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This study conducts a comprehensive investigation into free vibration and static behaviors of smart piezoelectric
nanoplates, incorporating electromechanical coupling phenomena, particularly the flexoelectric effect. The
flexoelectric effect, which characterizes the interaction between electric polarization and strain gradient, is
considered by capturing size-dependent properties at the nanoscale. To enhance modeling accuracy, the third-
order Chebyshev shear deformation theory is employed, naturally fulfilling the zero-shear stress conditions on
the top and bottom surfaces of the plate without requiring supplementary constraints. For the computation of
nanoplate displacement and natural frequency, isogeometric analysis is utilized to discretize the problem
domain, offering superior geometric representation and computational efficiency. The present study systemati-
cally investigates the effects of flexoelectricity boundary conditions and material properties on structural be-
haviors of smart piezoelectric nanoplates. Numerical results demonstrate that the flexoelectric effect significantly
enhances the stiffness and natural frequency of piezoelectric nanoplates, particularly for thinner structures. As
thickness increases, this influence diminishes and the results converge toward classical predictions. The findings
provide valuable insights for the design of nanoscale piezoelectric and flexoelectric devices in smart structural
applications.

1. Introduction mechanisms between classical effects (elasticity, piezoelectricity, die-

lectricity) and higher-order effects such as couple stress and curvature-

Piezoelectric nanoplates considering flexoelectric effects combine
the direct piezoelectric response with strain gradient-induced polariza-
tion, enabling enhanced electromechanical performance at the nano-
scale. The flexoelectric effect, significant in nanoscale systems,
introduces size-dependent behaviors crucial for designing advanced
sensors, generators [1], actuators [2] and energy-harvesting devices. It
should be emphasized that while the piezoelectric effect occurs only in
non-centrosymmetric crystals, the flexoelectric effect is universal and
can exist in all dielectric materials, thus broadening its applicability in
nanoscale electromechanics. Recent theoretical developments on
constitutive matrices of crystalline solids have clarified the coupling

based flexoelectricity [3,4], providing a more general framework for
analyzing these phenomena. In addition, studies on metamaterials based
on couple stress theory have revealed unique mechanical couplings,
such as axial force-torsion-warping interactions in materials with Dy
symmetry, which cannot occur in conventional continua [5]. These
findings enrich the theoretical basis for understanding complex coupling
behaviors at the micro- and nanoscale. Given these advances, accurate
theoretical modeling of electromechanical coupling effects is essential to
predict and optimize the performance of nanoscale structures. Accord-
ingly, numerous studies have been devoted to investigating the elec-
tromechanical characteristics of smart nanostructures. For example, Yan
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a) Rectangular nanoplate
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b) Circular nanoplate

Fig. 1. Geometrical configurations of the flexoelectric piezoelectric nanoplates: (a) rectangular nanoplate, (b) circular nanoplate.

