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Homework number: 6

Homework Title: Exercise 7.3

Problem description:

Write a formal algorithm for evaluating a polynomial at a given argument using Horner’s nested evaluation scheme.

(a) For a polynomial expressed in terms of the monomial basis.

(b) For a polynomial expressed in Newton form.

Problem solution:
(a) Monomial Basis:

p_(n-1)(t) = x_1 + x_2 * t + ..... +x_n * t^(n-1)

with Horner Schema:

p_(n-1)(t) = x_1 + t * (x_2  + t * (x_3 + t * (.....  (x_(n-1) +t * x_n )))

(b) Newton Interpolation

p_(n-1)(t) = 

  x_1  + x_2 *(t-t_1) +x_3 * (t-t_1) * (t-t_2) + .... +x_n*(t-t_1)*..*(t-t_(n-1))

with Horner Scheme:

p_(n-1)(t) = 

     x_1 + (t-t_1) * (x_2  + (t-t_2) * (x_3 + t * (.....  (x_(n-1) + (t-t_(n-1))* x_n )))

In both scheme we have to get the x(n).

Results:

(a) One way could be to solve this polynomial recursive.

The algorithm:

1) input all data of x[n], x[n] is the array of the coefficients of the polynomial.

x.length should return the amount of  elements in the array. 

2) Algorithm: 

function get_result (x in array of numbers, t in number, n in number) returns number

begin   

    if  x.length = n return x[n]; end if;

    return (x[n] + t * get_result (x, t, n+1))



end;

3) call function with get_result (x, t , 1)

(b) The algorithm:

1) input all data of x[n], t_a[n], x[n], t_a[n] or arrays of given data

t_a[n] stores the entries of the x-values of the given data-points.

x[n] are the coefficients of the polynomial.

x.length should return the amount of the elements.

(Step 1 should already be done.)

2) Algorithm: 

function get_result (x in array of numbers, t_a in array of numbers, t in number, n in number) returns number

begin



    if x.length=n return x(n); end if;

    

    return (x[n] + (t - t_a[n]) * get_result (x, t_a, t, n+1);



end;

      3) call function by get_result (x, t_a, t, 1);

Discussion and Comments: 

Both algorithm are based on having the values of the coefficients of the polynomial.

Newton's method requires more parameters (also the data_values of the x-coordinate).

To get the coefficients: We write down all polynomials (in the first scheme of the polynomial - not Horner) and use the Gauss-elimination to get a triangular matrix. Then we have n equations of the form a_nn* x_n = y_n and can calculate x_n.

The coefficients can also be obtained by forward substitution, because the system of equations for the Newton polynomial results in lower triangular by definition.

