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Problem description:

(a) Using four-digit decimal arithmetic and the formula given in Example 1.1, compute the surface area of the Earth, with r=6370 km.

(b) Using the same formula and precision, compute the difference in surface, if the value for the radius is increased by 1 km.

(c) Since dA/dr=8*Pi* r, the change in surface area is approximated by 8 *Pi* r*h, where h is   the change in radius. Use this formula, still with four-digit arithmetic, to compute the difference in surface area due to an increase of 1 km in radius. How does the value obtained using this approximate formula compare with that obtained from the ''exact'' formula in part b? 

(d) Determine which of the previous two answers is more nearly correct by repeating both computations using higher precision, say, six-digit decimal arithmetic.

(e) Explain the results you obtained in parts a-d.

(f) Try this problem on a computer. How small must the change h in radius be for the same phenomenon to occur? Try both single precision and double precision, if available.

Problem solution:

(a) The formula for the surface area of the Earth is A=4*Pi* r^2.

(b) Use the same formula as in point a, but with a radius increased by 1 km. Then subtract the two results to obtain the difference.

(c) Use formula 8 *Pi* r*h and a value of 1 for h. Compare this result to the result of b by subtracting the differences.

(d) Calculate the surface area of the Earth again using six-digit decimal arithmetic. Then calculate the differences again. Comparing the two different answers see which formula is more precise. 

(f) Repeat both procedures on computer with double (or single) precision arithmetic.

Results:

(a) A=4*Pi* r^2  = 4*3.142* 6370^2  = 12.57*4.058*10^7  = 5.101*10^8 km^2  

(b) A=4*Pi* r^2 = 4*3.142* 6371^2 = 12.57*4.059*10^7 = 5.102*10^8 km^2  

The difference d_b=A_b-A_a = 1,0*10^5 km^2

(c) d_c=8*Pi*r*h = 8*3.142*6370*1 =1,601*10^5 km^2

The difference between the approximate and the exact formula is d_c - d_b = 6,01*10^4 km^2

(d) A_a = 5.09906 * 10^8 km^2      A_b = 5.10065 * 10^8 km^2

The difference d_(ab6) = A_b – A_a =  1.59000*10^5 km^2

The approximate formula gives a difference of  d_(a6)= 1,60096*10^5 km^2

d_(ab6) - d_b = 5.900 *10^4 km^2

d_c - d_(a6) = 4 km^2

d_(ab6) - d_(a6) = 1096 km^2

The approximate formula gives more stable result with the higher precision, and this result is close to the result of the “exact” formula. So the approximate formula is more accurate using six-digit arithmetic.

(e) Computing the difference in areas using the “exact” formula incurs cancellation, from which the approximate formula does not suffer. The rounding error of the exact formula is greater than the truncating error of the approximate formula. Hence the approximate formula is more accurate.

(f) Results of computer simulation:

Single precision: The smallest total error at h=0.692503 = 6.925*10^(-1) km

Double precision: The smallest total error at h=0.

Discussion and Comments: 

Comments to simulation results:

Single precision (eps=2^(-23)): By the theory, optimal h for the approximation of the derivative h=2*sqrt(eps/M), where M is absolute value of the second derivative, in our case M=8*Pi=25, and h=(2/5)*2^(-12)=1.4*10^(-4). Our result should be normalized, to get dimensionless values h/r=0.69/6370=1.1*10^(-14). This is practically the same as we predicted by the theory.

Double precision (eps=2^(-52)): Using the same calculation as above, we would expect optimal h=6*10^(-9). After transferring in km scale  we get 

h=6*10^(-9)*6370=4*10^(-5). Again, this is in accordance to our simulated result. To detect this small optimal value of h, the step for h, in computer program, should be in a meter range. 

