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Problem description:

Let A be an n x n real matrix of rank one.

(a) Show that A = uv” for some nonzero real vectors u and v.
(b) Show that u”v is an eigenvalue of A.

(c) What are the other eigenvalues of A?

(d) If power iteration is applied to A, how many iterations are required for
it to converge exactly to the eigenvector corresponding to the dominant
eigenvalue?

Problem solution:

(a) Without loss of generality: Let A be an 2 x 2 real matrix of rank 1.
Because of rank 1 we can concluse for A:

A= G @2 _ (41 v - an with v € R.
as1 A929 a1 21
Let v denote a vector consisting of the components v; = 1, v, = v and

let u denote a vector consisting of the components of the first column
of A. For those we get

T Uy an ain -1 ann -y
uv’ = (v vy )= (1 = =A |
(U2>( ) (G12)( 7) (aw'l 6112'7)
(b) To get the eigenvalues of the matrix A we calculate the roots of the
characteristic Polynomial.

det (A—X-1)=0

:>det(uvT—)\-[):det<( i “1”2)—A-1> -

U2V1  UV2
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= det ( uvr = A R A ) = (U1U1—)\)(uzvz—)\)—(u1vz)(uzv2) =

U207 U2V —

= )\2_)\U1U1_)\UQU2+U1U2U1U2_U1UQU1U2 = )\2—>\(U1U1+U2U2) =0

:>)\12:

U1V + UgVs + \/(uﬂ)l + U2U2)2 - ULV + UgV2 + U1V + UV2
2 4 B 2 2
= A\ = O, Ay = (uwl + UQUQ)
Ay = (u1v) + upvy) = ulv [ |
(c) The other eigenvalues are all 0.
Proof:(short) Since we have a n X n real matrix of rank 1 we can
conclude from (a) the existance of the vectors v and v with uv? =

A. For matrices of this form the characteristic Polynomial alway
looks like(without proof):

A" — )\nil(un’l]n + ...+ ulvl)

For this Polynomials we will always find the roots by this distinc-
tion of cases:

N — XN, + .+ ugvy) =0

Case \ # 0:
NN Uy + o ury) = A"
)\n
(UnUp + o Fugvy) = oo
(UpUp + . Fugvy) = A
= A = (upvy + ... +uqv1)
Case A =0:

=\=0 for 1=2,...n |

(d) Only one iteration is required for power iteration to converge exactly to
the eigenvector.



Proof: Without loss of generality we show the assertion for a 2 x 2
Matrix of rank 1 and an arbitrary nonzero vector x:

el = vules — V1U1 V1U2 X1 [ viurry + VU B
VU1 V2Uy i) VU1 + Va2Uo T2
(%1 .
=H ( v ) with g = (w11 + ua2)
2

Now we have to show that A-el = X\ -el:
ViU V1U2 (1 U%Ul + V1V2U9
Vol VoUsg () V12U + V3U2

. vi(viug + vaug) '\ _ (v
vo (ViU + vous) Vg

while A = (viuy + voug) is our eigenvalue from (b). W



