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Homework number: 2

Homework Title: Exercise 2.1

Problem description:

Show that the four properties are equivalent for a non-singular matrix (n x n):

(1) Inverse of A, denoted by inv(A) exists.

(2) det(A) /neq 0

(3) rank(A) = n

(4) For any vector z /neq 0,  A*z  /neq 0.

Problem solution:

Using the basic definitions from the matrix operation, the above properties should be proved. Supposing that a property is true show that all other properties are also true. Test all possible combinations.

Results:

1<=>2 : if inv(A) exists and A is non-singular then det(inv(A)) = 1/ det (A). So det(A) can not be 0.

2<=>3 if det(A) /neq 0  and we suppose that rank(A) is < n than one row of A can be expressed by a linear combination of the other rows. So the matrix can be transformed in a form where all elements of one column are 0. The determinat of such a matrix would be det(A) = 0,  what is not true for a non-singular matrix. So the rank(A) must be n.

3<=>4 suppose that A* z = 0 for a vector z /neq 0. Then the same is true also for the vector x = k*z, where k is any scalar. So the matrix A should be zero matrix, that has rank 0, what is not true in our case. The vector A*z must be always non-zero.

Discussion and Comments: 

The shown relations suffice because if 1and 2 are equivalent then equivalence between 3 and 4 implies that 2 and 3 or 4 and 1 are also equivalent.

