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Problem description:

Let A be an n*n nonsingular matrix. Consider the following algorithm:

1. Scan columns 1 through n of A in succession, and permute rows, if necessary, so that the diagonal entry is the largest entry in magnitude on or below the diagonal in each column. The result is PA for some permutation matrix P.
2. Now carry out Gaussian elimination without pivoting to compute the LU factorization of PA.

(a) is this algorithm numerically stable?
(b) If so, explain why. If not, give a counterexample to illustrate. 

Problem solution:

(a) the algorithm is  not numerically stable

(b) Counterexample:
      Let the initial matrix be: A=[1 7.5 5; 2 8 6; 10 10 10], for the first row the permuted matrix would be P1A=[10 10 10; 2 8 6; 1 7.5 5], for the second no permutation is needed, because the maximal element is already on the diagonal, third row has no elements below diagonal, so there is nothing to do. 
Gaussian elimination with partial pivoting which is supposed to be stable would produce the following result:

First step would be the same P1A=[10 10 10; 2 8 6; 1 7.5 5]. Elimination matrix is M1= [1 0 0; –2/10  1 0; -1/10 0 1] and  

M1*P1A=[10 10 10; 0 6 4; 0 6.5 4]. Now we would have to permute rows two and three in the next case.

Conclusion: The algorithm is not stable in general. The permutation matrix P can not be computed in advance. It must be build iteratively P=...P_i*P_(i-1)...P_2*P_1, before each annihilation step.

