First name: Krystian

Last Name: Szczurek

Date: 04.12.2001

Homework number: 3

Homework Title: Exercise 3.12

Problem description:

(a) Let A be an n ( n matrix. Show that any two of the following conditions imply the other:

· AT = A
· ATA = I
· A2 = I
(b) Give a specific example, other than the identity matrix I or a permutation of it, of a 3 ( 3 matrix that has all three of these properties.

(c) Name a nontrivial class of matrices that have all three of these properties.

Problem solution:

(a) To solve this you simply have to combine the given facts and insert parts of one fact in an other.

(b) I solved this problem by trying to find a 3 ( 3 matrix which probably would consult with the given properties. Then I checked the given properties for this matrix. If a number didn’t match in the result I changed the matrix accordingly. This way I found the solution.

(c) With help of (b) I found out that some negative permutation of the identity matrix have the given properties.

Results:

I. AT = A, ATA = I ( A2 = I :
A = AT use this in ATA = I, we receive AA = I, because of AA=A2 we receive the intended result: A2 = I 
II. AT = A, A2 = I ( ATA = I :
A2 = AA = I and AT = A we receive A2 = ATA = I, the intended result.

III. A2 = I, ATA = I ( AT = A :
ATA = I = A2 = AA, so we have ATA=AA, divide by A, we get AT=A, the intended result.

(a) The only matrices I found, which have all of the given properties are some permutations of the 3 ( 3 identity matrix I, where the some of the elements are negative (rule: aij = aji).

Example: 



0
-1
0
0
0
-1

A = 
-1
0
0
or    A = 
0
1
0


0
0
1
-1
0
0

(b) Permutations of n ( n identity matrices, with a certain permutation criteria: you are allowed to swap only rows or only columns which haven’t been swapped before and the matrix has to remain symmetric (A=AT). An additional thing that must be done (in order the matrix not to be a permutation of the identity matrix) is that some rows have to be multiplicated by –1 (but you have to keep it symmetric).

Example: 



0
-1
0
0
0
0
0
0


-1
0
0
0
0
0
0
0


0
0
0
0
1
0
0
0


0
0
0
-1
0
0
0
0

A = AT = 
0
0
1
0
0
0
0
0

0
0
0
0
0
0
-1
0


0
0
0
0
0
-1
0
0


0
0
0
0
0
0
0
-1

Discussion and Comments: 

