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Homework Title: Exercise 8.2

Problem description:

(a) Using the composite midpoint rule, compute the approximate value for the integral ∫01x3 dx, using a mesh size (subinterval length) of h=0.5 and also using a mesh size of h=1.0

(b) Based on the two approximate values computed in part a, use Richardson extrapolation to compute a more accurate approximation to the integral.

(c) Would you expect the extrapolated result computed in part b to be exact in this case? Why?

Problem solution:

(a) Composite midpoint with mesh 0.5:
(1/2-0)*(1/4)3 + (1-1/2)*(3/4)3 = (1/2)*(1/64) + (1/2)*(27/64) = 1/128 + 27/128 = 28/128 =  7/32 

mesh size 1.0:
(1-0)* (1/2)3 = 1/8


(b) Richardson extrapolation:

F(h) = a0 + a1h2 + O(h4), because the first error term of the composite midpoint rule is O(h2), which leads us to p=2, and the second error term is O(h4), so r=4


a0=F(h)+(F(h)-F(h/q)/(q-p-1)+O(h4)
q=2, p=2 in our case, insert above result leads to
a0=1/8 + ((1/8)-(7/32))/(2-2-1) + O(h4)
a0=1/4, O(h4) is error term.


(c) Yes. Because extrapolated method is of order 3 because the error term is of order 4. And because the problem to solve is of order 3 the result is accurate. The solution ¼ is correct indeed, ∫01x3 dx = ¼.
