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Problem 2.13: How would you solve a partitioned linear system of the
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where Ly and Lo are nonsingular lower triangular matrices, and the solution
and right-hand-side vectors are partitioned accordingly? Show the specific
steps you would perform in terms of the given submatrices and vectors.

Solution:

Let Ly be a nxn-matrix and L, a kxk-matrix. Consequently, O will be a
nxk-matrix and B a krn-matrix.

The main idea is to eliminate all entries in O and B, that is to perform el-
ementary matrix manipulations so that all those entries will become zero in
the end. Eliminating these entries, we will make sure that L; and L, remain
trinagular matrices (that means, all exisiting zeros may remain untouched).
The algorithm secures this by eliminating rows of O and columns of B alter-
natively (meaning last row of O followed by last column of B followed by last
but one row of O and so on). After this, we will have two Linear Systems
with lower triangular matrices L1 and L2 which may be solved independently
e.g. by forward substitution.

The algorithm might look like this:

fori =n..1
eliminate all rows of O (from down to top) / all columns of B (from right to

left)

for j = k..1
eliminate all entries in i row of O / in i column of B

fors =j..1
eliminating O(i, j), update all other entries in i*™" row of O

O(i78) = O(i,S _MO(%])

LQ(J»J)



end;

fors =1i..1

update entries in Ly as well (entries in upper triangular part are zero all time
and need not to be updated, as all columns in B "right from index 1”7 should
already be set to zero!)

Li(i,s) = Li(i,s) — 22200, )
end;

fors = 1.k
eliminate all entries in it" column of B

forr=1.1
update all entries in s row (all entries right from index i are already zero
and need not to be updated (as they remain untouch because Ly is lower tri-
angular)!)

- _ Li(4,9)
B(ﬁ S) - B(T, S) Ll(m‘)
end;

h

B(r,1)

end;
end;
end;

If we suppose that the matrix O is already a zero matrix, this means that

B L,
System simply by applying the forward-substitution-method to the whole
matrix.
Alternatively, we may also split the whole process into a few steps, dealing
only with one of the given submatrices in each step.
The steps we would perform are as follows:

L . : . .
l 1 0 is already a lower triangular matrix. So we could solve the Linear

1. Solve the sub-system L; x = b. (Most likely, we would use forward
substitution here.)

2. Knowing the solution for the sub-vector z, compute the vector B x.
3. Compute the vector ¢ := ¢ — Bux.

/

4. Solve the sub-system L,y = .



This finally leads to a solution for the vector [ :yl: ] .

This paritioned algorithm will require O (@ +n * k;) steps (don’t forget
we also have to calculate the vector B x, which leads to nxk multiplications!),
compared to O (W) when applying Forward Substitution to the whole
matrix. Thus, both methods require the same amount of operations.

Therefore, the partitioned algorithm won’t reduce the amount of operations
we have to perform (compared to applying forward-substitution to the whole
matrix), but as only one of the submatrices needs to be present in each step,
this can bring an advantage concerning the requested memory space if the

submatrices themselves are very large.



