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Homework Title: Exercise 1.6

Problem description:

The sine function is given by the infinite series


sin(x)  = x – x^3/3! + x^5/5! – x^7/7! + …

(a) What are the forward and backward errors if we approximate the sine function by using only the first term in the series, i.e. sin(x) ~ x, for x = 0.1, 0.5, 1.0?

(b) What are the forward and backward errors if we approximate the sine function by using the first two terms in the series, i.e., sin(x) ~ x – x^3/6, for x = 0.1, 0.5, 1.0?

Problem solution:

Calculate the approximate value for sin(x) (=^y) by truncating and the true value sin(x) (=y). Then calculate the forward error by using this equation:

forward error = |Δy| = |^y-y|

Calculate the arcsin(^y), and we get the approximated input parameter ^x for the approximated output ^y. Then calculate the backward error by using this equation:


Backward error = |Δx| = |^x-x |

Results:

True value for sin(0.1) = 0.099833416       
True value for sin(0.5) = 0.479425538       

True value for sin(1.0) = 0.841470984

 (a)
Approx value for sin(0.1) = 0.1

Approx value for sin(0.5) = 0.5

Approx value for sin(1.0) = 1.0

forward error (x = 0.1): |0.1 - 0.099833416| = 0.000166583
forward error (x = 0.5): |0.5 - 0.479425538| = 0.020574461

forward error (x = 1.0): |1.0 - 0.841470984| = 0.158529015

backward error (x = 0.1): arcsin(0.1)=0.100167421,

|0.100167421 - 0.1| = 0.000167421

backward error (x = 0.5): arcsin(0.5)=0.523598775,

|0.523598775 - 0.5| = 0.023598775

backward error (x = 1.0): arcsin(1.0)=1.570796326,

|1.570796326 - 1.0| = 0.570796326

(b)
Approx value for sin(0.1) = 0.1 – 0.1^3/6 = 0.099833333

Approx value for sin(0.5) = 0.5 – 0.5^3/6 = 0.479166666

Approx value for sin(1.0) = 1.0 – 1.0^3/6 = 0.833333333

forward error (x = 0.1): |0.099833333 - 0.099833416| = 0.000000083

forward error (x = 0.5): |0.479166666 - 0.479425538| = 0.000258872

forward error (x = 1.0): |0.833333333 - 0.841470984| = 0.008137651

backward error (x = 0.1): arcsin(0.099833333)=0.099999915, 

|0.099999915 - 0.1| = 0.000000084

backward error (x = 0.5): arcsin(0.479166666)=0.499705040,

|0.499705040 - 0.5| = 0.000294959

backward error (x = 1.0): arcsin(0.833333333)=0.985110782,

|0.985110782 - 1.0| = 0.014889217

Discussion and Comments: 

Since sin(0.1) is practically equal to 0.1, the excepted error will be small in any case  truncating the Taylor series of the sine after the n-th term (for x=0.1). According to the above examples, it does not really matter if we approximate the sine by cutting of everything after the first or the second term of the Taylor series (relative forward/backward error in this case: 0.1% vs. 0.0%!) .

This is not so with value 1.0:  When using 1.0 we get an relative forward error of about 16% in (a) and about 1% in (b) and an relative backward error of about 36% in (a) and about 2% in (b). In this case we can see that cutting of the Taylor series after the 2nd instead of the 1st term has a strong effect on the error, especially the backward error.

Conclusions:

(a) For any x and any y (both element [0,1]) with x<y, the forward and backward error for x will be smaller then for y. 

(b) The more any x element [0,1] goes to 1, the greater the error will be.

(c) The more any x element [0,1] goes to 0, the smaller the error will be.

