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Homework number: 3

Homework Title: Exercise 3.10

Problem description:

Let B be an n x n matrix, and assume that B is both orthogonal and triangular.

(a) Prove that B must be diagonal

(b) What are the diagonal entries of B ?

(c) Let A be n x n and nonsingular. Use parts (a) and (b) to prove that QR factorization of A is unique up to the signs of the diagonal entries of R. In particular, there exist unique matrices Q and R such that Q is orthogonal, R is upper triangular with positive entries on its main diagonal, and A=QR

Problem solution:
Orthogonal matrix: Square matrix Q is orthogonal if  Q' * Q = I

Triangular matrix: upper triangular – all elements below the diagonal are 0



       Lower triangular – all elements above the diagonal are 0

(a) multiply B' * B per row

(b) see the diagonal elements from (a)

(c) use the solution in (a) and (b) to prove QR is unique by given A.

Results:

(a) Let Q be triangular and orthogonal. So we can write.

                  Q'                          *                           Q               =  I

x11   0 …….......  0


x11 x12 ……. x1n


x12  x22  0.......... 0


0     x22.......... x2n


x13  x23  x33 ..... 0

*
0       0  x33.... x3n


                .




    .


x1n  x2n  .....….  xnn


0       0  .......0   xnn

When we calculate the first row, which must look like (i11 0 ……0), then we see that i11=x11*x11 and x11*x12 =0, x11*x13=0, …. So all x12 – x1n must be 0.

Now we calculate next row and see that i22=x12*x12 + x22*x22 (x12=0 from first row) and x12*x13 + x22*x23 = 0. So x23 must be 0. And so on.

And so on up to the last row. Q must be diagonal.

(b) x11*x11 = i11, x22*x22 = i22, …. xnn*xnn = inn

(c) A is n x n matrix and nonsingular. A can be transformed in a triangular form, cause it is nonsingular.  

A = Q * [R , 0] , with R n x n and upper triangular and Q is orthogonal.


A = Q R


A' * A = A' * Q * R



I = A' * Q * R


Where the entry of A are a11*a11=i11, …..


So QR is unique.

Discussion and Comments: 

