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Homework number: 7

Homework Title: Exercise 8.12

Problem description:

(a) The forward difference formula

f’(x) = (f(x+h)-f(x)) /h


and the backward difference formula



f’(x) = (f(x)-f(x-h)) /h


are both first-order accurate approximations to the first derivative of a function 


f:R-->R. What order accuracy results if we average these two approximations? 
Support your answer with an error analysis.

Problem solution:
In this case n-order accurate of a function means the dominant remainder of series (Taylorserie)  O(h). 

So we take the Taylorserie of both function f(x+h), f(x-h). In the average of both serie we will see the dominant term.

Taylors formula is:

f (x+h) = f (x) + f ’(x)*h + f ’’(x)*h^2 + f ’’’(x)*h^3 + f ’’’’(x)*h^4 + ….. 

Results:

The average of the forward - and backward difference formula is

f’(x) = (f(x+h) – f(x-h)) / (2*h)

This formula is second order accurate. We support our answer with an error analysis.  

Now we give the formula of f(x+h) and f(x-h) according to Taylor:

f (x+h) = f (x) + f ’(x)*h + f ’’(x)*h^2 + f ’’’(x)*h^3 + f ’’’’(x)*h^4 + …..

and

f (x-h) = f (x) - f’(x)*h + f ’’(x)*h^2 – f ’’’(x)*h^3 + f ’’’’(x)*h^4 - …..

If we subtract both function, then we get

f(x+h) – f(x-h) = 0  + 2 * f ’(x)*h + 0  + 2 * f ’’’(x)*h^3 + 0 + 2*f ’’’’’(x)*h^5 + …..

(f(x+h) – f(x-h)) / (2*h) =   f ’(x) +  f ’’’(x)*h^2 + f ’’’’’(x)*h^4 + …..

The remainder (error) is  f ’’’(x)*h^2 + f ’’’’’(x)*h^4 + ….

And the dominant term in remainder O(h) = 2

Discussion and Comments: 

If we take the average of forward and backward difference formula we get a better result, cause error formula starts with h^2 which is smaller than h for h--> 0.

