutions resulting from perturba-
tions of initial value remain close to original
solution

o Asymptotically stable if solutions resulting
from perturbations converge back to orig-
inal solution

e Unstable if solutions resulting from pertur-
bations diverge away from original solution
without bound

12



Example: Stable Solutions

Family of solutions for ODE y' =1
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Example: Stability of Solutions

Consider scalar ODE

Y =Xy,
where X is constant.

Solution given by

y(t) = yoe,
where tg = 0 is initial time and y(0) = yq is
initial value

If A > 0, then all nonzero solutions grow expo-
nentially, so every solution is unstable

If A < 0O, then all nonzero solutions decay expo-
nentially, so every solution is not only stable,
but asymptotically stable

If A is complex, then solutions are unstable if
Re()\) > 0, asymptotically stable if Re()\) <
0, and stable but not asymptotically stable if
Re(A\) =0
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Example: Asymptotically Stable Solutions

Family of solutions for ODE ¢ = —y
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Example: Linear System of ODEs

Linear, homogeneous system of ODEs with
constant coefficients has form

y' = Ay,
where A is n x n matrix, and initial condition
is y(0) = yo

Suppose A is diagonalizable, with eigenvalues
A; and corresponding eigenvectorsv;, i = 1,...,n

Express yg as linear combination

n
Yo = > a;
=1

Then
S A
y(t) = Y aeit
i=1
is solution to ODE satisfying initial condition
16



Example Continued

e Eigenvalues of A with positive real parts
yield exponentially growing solution com-
ponents

e Eigenvalues with negative real parts yield
exponentially decaying solution components

e Eigenvalues with zero real parts (i.e., pure
imaginary) vyield oscillatory solution com-
ponents

Solutions stable if Re();) < 0 for every eigen-
value, and asymptotically stable if Re();) < 0
for every eigenvalue, but unstable if Re();) > 0
for some eigenvalue
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Numerical Solution of ODEs

Analytical solution of ODE is closed-form for-
mula that can be evaluated at any point ¢

Numerical solution of ODE is table of approxi-
mate values of solution function at discrete set
of points

Numerical solution is generated by simulating
behavior of system governed by ODE

Starting at tg with given initial value yg, we
track trajectory dictated by ODE

Evaluating f(tg,yg) tells us slope of trajectory
at that point

We use this information to predict value y; of
solution at future time t; = tg + h for some
suitably chosen increment h
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Stability of Solutions, cont.

For general nonlinear ODE y' = f(t,y), de-
termining stability of solutions is more compli-
cated

ODE can be linearized locally about solution
y(t) by truncated Taylor series, yielding linear
ODE

2= J(ty()) 2,

where J; is Jacobian matrix of f with respect
toy

Eigenvalues of Jf determine stability locally
but conclusions drawn may not be valid glob-
ally
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Numerical Solution of ODEs, cont.

Approximate solution values are generated step
by step in increments moving across interval in
which solution is sought

In stepping from one discrete point to next,
we incur some error, which means that next
approximate solution value lies on different so-
lution from one we started on

Stability or instability of solutions determines,

in part, whether such errors are magnified or
diminished with time

20



Euler’'s Method

For general ODE vy’ = f(t,y), consider Taylor
series

2
y(t+h) = y@)+hry'(t) + %y”(t) + -

2
= y() +hft,y@®)+ %y”(t) + -

Euler’'s method results from dropping terms of
second and higher order to obtain approximate
solution value

Y41 = Y + hpf (ti, Yi)

Euler's method advances solution by extrapo-
lating along straight line whose slope is given

by f(tx, yx)

Euler's method is single-step method because
it depends on information at only one point in
time to advance to next point
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Example Continued

To continue numerical solution process, we take
another step from t1 to to =t1 + h = 1.0, oOb-
taining y» = y1 +y1h = 1.54(1.5)(0.5) = 2.25

Now yo differs not only from true solution of
original problem at ¢ = 1, y(1) = exp(l) =
2.718, but it also differs from solution through
previous point (t1,y1), which has approximate
value 2473 att=1

