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Homework number: 7
Homework Title: Exercise 8.15

Problem description:

Archimedes approximated the value of m by computing the perimeter of a regu-
lar polygon inscribing or circumscribing a circle of diameter 1. The perimeter
of an inscribed polygon with n sides is given by

Pn = nsin(%)

and that of a circumscribed polygon by

¢n = ntan(Z),

and these values provide lower and upper bounds, respectively, on the value of
.

(a) Using the Taylor series expansions for the sine and tangent functions, show
that p, and ¢, can be expressed in the form

Pn = ao + a1h® + ash* + - --

and

Gn = bo + bih? + boh* + - -,

where h = 1/n. What are the true values of ag and by?

(b) Given the values pg = 3.0000 and pi2 = 3.1058, use Richardson extrapola-
tion to produce a better estimate for 7. Similarly, given the values ¢s = 3.4641
and q12 = 3.2154, use Richardson extrapolation to produce a better estimate
for 7.

Problem solution:
(a) Taylor series expansion: If a function f(z) has continuous derivatives
up to (n+1)*" order, then this function can be expanded in the following fashion:
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where R,, is the remainder after n+1 terms.
If @ = 0 the series is called the MacLaurin series:
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First of all we have to calculate the derivatives of our two functions
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and get the corresponding Taylor series expansions:
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Now we can apply these two Taylor series to our terms p,, and ¢, and get
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Thus we can see, that we can express p, and ¢, in the desired form and addi-
tionally we can see, that ag = by = m.

ichardson extrapolation: As we know, ps,g¢ = h = + = & an
b) Richard t lati A k h 711 é d
p12,q12 = h =2 = L s0o ¢ =2and as p, = ag + arh® + agh® + -+ and

n
gn = bg + b1h? + bah* + -+ we know that p = 2. So we can calculate better
approximations for 7 the following way:

Poo = ap & ps + B = po + Bp2 = AP = 314106

(oo = 0 ™ o + L582 = g + =Pz = 202 — 31395
4

What we can see here is, that the approximated solution for g, is smaller
than the exact value of . This is a violation of the proposition p, < 7 < ¢,.



