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Problem description:

Consider the vector a=[2 3 4]’.

(a) Specify an elementary elimination matrix that annihilates the third component of a.

(b) Specify a Householder Transformation that annihilates the third component of a.

(c) Specify an Givens rotation that annihilates the third component of a. 
(d) When annihilating a given nonzero component of any vector, is it ever possible for the corresponding elemantary elimination matrix and Householder transformation to be the same?

(e) When annihilating a given nonzero component of any vector, is it ever possible for the corresponding Householder transformation and Givens rotation to be the same?

Problem solution:

(a) Find elimination matrix as specified in notes.

(b) Find Householder Transformation as specified in notes.

(c) Find Givens rotation matrix as specified in notes.

Results:

(a) Elimination matrix is [1 0 0; 0 1 0; 0 –4/3 1]


(b) In order to selectively annihilate the last component of a we first take only the last 2 components a1=[3; 4] and find a householder transformation that annihilates the 2nd component od this vector.
First find v: v=[3 4]’-[-5 0]’ = [8 4]’
H1= I – 2 * (v*v’)/(v’v) =[-.6 -.8; -.8 .6]
H1*a1 = [-5 0].
Now all we have to do is combine that result with the original vectors 1st component and we get [2; -5; 0]. We see that the 2-norm of this vector and the original one is the same: √29.
We could write the transformation in one step by constructing a matrix that has our obtainend H1 in it and leaves the first element untouched: [1 0 0; 0 -.6 -.8; 0 -.8 .6] * a = [2; -5; 0].



(c) Givens rotation: [c 0 s; 0 1 0; -s 0 c]*a should be [α; 3; 0]
according to notes c can be calculated by c=a1/sqrt(a12+ a32)) 
and s by s=a3/sqrt(a12+ a32));
This leads to Gives rotation [0.45 0 0.89; 0 1 0; -0.89 0 0.45] which indeed yields [4.47; 3; 0] when multiplied by a.
 

(d) I think it is not possible, because the element M(1,1) of the elementary elimination matrix is always 1. To have the element of H(1,1) of the Householder transfomation =1 the element v(1) must be 1. By definition, this would be possible only if a(1) equals to the norm(a)+1, what is obviously not possible, because no vector component can be greater than the norm of this vector.

(e) Yes. Example: [4; 3], we like to annihilate 2nd component. Householder is [-.8 -.6;-.6 .8] and Givens is [-.8 -.6; .6 -.8], both lead when applied to [4; 3] to [-5; 0].
This was the first solution I got, but as you can see the result of Householder and Givens is not exactly the same. Let’s take a look at why this is the case and how to correct it… There is an alternative version of the Givens rotation: [c s; s -c]. Now let’s implement the rotation as described in the notes. An important thing is that we can choose the sign of c and s because for example  c=a1/sqrt(a12+ a22)) and we can choose the sign of the square root as we want. And that finally leads us to [-.8 -.6;-.6 .8], which is exactly the result of Householder transformation.