and Jiang employed an analytical method to examine buckling and free
vibration of smart nanoplates with the surface effect [6] and static
analysis of the flexoelectric nanobeams [7]. Qu et al. [8] developed a
continuum theory for flexoelectric semiconductors based on finite
deformation and strain-gradient mechanics. Vibration response of the
flexoelectric piezoelectric nanoplate using Kirchhoff plate theory (KPT)
and the analytical method was investigated by Zhang et al. [9]. Yue et al.
[10] developed Timoshenko micro-beams for piezoelectric materials,
incorporating flexoelectricity, surface effects and shear strain gradients.
The findings highlighted the substantial role of flexoelectricity and
surface effects in deformation and natural frequency variations. More-
over, the static behavior of cantilevered nanoplates using the KPT and
extended flexoelectric theory was studied by Wang et al. [11]. The re-
sults showed that the flexoelectric effect becomes more pronounced in
thinner plates and is sensitive to variations in boundary conditions,
geometric aspect ratios and applied loads. Ebrahimi et al. [12-14]
examined free vibration and buckling analyses of the smart nanoplates.
The analysis incorporated surface and flexoelectric effects based on
nonlocal elasticity theory and is carried out using an analytical method.
Chu et al. [15] examined flexoelectric nanobeams based on a modified
strain gradient theory (MSGT). The findings showed that the flexo-
electric significantly influenced the electromechanical response of the
smart nanobeam. Von Karman nonlinear analysis of smart nanoplates
featuring a functionally graded (FG) porous core was studied by Zheng
et al. [16]. Moreover, Amir et al. [17] carried out the free vibration
analysis of flexoelectric plates supported on a Pasternak foundation.
Results showed that increasing the thickness of the flexoelectric face
sheets lowered the vibration frequency. Arani et al. [18] examined the
role of flexoelectricity and surface effects on nanoplate vibrations,
finding a significant rise in natural frequencies using FSDT and nonlocal
elasticity theory combined with the differential quadrature method
(DQM). Dhaba et al. [19] analyzed the static bending of anisotropic
dielectric nanoplates under uniform loading using KPT and simplified
strain gradient theory, revealing that the flexoelectric effect is more
pronounced at the nanoscale and near the surface. Malikan and Ere-
meyev [20] found the analytical dynamic of the flexoelectric viscoelastic
nanobeams based on nonlocal strain gradient theory (NSGT). Wang et al.
[21] examined the free vibration of the piezoelectric nanoplate under
the effect of flexoelectricity according to the KPT and analytical method.
Yu et al. [22] investigated FG piezoelectric nanobeams and found that
flexoelectricity influenced higher-order modes, while the gradient index
affected the frequency and stiffness. According to the strain gradient
theory DQM, Zhao et al. [23] explored the dynamic and static behaviors
of the flexoelectric Euler-Bernoulli nanobeams. Xu et al. [24] explored
the analytical size-dependent flexoelectric effect on piezoelectric cir-
cular nanoplates using KPT. Results revealed that flexoelectricity had a
stronger impact on electrostatic responses than piezoelectricity at the
nanoscale. Besides, bilayer flexoelectric circular nanoplates considering
surface stresses were performed by Zhou et al. [25]. Liu et al. [26]
studied electromechanical analysis of FG piezoelectric nanobeams with
exponentially varying material properties. Xu et al. [27] examined the

vibration of flexoelectric nanoplates using the KPT and Navier method.
Nguyen et al. [28] studied buckling and static bending of FG nanoplates
reinforced by graphene platelets (GPLs) using analytical solutions based
on NSGT and surface elasticity theory. Vibrational behavior of the FG
porous sandwich nanoplate with piezoelectric layers under hydro and
thermal loadings was examined by Jearsiripongkul et al. [29] by using
the NSGT. Zhang et al. [30] examined static, free vibration and buckling
analyses of smart semiconductor nanoplates, employing analytical so-
lutions and modified couple stress theory (MCST). In addition, Naskar
et al. [31] presented the scale-dependent analysis of the piezoelectric
functionally graded nanoplates incorporating graphene reinforcement
based on the MCST and semi-analytical method.