Thus, we have moved to still another solution
for this ODE
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Example: Euler’'s Method

Applying Euler's method to ODE 3 = y with
step size h, we advance solution from time ¢tg =
0 to time t; = tg + h:

y1 = yo + hyo = yo + hyo = (1 + h)yo

Value for solution we obtain at t1 is not exact,

y1 7 y(t1)
For example, if tg = 0, yg = 1, and h = 0.5,
then y; = 1.5, whereas exact solution for this

initial value is y(0.5) = exp(0.5) ~ 1.649

Thus, y1 lies on different solution from one we
started on
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Example Continued

tO t1 to t3 tg

For unstable solutions, errors in numerical so-
lution grow with time

24



Example Continued

For stable solutions, errors in numerical solu-
tion may diminish with time

to t1 to t3 ta
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Global Error and Local Error
Truncation error can be broken down into:

e Global error, which is difference between
computed solution and true solution deter-
mined by initial data at ¢g:

e, =y — y(ty)

e [ ocal error, which is error made in one step
of numerical method:

L, =y, — up_1(tg),

where wuy,_q is solution through (t,_1,Yr_1)
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Errors in Numerical Solution of ODEs

Numerical methods for solving ODEs suffer
from two distinct sources of error:

e Rounding error, which is due to finite pre-
cision of floating-point arithmetic

e Truncation (or discretization) error, which
is due to method used and would remain
even if all arithmetic were exact

In practice, truncation error is dominant factor
determining accuracy of numerical solutions of

ODEs, and we shall henceforth ignore rounding
error
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Global Error and Local Error, cont.

Global error is not necessarily sum of local er-
rors

Global error generally greater than sum of local
errors if solutions unstable, but may be less

than sum if solutions stable

Having small global error is what we want, but
we can control only local error directly

28



Global Error and Local Error, cont.

global error

29

Accuracy and Stability
of Numerical Methods for ODEs

Accuracy of numerical method is of order p if

£, = o

Local error per unit step, £;/h;, = O(h})

Under reasonable conditions, e;, = O(hP), where
h is average step size

Numerical method is stable if small perturba-
tions do not cause resulting numerical solu-
tions to diverge from each other without bound

Such divergence of numerical solutions could
be caused by instability of solution to ODE,
but can also be due to numerical method itself,
even when solutions to ODE are stable

31

Global and Local Error, cont.

| global error
t

to t1 to t3 ta

30

Determining Stability and Accuracy

Simple approach to determining stability and
accuracy of numerical method is to apply it
to scalar ODE 3’ = My, where ) is (possibly
complex) constant

Exact solution given by y(t) = yge, where
y(0) = yg is initial condition

For given numerical method, we can

e Determine stability by characterizing growth
of numerical solution

e Determine accuracy by comparing exact and
numerical solutions

32



Example: Euler’'s Method

Applying Euler's method to ¢y = Ay using fixed
step size h, we have

Y1 = Yk + by = (1 + h\)yg,

which means that

ye = (1 4+ h\)Fyo

If Re()\) < 0, exact solution decays to zero as
t increases, as does computed solution if

14+ k)| <1,
which holds if kA lies inside circle in complex

plane of radius 1 centered at —1

If X is real, then hX must lie in interval (-2,0),
so for A < 0, we must have h < —2/X for Euler's
method to be stable
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Euler’'s Method, continued

For general ODE vy’ = f(t,y), consider Taylor
series

y(t+h) = y(t) +hy'(t) + O(h?)
= y@) +hft,y@) + O(h?)

