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Date: 1.12.2003

Homework number: 4

Homework Title: Ex. 4.3 – a, d, g

Problem description:

Let A = [1, 4;1, 1].

Your answers to the following questions should be numeric and specific to this particular matrix, not just the general definitions.

a) What is the characteristic polynomial of A?

b) What are the roots of the characteristic polynomial of A?

c) What are the eigenvalues of A?

d) What are the eigenvectors of A?

e) Perform one iteration of power iteration on A, using x0 = [1, 1]T as starting vector.

f) To what eigenvector of A power iteration ultimately converge?

g) What eigenvalue estimate is given by the Rayleigh quotient, using the vector x = [1, 1]T?

h) To what eigenvector of A would inverse iteration ultimately converge?

i) What eigenvalue of A would be obtained if inverse iteration were used with shift σ = 2?

Problem solution:

a) Calculate det(A – λI)

d) Find a fitting x for (A – λI) x = 0
g) Follow the algorithm on p. 178

Results:

a) det(A – λI) = det([1-λ, 4; 1, 1-λ]) = (1-λ)² - 4 = λ² - 2λ – 3


b) roots(λ² - 2λ – 3) => λ = 1 ± 2, λ1 = 3, λ2 = -1


c) λ1 = 3, λ2 = -1


d) λ1 = 3:
[-2,4;1,-2][x1;x2] = 0
-2x1 + 4x2 = 0 = x1 – 2x2 => x1 = 2x2
=> let x1 = 2, x = [2;1]

λ2 = -1
[2,4;1,2][x1;x2] = 0
2x1 + 4x2 = 0 = x1 + 2x2 => x1 = -2x2
=> let x1 = 2, x = [2;-1]

	h
	xkT
	
	Ratio

	0
	1
	1
	

	1
	5
	2
	2,0000

	2
	13
	7
	3,5000

	3
	41
	20
	2,8571

	4
	121
	61
	3,0500

	5
	365
	182
	2,9836

	6
	1.093
	547
	3,0055

	7
	3.281
	1.640
	2,9982

	8
	9.841
	4.921
	3,0006

	9
	29.525
	14.762
	2,9998

	10
	88.573
	44.287
	3,0001

	11
	265.721
	132.860
	3,0000


e) to a multiple of x = [2;1] (λ1 = 3)

f) λ1 = 3

	k
	xkT
	
	||yk||∞
	xkTAxk / xkTxk

	0
	1
	1
	
	3,5000

	1
	1
	0,4000
	5,0000
	2,7241

	2
	1
	0,5385
	2,6000
	3,0872

	3
	1
	0,4878
	3,1540
	2,9702

	4
	1
	0,5042
	2,9510
	3,0100

	5
	1
	0,4986
	3,0168
	2,9966

	6
	1
	0,5005
	2,9944
	3,0012

	7
	1
	0,4998
	3,0020
	2,9995

	8
	1
	0,5001
	2,9992
	3,0002

	9
	1
	0,5000
	3,0004
	3,0000

	10
	1
	0,5000
	3,0000
	3,0000


g) 
the smallest eigenvalue, λ2 = -1 and it’s eigenvector

	k
	xkT
	
	||yk||∞

	1
	-3
	2
	3,6667

	2
	1
	-0,4545
	0,9394

	3
	-1
	0,5161
	1,0215

	4
	1
	-0,4947
	0,9930

	5
	-1
	0,5018
	1,0024

	…
	
	
	


h) A - σI


	k
	xkT
	
	σk

	0
	1
	1
	

	1
	1,0000
	0,4000
	2

	2
	1,0000
	0,5083
	2,7241

	3
	-1,0000
	-0,5000
	3,0197

	4
	1,0000
	0,5000
	3,0001