The higher-order shear deformation theory (HSDT) offers a more
accurate analysis of plate behavior compared to classical plate theory,
which assumes negligible shear deformation. The HSDT with higher-
order terms in the displacement field accurately accounts for shear
deformation effects, making it particularly suitable for moderately thick
plates where these effects are significant. Unlike the Mindlin-Medick
theory and FSDT [32-34], which assume a constant shear strain distri-
bution across the thickness and require the use of shear correction fac-
tors, HSDT eliminates this limitation by naturally capturing the
parabolic variation of shear stresses without additional assumptions.
Various HSDT models have been developed to accurately describe stress
and strain distributions through the plate thickness. Examples include
third-order shear deformation theory (TSDT) [35], exponential shear
deformation theory (ESDT) [36], Quasi-3D theory [37], refined Quasi-
3D theory [38], zigzag theory [39], and refined plate theory (RPT)
[40], etc. However, HSDT formulations require Cl-continuity, a
requirement that standard FEM cannot fulfill. To address this challenge,
isogeometric analysis (IGA) with Non-Uniform Rational B-Splines
(NURBS) basic functions is utilized to construct plate formulations
compatible with HSDT. IGA, introduced by Hughes et al. in 2005 [41],
combines finite element analysis (FEA) with computer-aided design
(CAD) using NURBS for both geometry representation and simulation.
While traditional methods have addressed piezoelectricity, they often
overlook the coupling between strain gradients and polarization, which
is crucial at the nanoscale. IGA offers enhanced accuracy and efficiency
for complex geometries but has yet to be applied to piezoelectric
nanoplates with flexoelectric effects. Future research could integrate
IGA with flexoelectric theory to better capture size-dependent behaviors
and improve the design of nanoscale devices like sensors and energy
harvesters. In related work, Phung-Van et al. developed an effective
model using the HSDT and IGA to perform the nonlinear transient
behavior of FG piezoelectric plates [42] and the static, vibration and
dynamic control of piezoelectric composite plates [43]. Ma et al. [44]
used TSDT and IGA to present the static analysis of bi-directional FG
plates with piezoelectric faces under initial electric potential. Whereas,
Hasim and Kefal [45] studied bending analysis of smart laminated
composite plates using IGA layer-wise element. Nguyen et al. [46]
investigated electro-mechanical vibration analysis of FG piezoelectric
porous microplates using HSDT, MSGT and IGA. In this article, IGA free
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Fig. 4. The central deflection of the SSSS rectangular flexoelectric nanoplate
(a/h = 50).

vibration and bending of the smart piezoelectric nanoplates considering
the flexoelectric effect are studied for the first time. To improve
modeling accuracy, the proposed third-order Chebyshev shear
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Fig. 5. The first dimensionless natural frequency of the flexoelectric square
nanoplate (a/h = 10).

deformation theory (TCSDT), which naturally fulfills the condition of
zero shear stress at the upper and lower surfaces of the plate, eliminating
the need for extra constraints, is presented to describe the displacement
of the flexoelectric piezoelectric nanoplates. NURBS functions are used
to approximate the displacement fields of the nanoplate. The impact of
flexoelectricity, material properties, and boundary conditions on the
static deformation and natural frequencies of piezoelectric nanoplates is
examined and discussed.

2. The fundamental formulations
2.1. The third-order Chebyshev shear deformation theory
In this investigation, TCSDT is utilized [47,48]. The displacements of

smart piezoelectric nanoplates, as shown in Fig. 1, are expressed as
follows

U=u; +zu,+f(2)us (€)]
where
u u Wy By
U=V pym=qV sup=4 -w, y;u3=4f, 2
w w 0 0

where U, v, and w represent the displacements along x-, y- and z-
axes, respectively; §, and f, are two rotations; notations “,” and “,;”
indicate the partial derivatives respect to x and y, respectively.

