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Homework Title: 

Exercise 1.12

Problem description:

(a) Which of the two mathematically equivalent expressions 

[image: image1.wmf]2

2

y

x

-

  

(I)
and 


[image: image2.wmf])

)(

(

y

x

y

x

+

-


(II)
can be evaluated more accurately in floating-point arithmetic? Why?


(b) For what values of x and y, relative to each other, is there a substantial difference in the accuracy of the two expressions?


Problem solution:

(a) Let ( be a mathematical operation out of {+,-,*,/} and let (!() be the corresponding floating point operation. We denote ( as the machine precision, which is defined by: 
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Every time an operation on a floating point machine is performed, a rounding error occurs. We can model such an error in terms of real operations as follows:
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, where 
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Based on this definitions we can analyse the two given expressions by performing the transformation from floating point to real arithmetic with the error term successively on all of the expression’s operations. Finally we have to estimate the absolute error for each expression and compare them. 

(b) Compare the two methods with regard to the dependency of the relative input values to the resulting error.

Results:

(a) Expression (I):
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The first two square operations in floating point arithmetic can be written as real operations (where 
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 is the corresponding rounding error) :
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Together with the subtraction we get:
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When estimating the absolute error of this expression we introduce the following simplification: All error terms of higher order will be discarded, because each such term has an upper boundary of 
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 (as per definition, each rounding error 
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), which is negligible small.
The error term looks like:
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Expression (II):
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Using the same method as above, we get:
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Combining the two partial results gives the following expression:

[image: image17.wmf](

)

(

)

)

1

)(

1

)(

1

(

)

1

)(

1

)(

1

(

1

)

1

)(

)(

1

)(

(

)

1

)(

*

(

:

3

2

1

2

3

2

1

2

3

2

1

3

2

1

a

a

a

a

a

a

a

a

a

a

+

+

+

-

+

+

+

=

+

+

+

+

-

=

+

=

y

x

y

x

y

x

u

u

w



Calculating the error term for expression (II) gives:
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Comparison of the error terms:

Now, as we have estimations for both error terms, we can conclude that expression (I) will be more accurate than expression (II).
 

(b) The worst case is when x and y are nearly the same. 
We have to evaluate which one of the two expressions is more sensitive to this issue.
Assume that x and y are nearly the same, say 
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is slightly larger than machine precision 
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(i)   
[image: image25.wmf]2

2

2

2

2

2

2

2

l

l

l

l

+

=

-

+

+

=

-

=

D

a

a

a

a

y

x

abs


(ii)  
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Now we have to compare the relative differences:
(i)   
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Easy to see, the relative difference in (i) is always greater than that in (ii). A grater relative difference can be interpreted as less vulnerability for cancellation, therefore we can conclude that calculation of expression (I) is less vulnerable for cancellation than expression (II).


Discussion and Comments: 

Although the solutions to the given problems seemed to be very simple when I first saw them, the detailed discussion of the error estimation took much longer than I had expected!
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