If we take t =t and h = hy, we obtain

y(trr1) = y(tp) + b f (b y (1)) + O(RZ)

Subtracting this from Euler's method, we get

err1 = Ypt1— Y1)
= [y -yl +
hiLf (s yn) — £t y(8))] — O(R7)
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Euler’'s Method, continued

Growth factor 1+ hA agrees with series expan-

sion

(hA)? +(hA)3
2 6

through terms of first order in h, so Euler's

method is first-order accurate

M =14+nr+ + -

34

Euler’'s Method, continued

If there were no prior errors, then we would
have y;, = y(¢.), and differences in brackets on
right side would be zero, leaving only O(h%)
term, which is local error

This means that Euler's method is first-order
accurate

36



Euler’'s Method, continued

From previous derivation, global error is sum
of local error and propagated error

From Mean Value Theorem, we have

Froyr) — Fey () = J (b, £ (Y — y(t))
for some (unknown) value §, where J; is Ja-
cobian matrix of f with respect to y

So we can express global error at step £+ 1 as
ep+1= I +hpJp)e, + £r4q

Thus, global error is multiplied at each step by
growth factor I + thf

Errors do not grow if spectral radius

p(I + hydy) <1,
which holds if all eigenvalues of hgJ; lie inside
circle in complex plane of radius 1 centered at
-1
37

Step Size Selection
In choosing step size for advancing numerical
solution of ODE, want to take large steps to
reduce computational cost, but must also take

into account both stability and accuracy

To yield meaningful solution, step size must
obey any stability restrictions

In addition, local error estimate is needed to
ensure that desired accuracy is achieved

With Euler's method, for example, local error
is approximately (h%/z)y”, so choose step size

to satisfy
hi < \/2 tol/||y"|

39

Stability of Numerical Methods for ODEs
In general, growth factor depends on
e Numerical method, which determines form
of growth factor

e Step size h

e ODE, which determines Jacobian Jf

38

Step Size Selection, continued

We do not know value of y”, but we can esti-
mate it by difference quotient
/ /
na, Yk~ Yk-1
tp —te—1

Other methods of obtaining error estimates are
based on difference between results obtained
using methods of different orders or different
step sizes

40



Implicit Methods

Euler's method is explicit in that it uses only
information at time ¢; to advance solution to
time 41

This may seem desirable, but Euler's method
has rather limited stability region

Larger stability region can be obtained by using
information at time ¢4 1, which makes method
implicit

Simplest example is backward Euler method,

Yr+1 = Y + i f (b1, Ypt1)

Method is implicit because we must evaluate f
with argument y; 4, before we know its value

41

Example: Backward Euler Method

Consider nonlinear scalar ODE

y/ — 7y3

with initial condition y(0) =1

Using backward Euler method with step size
h = 0.5, we obtain equation

y1=wvo+ f(t1,y1)h =1 —05y7
for solution value at next step

This nonlinear equation for y; could be solved
by fixed-point iteration or Newton’'s method

To obtain starting guess for y1, we could use
previous solution value, yg = 1, or we could
use an explicit method. Euler's method gives
Y1 =yo — O.5y8 = 0.5

Iterations eventually converge to final value
y1 ~ 0.7709
43

Implicit Methods, continued

This means that we must solve algebraic equa-
tion to determine y;41

Typically, we use iterative method such as New-
ton’'s method or fixed-point iteration to solve

for yk+1
Good starting guess for iteration can be ob-

tained from explicit method, such as Euler's
method, or from solution at previous time step

42

Implicit Methods, continued
Given extra trouble and computation in using
implicit method, one might wonder why we

would bother

Answer is that implicit methods generally have
significantly larger stability region

44



Backward Euler Method

To determine stability of backward Euler, we
apply it to scalar ODE ¢ = \y, obtaining

Yk+1 = Yk + PAYR 41,
or

(1 = AN yg41 = i

1 k
Ye = (1—h>\> Yo

Thus, for backward Euler to be stable we must
have

so that

‘ 1
1—hX
which holds for any h > 0 when Re(\) < 0

]31,

So stability region for backward Euler method
includes entire left half of complex plane, or
interval (—oco,0) if X is real

45

Unconditionally Stable Methods

Great virtue of unconditionally stable method
is that desired accuracy is only constraint on
choice of step size

Thus, we may be able to take much larger
steps than for explicit method of comparable
order and attain much higher overall efficiency
despite requiring more computation per step

Although backward Euler method is uncondi-

tionally stable, its accuracy is only of first or-
der, which severely limits its usefulness

a7

Backward Euler Method, cont.