The function f(z) describes variation of the shear stress through the
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Table 1
The first natural frequency of the flexoelectric square nanoplate (h = 20 nm).
BCs f14 (C/m) Theory a/h
10 20 30 40 50 100
SSSS 0 Present 5.9069 6.0802 6.1144 6.1266 6.1322 6.1398
TSDT [35] 5.9069 6.0802 6.1144 6.1266 6.1322 6.1398
ESDT [36] 5.9365 6.0884 6.1181 6.1287 6.1336 6.1401
107 Present 6.2458 6.4410 6.4798 6.4935 6.4999 6.5085
TSDT [35] 6.2458 6.4410 6.4798 6.4935 6.4999 6.5085
ESDT [36] 6.2727 6.4486 6.4832 6.4955 6.5012 6.5088
CCCC 0 Present 10.0488 10.8591 11.0413 11.1086 11.1404 11.1836
TSDT [35] 10.0488 10.8591 11.0413 11.1086 11.1404 11.1836
ESDT [36] 10.1929 10.9078 11.0647 11.1221 11.1492 11.1858
107 Present 10.5845 11.4863 11.6924 11.7689 11.8051 11.8543
TSDT [35] 10.5845 11.4863 11.6924 11.7689 11.8051 11.8543
ESDT [36] 10.7041 11.5301 11.7138 11.7813 11.8132 11.8564
SCSC 0 Present 8.2437 8.7906 8.9089 8.9520 8.9722 8.9997
TSDT [35] 8.2437 8.7906 8.9089 8.9520 8.9722 8.9997
ESDT [36] 8.3420 8.8220 8.9237 8.9605 8.9777 9.0011
107 Present 8.6913 9.3023 9.4363 9.4853 9.5084 9.5396
TSDT [35] 8.6913 9.3023 9.4363 9.4853 9.5084 9.5396
ESDT [36] 8.7744 9.3307 9.4499 9.4931 9.5135 9.5409
SESF 0 Present 2.8569 2.9049 2.9159 2.9204 2.9226 2.9260
TSDT [35] 2.8569 2.9049 2.9159 2.9204 2.9226 2.9260
ESDT [36] 2.8647 2.9075 2.9173 2.9213 2.9233 2.9261
107 Present 2.9483 3.0025 3.0155 3.0210 3.0237 3.0279
TSDT [35] 2.9483 3.0025 3.0155 3.0210 3.0237 3.0279
ESDT [36] 2.9560 3.0053 3.0171 3.0220 3.0245 3.0281
CFCF 0 Present 6.3155 6.6836 6.7651 6.7959 6.8110 6.8322
TSDT [35] 6.3155 6.6836 6.7651 6.7959 6.8110 6.8322
ESDT [36] 6.3841 6.7057 6.7759 6.8024 6.8153 6.8334
107 Present 6.5947 7.0029 7.0959 7.1316 7.1492 7.1744
TSDT [35] 6.5947 7.0029 7.0959 7.1316 7.1492 7.1744
ESDT [36] 6.6529 7.0230 7.1060 7.1378 7.1534 7.1755

plate’s thickness, adhering to zero shear stress at upper and lower sur-
faces. This study employs a Chebyshev shear deformation theory
grounded in the third-order Chebyshev polynomial, f(z) =

cos (3 x cos™ ! (ﬁ) ), inherently fulfilling the zero-shear stress without

extra enforcement. Fig. 2 clearly presents the through-thickness distri-
. . oy df(2)

butions of f(z) and its derivative f'(z) = <. It can be observed that the

derivative naturally vanishes at the top and bottom surfaces <% = iO.S) ,

confirming that the proposed shear function fulfills the zero-shear stress
requirement.
The linear bending and shear strain tensor are determined as follows

g € + 28 + f(2)es }
e = = SN 3
{ e, } { f @)%, ®
where
EXX }/ ux WXX
& =1 &y ,ssz{"”};sz Vy ;&= —( Wy €3
i~ Ty Uy +Vx 2w,y
B ﬁx,x _ ﬁx
= Pyy TE=1p
ﬁx.y +ﬁ X 7
()]

The strain gradient tensor 7j; is defined [49]
Mkt = €jk.l 5)

For simplicity, only the thickness-direction strain gradients 7y, and
Nlyy; are considered, as the others are either associated with zero or
negligible flexoelectric coefficients [49]. Eq. (5) is rewritten in compact
form as follows

n=mn, +f (2, 6

where

”XXZ W,XX ﬁXX }
K {”yyz} M {W~)’)’} e {ﬁy-y
2.2. The constitutive relations

For nanoscale dielectric materials taking into account the flexo-
electric effect, the constitutive equations are formulated as follows
[49-51]

