First Name: Rainer

Last Name: Trummer
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Date: November 16, 2003

Homework Number: 3

Homework Title: Exercise 3.8

Problem Description:

Suppose that A is an m ( n matrix of rank n.  Prove that the matrix ATA is positive definite.

Problem Solution:

To find out what exactly needs to be proven, it is definitely helpful to have a closer look at the definition of positive definiteness:

Definition:  A quadratic matrix A is positive definite if, and only if, it satisfies the following condition:
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where Q is called real quadratic form.

Due to this definition, it follows that for obtaining a value Q greater than 0, matrix A must have the following three properties:

1) A is quadratic,

2) A is symmetric,

3) the diagonal of A contains only positve elements.

Referring to the stated problem, if we can show that matrix ATA has these three properties, then we can consider ATA to be positive definite.

Proof:

Ad (1):

The matrix ATA is the product of the transposed matrix AT(n,m) multiplied with the original matrix A(m,n), and thus, quadratic with dimension n ( n, independent of the relation among m and n.

Ad (2):

The multiplication of two matrices A(m,n) and B(n,p) is defined as follows:
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 =  (cij)  =  C(m,p),     i = 1, ... , m,     j = 1, ... , p.

In our case of dimensions n ( m for AT and m ( n for A we can write:

ATA  = 
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 =  (cij)  =  C(n,n),     i, j = 1, ... , n.

Considering this formula, we can observe that each term in the sum of calculating an element cij appears for a second time with exchanged indices for calculating the opposite element cji.  Therefore, it follows that cij = cji and we can conclude that matrix C must be symmetric.

Ad (3):

Due to the circumstance that cij = cji, the previous formula implies a special case for calculating the diagonal elements for matrix C.  To calculate these elements we can simplify the formula as follows:

cii  =  
[image: image4.wmf]ki

m

k

ik

a

a

å

=

1

  =  
[image: image5.wmf]ik

m

k

ik

a

a

å

=

1

  =  
[image: image6.wmf]å

=

m

k

ik

a

1

2

,     i = 1, ... , n.

Hence all diagonal elements of matrix ATA must be positive.  After we have proven that ATA has the properties (1) to (3), all what we finally need to show is that the condition xT(ATA)x > 0 holds for all x ≠ o.

According to the problem statement that matrix A has rank n, we can conclude that matrix A must consist of m – n o-vectors and n linearly independent rows or columns, each containing at least one non-zero element.  This also implies that the symmetric matrix ATA must contain at least n non-zero elements.  To see that the condition xT(ATA)x > 0 holds for all x ≠ o, consider the following illustration:

Suppose that matrix C = ATA is given by 
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 and vector x is given by 
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 with elements a, b, c, x, y > 0.
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In this order, it is easy to see that any term will become positive, since the second multiplication by vector x compensates all negative elements in matrix C, and therefore, xTCx will generate a value Q > 0.

Thus, we have shown that ATA is positive definite.
■

Results:
A short Matlab script (trummer_hw3.m) was written to verify the proof.
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