Growth factor
1
1—-\h
agrees with expansion for e* through terms
of order h, so backward Euler method is first-
order accurate

=14 A+ (AR)2+---

Growth factor for backward Euler method for
general ODE is (I — th)*l, whose spectral
radius is less than 1 provided all eigenvalues of
th lie outside circle in complex plane of radius
1 centered at 1

Thus, stability region backward Euler is entire
left half of complex plane for system of equa-
tions

For computing stable solution, backward Euler
is stable for any positive step size, which means
that it is unconditionally stable

46

Trapezoid Method

Higher-order accuracy can be achieved by av-
eraging Euler and backward Euler methods to
obtain implicit trapezoid rule

Yrt1 =Yk + b (FCrovi) + FCrg1,Yrg1)) /2

To determine its stability and accuracy, we ap-
ply it to scalar ODE y’ = Ay, obtaining

o1 = vk + b Quk + Avrg1) /2,
which implies that
1+ hr/2\F
Yk = (m) Yo
Method is stable if
14 hN/2
1—hA/2
which holds for any h > 0 when Re()) < 0, so
trapezoid rule is unconditionally stable

<1,

48



Trapezoid Method, continued

Growth factor
Ttias = (1 2)(1+ S+ (3)

<h>\> 2)

3
= 1paag PDT ()7

4
agrees with expansion of ehA through terms of
order h2, so trapezoid method is second-order
accurate

More generally, trapezoid method has growth
factor (I + 3hJ;)(I — %th)—l, whose spectral
radius is less than 1 provided eigenvalues of
th lie in left half of complex plane

49

Stiff Differential Equations
Asymptotically stable solutions converge with
time, and this has favorable property of damp-

ing errors in numerical solution

But if convergence of solutions is too rapid,
then difficulties of different type may arise

Such ODE is said to be stiff

51

Implicit Methods, continued

We have now seen two examples of implicit
methods that are unconditionally stable, but
not all implicit methods have this property

Implicit methods generally have larger stability
regions than explicit methods, but allowable
step size is not always unlimited

Implicitness alone is not sufficient to guarantee
stability

50

Stiff ODEs, continued

Stiff ODE corresponds to physical process whose
components have disparate time scales or whose
time scale is small compared to interval over
which it is studied

ODE y' = f(t,y) is stiff if its Jacobian J; has
eigenvalues that differ greatly in magnitude

There may be eigenvalues with
e |large negative real parts, corresponding to

strongly damped components of solution,
or

e |large imaginary parts, corresponding to rapidly

oscillating components of solution

52



Stiff ODEs, continued

Some numerical methods are inefficient for stiff
ODEs because rapidly varying component of
solution forces very small step sizes to main-
tain stability

Stability restriction depends on rapidly varying
component of solution, but accuracy restric-
tion depends on slowly varying component, so
step size may be more severely restricted by
stability than by required accuracy

For example, Euler's method is extremely inef-
ficient for solving stiff ODEs because of severe
stability limitation on step size

Backward Euler method is suitable for stiff ODEs

because of its unconditional stability

Stiff ODEs need not be difficult to solve nu-
merically, provided suitable method is chosen
53

Example Continued

With step size h = 0.1, first few steps for given
initial values are:

t 0.0 0.1 0.2 0.3 0.4
exact sol. 1.00 1.10 1.20 1.30 1.40
Euler sol. 0.99 1.19 0.39 8.59 —-64.2
Euler sol. 1.01 1.01 2.01 -5.99 67.0

Computed solution is incredibly sensitive to ini-
tial value, as each tiny perturbation results in
wildly different solution

Any point deviating from desired particular so-
lution, even by only small amount, lies on dif-
ferent solution, for which ¢ #% 0, and therefore
rapid transient of general solution is present

