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Problem description:

Consider the problem of evaluating the function sin(x), in particular, the propagated data error, i.e., the error in the function value due to a perturbation h in the argument x.

(a) Estimate the absolute error in evaluating sin(x).

(b) Estimate the relative error in evaluating sin(x).

(c) Estimate the condition number for this problem.

(d) For what values of the argument x is this problem highly sensitive?

Problem solution:

I will use the following formulas in order to express the solution:

Abs. (forward) error  = f(x + h) – f(x)

Rel. (forward) error =  [f(x + h) – f(x)] / [f(x)] 

(Caution: when using this formula we have to look out for values x where f(x) = 0 (division by zero is not defined). In our case (sin-function) the rel. error must not be calculated with values of x( n((, |n|([0,1,2,...].  In order to perform the test in point (d), we should take a value for x slightly greater or smaller than the actual ( (i.e.: rounded value of ( on 6 digits.)).

Rel. (backward) error = (x’ – x) / x = (x+h-x)/x = h/x
cond =     | rel. change in solution (= rel. forward error) | 












    | relative change in input data (= rel. backward error) |  

Results:

(a) abs error: sin(x + h) – sin(x) 
(b) rel. error: (sin(x + h) – sin(x)) / sin(x)
(c) cond = | (sin(x + h) – sin(x)) / sin(x) |  / | (h / x) | In the case of the sine-function the sensitivity problem of the propagated data error can be seen at a x-value around (. A very little perturbation h causes a big difference in the results. On the other hand at x-values around (/2 there is almost no difference in the results. So the sine-function is, depending on where the perturbation occurs, ill-conditioned as well as well-conditioned. 

(d) Here are some examples for values for x and h, where the problem can be seen:

(in the case of the sine function h should be chosen in the range [0,  (/2])

x = 3.141592 (( ()

h = 0.000001

Absolute Error: 9.999999999998625(10^-07

Relative Error: 1.530011653476257

Condition Nr.: 4806672.370467782

x = 1.570796 (( ( / 2)

h = 0.000001

Absolute Error: 1.73205091762163(10^-13

Relative Error: 1.732050917621723(10^-13

Condition Nr.: 2.720698653196531(10^-07

x = 0.785398 (( ( / 4)

h = 0.000001

Absolute Error: 7.071065431725238(10^-07

Relative Error: 9.999998267947729(10^-07

Condition Nr.: 0.785397863964961

Discussion and Comments: 

The test results show, that a small perturbation h in x (e.g. h = 0.00001) can either cause a large (x ( n ( (, |n|([0,1,2,...]) or in contrast a negligible (x ( n ( ( + ( / 2) change in function value depending on the value of x. 

This is the reason why:

With help of calculus (Script: chapter 1, page 20), we may express the relative error by h(f’(x) / f(x) and condition number by (h ( f’(x ) /f(x)) / (h/x) = x ( f’(x) / f(x). 

Choosing x = ( / 2, f’(x) = cos(x) = 0 and f(x) = sin(x) = 1, resulting in condition numbers near 0, but by x = (, f’(x) = cos(x) = 1 and f(x) = sin(x) = 0, resulting in arbitrary large condition numbers.

