First Name: Rainer

Last Name: Trummer

Email: rtrummer@cosy.sbg.ac.at

Date: November 10, 2003

Homework Number: 2

Homework Title: Exercise 2.12

Problem Description:

Verify that the dominant term in the operation count (number of multiplications or number of additions) for solving a lower triangular system of order n by forward substitution is n2/2.

Problem Solution:

For a lower triangular system Lx = b, the method of forward-substitution can be expressed mathematically in the form:
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One possible implementation for this algorithm is:

for j = 1 to n


{ loop over columns }

      if Ljj = 0 then stop

{ stop if matrix is singular }

      xj = bj / Ljj


{ compute solution component }

      for i = j + 1 to n

{ loop over remaining rows }

            bi = bi – Lij xj

{ update right-hand side }

      end

end

Let C denote the above algorithm’s complexity that represents the total number of multiplications (divisions) performed.  Then we can determine C(n) as follows:
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Proof  (by Induction):

Induction Assumption:
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Induction Begin:
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Induction Step:
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Hence we have shown that C(n) = n2/2 + n/2 for all n ( (.

■

Results:

We can now use our derived formula to calculate complexity-values C(n) for some n.
	n
	n2/2
	n/2
	C(n)

	2
	2
	1
	3

	4
	8
	2
	10

	6
	18
	3
	21

	8
	32
	4
	36

	10
	50
	5
	55

	100
	5 000
	50
	5 050

	1 000
	500 000
	500
	500 500

	10 000
	50 000 000
	5 000
	50 005 000

	100 000
	5 000 000 000
	50 000
	5 000 050 000

	1 000 000
	500 000 000 000
	500 000
	500 000 500 000


Comparing the values of the previous table leads us to the following observation: At the beginning, as long as n is relatively small, the complexity C(n) seems to stay relatively small too, whereas increasing the problem-size n makes term n2/2 become continuously closer to C(n).  This behaviour depends on the fact that for the same input n, quadratic functions grow much faster than linear functions.  Further, we can observe another important property: Modifying a function with a constant factor, in our case 1/2, does not affect the function as strong as an extension from linear to quadratic.  Thus, we can conclude that n2/2 is the dominant term in our complexity function C(n) and generally classify it as type O(n2).

A short C++ program (trummer_hw2.cpp) was written for testing the forward-substitution algorithm and to verify the derived complexity function C(n).

Discussion and Comments: 

The consequences of what we have just discovered become more clear in the following context: In our complexity function C(n) we only count the number of multiplications (divisions) performed for some input n, in other words, we have not payed any attention to the circumstance that the process of executing a division usually takes about 3 times longer than for a multiplication.  Furthermore, we do not count the number of additional subtractions performed within the algorithm’s inner-loop.  Finally, for each load (store) operation associated with the variables L, x, and b, which are all of type double, 8 bytes must be loaded (stored).  In this sense, we could obtain a more realistic and practical complexity function by simply replacing the two terms n2/2 + n/2 with the single term n2.

_1129993558.unknown

_1129994060.unknown

_1129996949.unknown

_1129997215.unknown

_1129997838.unknown

_1129998289.unknown

_1129998238.unknown

_1129997769.unknown

_1129997150.unknown

_1129997174.unknown

_1129996975.unknown

_1129994343.unknown

_1129996786.unknown

_1129994202.unknown

_1129994006.unknown

_1129994024.unknown

_1129993494.unknown

_1129993543.unknown

_1129993523.unknown

_1129993441.unknown

_1129993468.unknown

_1129989121.unknown

_1129993403.unknown

_1129993417.unknown

_1129989177.unknown

_1129988931.unknown

