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Homework number: 6

Homework Title: Exercise 7.13

Problem description:

a) Verify that the Chebyshev polynomials ot the first kind, as defined in

Section 7.3.4, satisfy the three-term-recurrence given there.

b) Verify that the first six Chebyshev polynomials are as listed in Section

7.34.

c) Verify thata the expressions for the roots and extrema of $T_{k}$ given

in Section 7.3.4 are correct.

Problem solution:

a) Complete Induction

The terms for the induction modified with k+1 set into T_{k}(t)=cos(k arccos(t))

T_{k+1}=cos((k+1)arccos(t))= cos(k arccos(t)+arccos(t))=

cos(k arccos(t))cos(arccos(t))-sin(k arccos(t))sin(arccos(t))=

tT_{k} - sin(k arccos(t))sin(\arccos(t))

and for k-1:

T_{k-1}=cos((k-1) arccos(t))=cos(k arccos(t) - arccos(t))=

cos(k arccos(t))cos(arccos(t)) + sin(k arccos(t))sin(arccos(t))=

tT_{k} + sin(k arccos(t))sin(arccos(t))

Induction: 

T_{k}(t)=cos(k arccos(t))

T_{k+1}(t) = 2tT_{k}(t) - T_{k-1}(t)

We proof the first 3 terms

T_{0}=1; T_{1}=t

T_{2}=2cos^{2}(arccos t) -1 = 2t^{2}-1 

T_{2}=2t(t) - 1 = 2t^{2} - 1

Induction, substitution of T_{k+1} and T_{k-1} into the above expression

T_{k+1}(t) = 2tT_{k}(t) - T_{k-1}(t)

T_{k}(t) - sin(k arccos(t))sin(arccos(t)) = 2tT_{k}(t) - (tT_{k}(t) + sin(karccos(t))sin(arccos(t)))

T_{k}(t) - sin(k arccos(t))sin(arccos(t)) = 2tT_{k}(t) - tT_{k}(t) - sin(karccos(t))sin(arccos(t)

tT_{k}(t)=2tT_{k}(t)-tT_{k}(t)

1=1

     We showed that Chebyshev polynomials satify the three-term-recurrence.

b)

Rule for multiple angles:

cos(2x) = 2 cos^{2}(x)-1

cos(3x) = 4 cos^{3}(x)-3cos(x)

cos(4x) = 8 cos^{4}(x)-8cos^{2}(x)+1

cos(5x) = 16cos^{5}(x)-20cos^{3}(x)+5cos(x)

Therefore(aplying these rules):

T_{0}(t) = cos(0 arccos(t)) = 0

T_{1}(t) = cos(1 arccos(t)) = t

T_{2}(t) = 2 cos^{2}(arccos(t))-1 = 2[cos(arccos(t))]^{2}-1 = 2t^{2}-1

T_{3}(t) = cos(3 arccos(t)) = 4cos^{3}(arccos(t))-3cos(arccos(t))= 4t^{3}- 3t

T_{4}(t) = cos(4 arccos(t)) = 8 cos^{4}(arccos(t))-8cos^{2}(arccos(t))+1 = t^{4}-8t^(2)+1

T_{5}(t) = cos(5 arccos(t)) = 15 cos^{5}(arccos(t))-20cos^{3}(arccos(t))+5cos(arccos(t)) =

16t^{5}-20t^{3}+5t

c)

Roots

0 = cos(k arc cos(t))

case k=1:

k arccos(t) = \frac{\pi}{2} \rightarrow t=cos(\frac{\pi}{2k}) 

case k=2:

k arccos(t) = \frac{3\pi}{2} \rightarrow t=cos(\frac{3\pi}{2k}) 

case k=i:

k arccos(t) = \frac{\pi}{2} \rightarrow t_{i}=cos(\frac{(2i-1)\pi}{2k}) 

Extema:

T_{k}'(t) = -sin(k arccos(t))k(-\frac{1}{\sqrt{1-t^{2}}}) = 0

0 = sin(k arccos(t))

case k=1:

k arc cos(t) = \pi \rightarrow t = cos(\frac{\pi}{k})

case k=2:

k arc cos(t) = 2\pi \rightarrow t = cos(\frac{2\pi}{k})

case k=i:

k arc cos(t) = i\pi \rightarrow t = cos(\frac{i\pi}{k})

Results:

Discussion and Comments: 

