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Homework Title: Exercise 3.5

Problem description:
Let x be the solution to the linear least squares problem Ax = b, where

A = [1, 0; 1, 1; 1, 2; 1, 3]

Let r = b – Ax be the corresponding residual vector. Which of the following three vectors is a possible value for r? Why?

(a) [1; 1; 1; 1]

(b) [-1; -1; 1, 1]

(c) [-1; 1; 1; -1]

Problem solution:
For the least square solution, the residual r should be minimal. This case occurs when r is orthogonal to span(A) or to each column of A. Because of v1'*v2=norm(v1)*norm(v2)*cos(alpha), the vectors v1 and v2 are orthogonal if the product v1'*v2 is 0. So we have to test if the product of the transposed matrix A and the residual r is the zero vector:

(a) A' * r = [1, 1, 1, 1; 3, 2, 1, 0] * [1; 1; 1; 1] = [4; 6]

(b) A' * r = [1, 1, 1, 1; 3, 2, 1, 0] * [-1; -1; 1, 1] = [0; -4]

(c) A' * r = [1, 1, 1, 1; 3, 2, 1, 0] * [-1; 1; 1, -1] = [0; 0]

Results:

We see, that vector (c) is a possible value for r, because it is orthogonal to each column of A.
Discussion and Comments: 
