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Homework Title: 

Exercise 3.2
Problem description:

Suppose you are fitting a straight line to the three data points (0,1),(1,2),(3,3)

(a) Set up the overdetermined linear system for the least squares problem.

(b) Set up the corresponding normal equations.

(c) Compute the least squares solution by Chloesky factorization.

Problem solution:
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We have a straight line, so the model function will be 
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The data table: 


Out of these information we can set up the linear system 
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Ax

=

.


(b) To compute the normal equations, we use the fact that for any rectangular n x m matrix A the calculation of 
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When applied to our problem, the outcome of this is: 
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(c) Cholesky factorization factorizes a positive definite and symmetric matrix A into a product of two matrices 
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, where L has lower triangular form and LT has upper triangular form. For calculation of the elements of L we use the following formulas:
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[image: image6.wmf]2

1

1

1

2

÷

÷

ø

ö

ç

ç

è

æ

-

=

å

-

=

j

i

ji

jj

jj

l

a

l


and
(II) 
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After applying the Cholesky factorization to our matrix 
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, we can solve the system 
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: First we substitute 
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. Second we solve 
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 for y by forward substitution and third we get the final result by solving 
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 for x by backward substitution .
The formulas for forward substitution are:
(III)   
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(IV) 
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The formulas for backward substitution are:
(V)   
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(VI) 
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Results:

(a) The linear system:
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(b) The normal equations:
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(c) Equations (I) and (II) give us the following formulas for the entries of L (
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This results to
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The formulas for forward substitution ((III) and (IV)) give

[image: image30.wmf]11

1

1

1

ˆ

l

b

y

=



and

[image: image31.wmf](

)

22

1

21

2

2

1

ˆ

l

y

l

b

y

-

=


, which results in
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The formulas for backward substitution ((V) and (VI)) give
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, which results in
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Discussion and Comments: 
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The visualization of the least linear square problem and the calculated solution is shown in the following picture:
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