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Problem Description

Show that the following functions of an m × n matrix A satisfy the first three
properties of a matrix norm given in Section 2.3.2 and hence are matrix norms
in the more general sense mentioned there.

||A||max = max
i,j

|aij |

Note that this is simply the ∞-norm of A considered as a vector in Rmn.

||A||F =

∑
i,j

|aij |2
1/2

Note that this is simply the 2-norm of A considered as a vector in Rmn. It is
called the Frobenius matrix norm.

Problem Solution

ad ||A||max:

1. ||A|| > 0 if A 6= 0.

If A 6= 0 there exists aij 6= 0. Therefore the following relation holds:
||A||max ≥ |aij | > 0 �

2. ||γA|| = |γ| · ||A|| for any scalar γ.

||γA||max = maxi,j |γ · aij | = maxi,j |γ| · |aij | = |γ| · maxi,j |aij | = |γ| ·
||A||max �

3. ||A + B|| ≤ ||A||+ ||B||.
Let aij be the absolute maximum of matrix A, and bkl be the absolute
maximum of matrix B. By definition of the absolute value, the following
relation holds: |axy + bxy| ≤ |axy| + |bxy|. Furthermore for any x and y
|axy|+ |bxy| ≤ |aij |+ |bkl|. So ||A + B||max ≤ ||A||max + ||B||max �

ad ||A||F :

1. ||A|| > 0 if A 6= 0.

If A 6= 0 there exists aij 6= 0. Therefore
∑

i,j |aij |2 > 0 and finally
||A||F > 0 �
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2. ||γA|| = |γ| · ||A|| for any scalar γ.

||γA||F =
(∑

i,j |γaij |2
)1/2

=
(
γ2

∑
i,j |aij |2

)1/2

= |γ|
(∑

i,j |aij |2
)1/2

=
|γ| · ||A||F �

3. ||A + B|| ≤ ||A||+ ||B||.

∑
i,j

|aij + bij |2
1/2

≤

∑
i,j

|aij |2
1/2

+

∑
i,j

|bij |2)

1/2

Discussion and Comments

Although trying really hard I wasn’t able to proof the third property of a matrix
norm for ||A||F for days. So I left this unfinished.
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