55

Example: Stiff ODE

Consider scalar ODE

y' = —100y + 100t + 101
with initial condition y(0) =1

General solution is y(¢t) = 1 4 ¢+ ce— 100t and
particular solution satisfying initial condition is
y(t) =1+t (i.e.,, c=0)

Since solution is linear, Euler's method is the-
oretically exact for this problem

However, to illustrate effect of using finite pre-
cision arithmetic, let us perturb initial value
slightly

54

Example Continued

Euler's method bases its projection on deriva-
tive at current point, and resulting large value
causes numerical solution to diverge radically
from desired solution

Jacobian for this ODE is Jf = —100, so stabil-
ity condition for Euler's method requires step
size h < 0.02, which we are violating

2.0 —
Euler solution
desired solution
1.0 -~ desired solution
Asient solution
0.0 ‘
0.0 0.1 0.2
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Example Continued

Backward Euler method has no trouble solv-
ing this problem and is extremely insensitive
to initial value:

t 00 01 02 03 04
exact sol. 1.00 1.10 1.20 1.30 1.40
BE sol. 0.00 1.01 1.19 1.30 1.40
BE sol. 2.00 1.19 121 1.30 1.40

Even with very large perturbation in initial value,
by using derivative at next point rather than
current point, transient is quickly damped out
and backward Euler solution converges to de-
sired solution after only few steps

This behavior is consistent with unconditional
stability of backward Euler method for stable
solutions
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Numerical Methods for ODEs

There are many different methods for solving
ODEs Most of these are of one of following
types:

e Taylor series

e Runge-Kutta

e Extrapolation

e Multistep

e Multivalue

We briefly consider each of these types of meth-
ods

59

Example Continued

2.0 —
desired solution
1.0
BE solution
0.0 ‘
0.0 0.1 0.2
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Taylor Series Methods

Euler's method can be derived from Taylor se-
ries expansion

By retaining more terms in Taylor series, we
can generate higher-order single-step methods

For example, retaining one additional term in
Taylor series

h2 h3
y(t+h) =yO+hy' O+5 ¥ O+ y" O+
gives second-order method
hi
2

Yet1 = Yp + ey + Sy

60



Taylor Series Methods, cont.

This approach requires computation of higher
derivatives of y, which can be obtained by dif-
ferentiating y’ = f(¢,y) using chain rule, e.g.,

y' = filt,y) + futy)y
= ft(t7y) + fy(tay) .f(t7y)>

where subscripts indicate partial derivatives with
respect to given variable

As order increases, expressions for derivatives
rapidly become too complicated to be practical
to compute, so Taylor series methods of higher
order have not often been used in practice
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Runge-Kutta Methods, continued

Heun’'s method is analogous to implicit trape-
zoid rule, but remains explicit by using Euler
prediction yj + hik instead of y(t;41) in eval-
uating f at ¢, 41

Best known Runge-Kutta method is classical
fourth-order scheme

Ye+1 =Yg T+ % (k1 + 2k + 2k3 + ka),
where
ki = f(teyr)
ko F(tp + hi/2,yp + hik1/2)
k3 F(t + he/2, yp + hiko/2)
ka = f(ty + hy, i + hiks)

63

Runge-Kutta Methods

Runge-Kutta methods are single-step methods
similar in motivation to Taylor series meth-
ods but do not require computation of higher
derivatives

Instead, Runge-Kutta methods simulate effect
of higher derivatives by evaluating f several
times between t;, and t;44

Simplest example is second-order Runge-Kutta
method

h
Y+l =Y+ Ek (k1 4 ko),
where
k1 = f(teyr)
ko = f(ty+ hg, yr + hik1)
which is called Heun’s method

62

Runge-Kutta Methods, continued

To proceed to time ;1 1, Runge-Kutta meth-
ods require no history of solution prior to time
ti, which makes them self-starting at begin-
ning of integration, and also makes it easy to
change step size during integration

These facts also make Runge-Kutta methods
relatively easy to program, which accounts in
part for their popularity

