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Problem Description:

The Euclidean Norm of an n-dimensional vector x is defined by

norm(X,2) = (sum_(i=1..n) (X_i^2))^(1/2)

How would you avoid overflow and harmful underflow in this computation?

Problem solution:

The problem in this exercise is that first adding all summands and afterwards extracting the square root of this number could cause 

a.) an overflow after adding although the result might not be too high for the computer.

b.) a harmful underflow when an element of the vector x is so small that the square of that number is smaller than the smallest number which can be computed, so the element does not influence the result.

Results:

Overflow and underflow can be avoided by multiplying the vector X by a scalar. (Rescaling)

To avoid overflow this scalar should be the inverse of the maximal element of X:

t := norm(X, inf)        % maximal element of X, ||x||∞
s := 0

FOR i IN 1..n LOOP


s := s + (X(i)/t)^2
END LOOP

norm(X,2) := t * sqrt(s) % ||x||2 := t * s½
So we divide each element of X by the maximal element of X before squaring in order to prevent the potential overflow. To finally get the correct result the maximal element of X is again multiplied to the squareroot of the provisional result.

The potential underflow can be avoided in a similar way, however scaling with the minimal element of X. 

t := norm(1./X,inf)      % minimal element of X
s := 0

FOR i IN 1..n LOOP


s := s + (x(i)/t)^2
END LOOP

norm(X,2) := t * sqrt(s) % ||x||2 := t*s½
Discussion and comments: 

Before implementing the algorithm for computing the Euclidian norm we should examine the original vector. One problem of this solution could be that the algorithm requires two passes over the vector data, so it can get very slow.

