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Problem description:
Let x be a given nonzero floating-point number in a normalized system, and
let y be an adjacent floating-point number, also nonzero.

(a) What is the minimum possible spacing between x and y?

(b) What is the maximum possible spacing between x and y?

Problem solution:
In a normalized system the floating-point number x is represented by the
mantissa d0d1 . . . dp−1 where d0 is nonzero and the exponent E ∈ [L, U ].

x =

(
d0 +

d1

β
+

d2

β2
+ . . . +

dp−1

βp−1

)
· βE

There are two possible cases for the lower adjacent floating-point number y:

y =



(
d0 + d1

β
+ d2

β2 + . . . + dp−2

βp−2 + dp−1−1

βp−1

)
· βE if dp−1 > 0(

d0 + d1

β
+ . . . + di−1

βi + β−1
βi+1 + . . . + β−1

βp−1

)
· βE if ∀j > i : dj = 0

and di > 0, i > 0(
(β − 1) + β−1

β
+ . . . + β−1

βp−1

)
· βE−1 if ∀j > 0 : dj = 0

and d0 = 1

Therefore we have three cases for calculation of the difference ∆ = x− y:

case: dp−1 > 0:

∆ = x− y

=

(
d0 +

d1

β
+ . . . +

dp−1

βp−1

)
· βE −

(
d0 +

d1

β
+ . . . +

dp−2

βp−2
+

dp−1 − 1

βp−1

)
· βE

=

(
dp−1

βp−1
− dp−1 − 1

βp−1

)
· βE

= βE−(p−1)
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case: ∀j > i : dj = 0 and di > 0 and i > 0:

∆ = x− y

=

(
d0 +

d1

β
+ . . . +

di

βi
+

0

βi+1
+ . . . +

0

βp−1

)
· βE

−
(

d0 +
d1

β
+ . . . +

di − 1

βi
+

β − 1

βi+1
+ . . . +

β − 1

βp−1

)
· βE

=

(
1

βi
− β − 1

βi+1
− β − 1

βi+2
− . . .− β − 1

βp−1

)
· βE

= βE−(p−1)

case: ∀j > 0 : dj = 0 and d0 = 1:

∆ = x− y

= 1 · βE −
(

(β − 1) +
β − 1

β
+ . . . +

β − 1

βp−1

)
· βE−1

= βE−1−(p−1) = βE−p

We see that for the same x, ∆ gets its minimum in the third case and its
maximum in the first or second case.

Results:

(a) Thus E ∈ [L, U ] we get the minimum for ∆ in the third case if E is
minimal:

∆min = βL−p.

(b) The maximum of ∆ is reached in the first or second case if E is maximal:

∆max = βU−p+1.
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