Unfortunately, classical Runge-Kutta methods

provide no error estimate on which to base
choice of step size

64



Runge-Kutta Methods, continued

Fehlberg devised embedded Runge-Kutta method

that uses six function evaluations per step to
produce both fifth-order and fourth-order es-
timates of solution, whose difference provides
estimate for local error

Another embedded Runge-Kutta method is due
to Dormand and Prince

This approach has led to automatic Runge-
Kutta solvers that are effective for many prob-
lems, but which are relatively inefficient for
stiff problems or when very high accuracy is
required

It is possible, however, to define implicit Runge-
Kutta methods with superior stability proper-
ties that are suitable for solving stiff ODEs
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Multistep Methods

Multistep methods use information at more
than one previous point to estimate solution
at next point

Linear multistep methods have form

m

m
Yet1 = 2 Ykt1—i+h D> Bif Ckg1—i> Yk1-i)
i=1 i=0

Parameters «; and 3; are determined by poly-
nomial interpolation

If 8o = 0, method is explicit, but if 8y # O,
method is implicit

Implicit methods are usually more accurate and
stable than explicit methods, but require start-
ing guess for yj41
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Extrapolation Methods

Extrapolation methods are based on use of
single-step method to integrate ODE over given
interval, t,, <t < t,4q, using several different
step sizes h;, and yielding results denoted by
Y (hyi)

This gives discrete approximation to function
Y (h), where Y (0) = y(tx41)

Interpolating polynomial or rational function
Y (h) is fit to these data, and Y (0) is then
taken as approximation to Y (0)

Extrapolation methods are capable of achiev-
ing very high accuracy, but they are much less
efficient and less flexible than other methods
for ODEs, so they are not often used unless
extremely high accuracy is required and cost is
not significant factor
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Multistep Methods, continued

Starting guess is conveniently supplied by ex-
plicit formula, so the two are used as predictor-
corrector pair

One could use corrector repeatedly (i.e., fixed-
point iteration) until some convergence toler-
ance is met, but it may not be worth expense

So fixed number of corrector steps, often only
one, may be used instead, giving PECE scheme
(predict, evaluate, correct, evaluate)

Although it has no effect on value of yi41,

second evaluation of f in PECE scheme yields
improved value of yfc+1 for future use
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Multistep Methods, continued

Alternatively, nonlinear equation for Y41 given
by implicit multistep method can be solved
by Newton’s method or similar method, again
with starting guess supplied by solution at pre-
vious step or by explicit multistep method

Newton’'s method or close variant of it is essen-
tial when using an implicit multistep method
designed for stiff ODEs, as fixed-point itera-
tion fails to converge for reasonable step sizes

69

Examples: Multistep Methods

Backward differentiation formulas form another
important family of implicit multistep methods

BDF methods, typified by formula

1 6h
Ypt1 = H(18yk —9yp_1+2yp2) + Hy;c—f-la

are effective for solving stiff ODEs

71

Examples: Multistep Methods

Simplest second-order accurate explicit two-
step method is

h
Yrt1 = Yp + 5(331/@ —Y_1)

Simplest second-order accurate implicit two-
step method is trapezoid rule

h
Ye+1 = Y+ 5(2/2.4_1 + )

One of most popular pairs of multistep meth-
ods is explicit fourth-order Adams-Bashforth
predictor

h
Yk+1 = yk+§(55y2—59y271+379272—9y273)

and implicit fourth-order Adams-Moulton cor-
rector

h
Yrt+1 = Yr+ §(9y2+1 + 19y}, — 5y_1 + Yi_2)
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Multistep Methods, continued

Stability and accuracy of some popular multi-
step Adams methods are summarized below
Explicit Methods

Stability Error
Order threshold constant

1 =2 1/2
2 -1 5/12
3 —6/11 3/8
4 —-3/10  251/720

Implicit Methods
Stability Error
Order threshold constant

1 - -1/2

2 —o0 —-1/12
3 -6 —1/24
4 -3 —19/720

Implicit methods are both more stable and more
accurate than corresponding explicit methods
of same order
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Properties of Multistep Methods

