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Homework Title: Exercise 1.10

Problem description:

Consider the expression: 1/(1-x) – 1/(1+x).

Assuming x /neq  +-

(a) For what range of values of x it is difficult to compute this expression accurately to floating point arithmetic?

(b) Give a rearrangement of the terms such that for the range of x in part a, the computation is more accurate in floating point arithmetic.

Problem solution:
Denote the machine precision by eps, that is the smallest number such that fl(1+eps)>1

(a) Analyze the expression for different intervals of x values.

(b) Rearrange the expression to obtain more robust formula.

Results:

(a)  

1. If the absolute value of x is becoming great, so that 1<<(eps*x), then fl(1/(1+x)) fl(1/(1-x)) in both parts of  expression become almost equal and the cancellation will induce the significant loss of accuracy.

2. If x becomes even larger (x>OFL), the overflow in x or the underflow in each of two factors can be expected.

3. If x takes values from the intervals ((1+eps), (1-eps)) and ((-1+eps), (-1-eps)), then an overflow can be expected.

4. If the absolute value of x approaches eps, then fl(x+1) and fl(x-1) in both parts of the expression become almost equal to 1 and the cancellation will induce the significant loss of accuracy.

(b) 

Rearrangement of the original expression in: 2x/(1-x^2)  helps for all cases: 

1. because there is no cancellation in this case.

2. underflow will be observed in the similar way but slightly later as in the original expression.
3. it looks like that now the critical interval becomes wider [(-1-sqrt(eps)), (1+sqrt(eps))], so the situation in case 3. is slightly worse.

4. no cancellation is expected in case 4.
Discussion and Comments: 

A detailed analysis of the possible error of floating point arithmetic in the given expression seems to be quite a complex task. 

