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Homework Title: Exercise 7.16

Problem description:

(a) Verify directly that the first six Legendre polynomials given in slide 7.26 are indeed mutually orthogonal.

(b) Verify directly that they satisfy the three-term recurrence given in slide 27.

(c) Express each of the first monomials, 1, t, …, t5, as linear combinations of the first six Legendre polynomials, p0, …, p5
Problem solution:

(a) Verify that inner product with interval [-1,1] and weight function w(t)=1 of any combination of p0, …, p5 is zero.

(b) Find α, β, γ so that three-term recurrence formula 
pk+1(t)=(αt+β)pk(t)-γpk-1(t) is fulfilled.

(c) Find coefficients so that linear combination expresses monomials.

Results:

(a) (1) p0 and p1: ∫(1*t) = t2/2 = (insert interval) = 1/2 - 1/2 = 0
(2) p1 and p2: ∫(t * (3t2-1)/2) = (1/2)*(3t4/4 – t2/2) = (insert interval) =
= (1/2) * (3/4 –1/2) - (1/2) * (3/4 –1/2) = 0
(3) p2 and p4: ∫((3t2-1)/2 * (35t4 – 30t2 +3)/8)= 
= (1/16) * t * (15t6-25t4+13t2-3) = (insert interval) = (15t6-25t4+13t2-3) = 0 when -1 or 1 is inserted, therefore result must be zero.

….

In general, for all combinations yielding even-degree of polynomials the integral on the symmetric interval is zero. For all combinations yielding polynomials of odd degree, the evaluated polynomial is always 0 for the interval boundaries -1 or 1, so the integral and consequently the inner product is also 0.

(b) pk+1 can be obtained by the three-term recurrence formula given in (b) for the following values of α, β, and γ, respectively:

(k=0) p1: α=1, β=0, γ=0: t=(t+0)*1-0=t
(k=1) p2: α=3/2, β=0, γ=1/2: (3/2)t2-1/2 = ((3/2)t+0)t - (1/2)*1 ok.
(k=2) p3: α=5/3, β=0, γ=4/6: (5/2)t3-(3/2)t = 
= ((5/3)t+0)*((3/2)t2-1/2) - (4/6)t = (5/2)t3 – (5/6)t – (4/6)t ok.
…

In general for pk+1: α=(2k+1)/(k+1),  β=0,  γ=k/(k+1).


(c) Trying to express first five monomials with the smallest possible number of Legendre polynomials we obtain:

t0 can be derived by (0)p0= 1
t1 can be derived by (1)p1= t
t2 can be derived by (2/3)p2+(2/6)p0 = (6/6)t2-2/6+2/6 = t2
t3 can be derived by (2/5)p3+(6/5)p1 = (10/10)t3-(6/5)t+(6/5)t = t3
t4 can be derived by (8/35)p4+(20/35)p2 + (14/70)p0  = t4-(30/35)t2+ (3/35) +  (60/70) t2 -(20/70) + (14/70) = t4

t5 can be derived by (8/63)p5+(70/63)p3 + (54/126)p1  = t5-(70/63)t3+ (15/63)t +  (140/126)t3 -(84/126)t + (54/126)t = t5 