They are not self-starting, since several previ-
ous values of y; are needed initially

Changing step size is complicated, since inter-
polation formulas are most conveniently based
on equally spaced intervals for several consec-
utive points

Good local error estimate can be determined
from difference between predictor and correc-
tor

They are relatively complicated to program

73

Multivalue Methods

With multistep methods it is difficult to change
step size, since past history of solution is most
easily maintained at equally spaced intervals

Like multistep methods, multivalue methods
are also based on polynomial interpolation, but
avoid some implementation difficulties associ-
ated with multistep methods

One key idea motivating multivalue methods
is observation that interpolating polynomial it-
self can be evaluated at any point, not just at
equally spaced intervals

Equal spacing associated with multistep meth-
ods is artifact of representation as linear com-
bination of successive solution and derivative
values with fixed weights
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Properties of Multistep, continued

Being based on interpolation, they can effi-
ciently provide solution values at output points
other than integration points

Implicit methods have much greater region of
stability than explicit methods, but must be
iterated to convergence to enjoy this benefit
fully (e.g., PECE scheme is actually explicit,
though in a somewhat complicated way)

Although implicit methods are more stable than
explicit methods, they are still not necessar-
ily unconditionally stable (no multistep method
of greater than second order is unconditionally
stable, even if it is implicit)

Properly designed implicit multistep method
can be very effective for solving stiff ODEs
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Multivalue Methods, continued

Another key idea in implementing multivalue
methods is representing interpolating polyno-
mial so that parameters are values of solution
and its derivatives at ¢

This approach is analogous to using Taylor,
rather than Lagrange, representation of poly-
nomial

Solution is advanced in time by simple trans-
formation of representation from one point to
next, and it is easy to change step size

Multivalue methods are equivalent to multistep
methods but are more convenient and flexible
to implement, so most modern software imple-
mentations are based on them
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Example: Multivalue Method

Consider four-value method for solving scalar
ODE

y = f(t,y)

Instead of representing interpolating polyno-
mial by its value at four different points, we
represent it by its value and first three deriva-
tives at single point t;:
Yk
hy;,
Y = 2 1"
(h=/2)yy,
(h3/6)y)!

By differentiating Taylor series

/ h2 " h3 "
y(tk+h) =y(tk)+hy +?y +€yk + -
three times, we see that corresponding values
at next point t,41 =t + h are given approxi-

mately by transformation
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Example Continued

For consistency, i.e., for ODE to be satisfied,
we must have rp, =1

Remaining three components of » can be cho-
sen in various ways, resulting in different meth-
ods, analogous to different choices of param-
eters in multistep methods

For example, four-value method with

r=3 173
is equivalent to implicit fourth-order Adams-

Moulton method given earlier
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Example: Multivalue Method

Vit+1 = Byg,

where matrix B is given by
1 1

O O O
O = N =
= W W~

1
0
0

We have not yet used ODE, however, so we
add correction term to foregoing prediction to
obtain final value

Y41 = Yrt+1 +ar,
where 7 is fixed 4-vector and

o = h(f(tkt1, Yr+1) — Tpt1)
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Multivalue Methods, continued

It is easy to change step size with multivalue
method: we need merely rescale components
of y; to reflect new step size

It is also easy to change order of method simply
by changing components of r

These two capabilities, combined with sophis-
ticated tests and strategies for deciding when
to change order and step size, have led to de-
velopment of powerful and efficient software
packages for solving ODEs based on variable-
order/variable-step methods
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Variable-Order/Variable-Step Solvers

Such routines are analogous to adaptive quadra-
ture routines: they automatically adapt to given
problem, varying order and step size of in-
tegration method as necessary to meet user-
supplied error tolerance efficiently

Such routines often have options for solving ei-
ther stiff or nonstiff problems, and some even
detect stiffness automatically and select appro-
priate method accordingly

Ability to change order easily also obviates need
for special starting procedures: one can simply
start with first-order method, which requires
no additional starting values, and let automatic
order/step size selection procedure increase or-
der as needed for required accuracy
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