ok = Cykiext — exiiEx
Tjim = —fkiimEk 8
D; = eje + kyEj + fipat

where oy, 7yjm, and D; represent stress tensor, higher-order stress
component tensor and electric displacement, respectively. Cyii, kj and
ey denote elastic constant, permittivity and piezoelectric constant,
respectively. fix is the tensor representing the coupling between the
electric field and strain gradient, accounting for higher-order electro-
mechanical interactions and E; represents the vector of electric field. The
electric field components in the x- and y-directions are assumed to be
negligible E; = E, = 0 [49]. In the present model, only the dominant
curvature-related strain gradients 7,,, and 7,,, are included, as they
contribute most significantly to the flexoelectric response. Other
gradient terms are omitted because their associated coefficients vanish
under transverse isotropy or their effects are negligible compared to the
primary bending gradients. Considering that Dy and D, are sufficiently
small compared to D,, we neglect D, and Dy while retaining D,. For the
strain gradient, only the components along the thickness direction (1,,,
and 7,,,) are considered, while others are ignored since the corre-
sponding flexoelectric coefficients are either zero or their magnitudes
are much smaller compared with those in the thickness direction. These
assumptions are widely adopted in plate and nanoplate models [49], and
they simplify the formulation without significantly affecting the accu-
racy of the predicted deflection and frequency responses. According to
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Table 2
The impact of the aspect ratio on the lowest six non-dimensional natural frequencies of the flexoelectric rectangular nanoplate with various BCs (h = 10 nm, a/h = 10).
BCs f14 (C/m) Mode b/a
1 1.5 2 2.5 3
SSSS 0 1 5.9069 4.3109 3.7446 3.4810 3.3375
2 14.0191 8.0888 5.9070 4.8765 4.3110
3 14.0191 12.5758 9.3870 7.1496 5.9076
4 21.4226 14.0229 12.0648 10.2342 8.0944
5 26.0512 15.9995 14.0191 11.8272 10.8404
6 26.0512 21.4252 14.0351 13.0867 11.6979
107 1 7.1492 5.2310 4.5481 4.2298 4.0564
2 16.7782 9.7576 7.1493 5.9118 5.2311
3 16.7782 15.0779 11.3028 8.6368 7.1501
4 25.4357 16.7833 14.4747 12.3096 9.7651
5 30.8086 19.1040 16.7783 14.1940 13.0315
6 30.8086 25.4392 16.7998 15.6803 14.0412
CCcC 0 1 10.0488 7.7055 7.0483 6.7938 6.6719
2 19.1331 11.5862 9.0105 7.9282 7.3979
3 19.1331 17.4646 12.4278 9.9864 8.7310
4 26.8072 17.7706 16.9581 12.9635 10.7199
5 31.5867 20.6751 17.1244 16.7429 13.3542
6 31.8622 25.6976 18.6555 16.7820 16.6322
107 1 11.9838 9.2232 8.4433 8.1409 7.9961
2 22.5919 13.8058 10.7715 9.4886 8.8585
3 22.5919 20.6480 14.8081 11.9307 10.4433
4 31.5063 21.0498 20.0560 15.4486 12.8031
5 37.0293 24.3973 20.3206 19.8042 15.9202
6 37.3666 28.4178 22.0428 19.9431 19.6746
SCSC 0 1 8.2437 7.1708 6.8366 6.6912 6.6150
2 15.1423 9.9303 8.2438 7.5309 7.1708
3 18.2548 15.1459 11.0128 9.1801 8.2442
4 24.2557 17.2091 15.1572 11.7418 9.9350
5 26.6308 19.7690 16.8523 15.1867 12.2722
6 31.2303 22.4304 18.2548 16.6891 15.2543
107 1 9.8660 8.5877 8.1907 8.0183 7.9280
2 18.0447 11.8753 9.8661 9.0164 8.5877
3 21.5789 18.0494 13.1623 10.9822 9.8667
4 28.6076 20.3514 18.0648 14.0282 11.8815
5 31.4560 23.3560 19.9328 18.1051 14.6600
6 36.4699 26.5811 21.5789 19.7414 18.1987
Table 3
The lowest six normalized frequencies of the flexoelectric circular nanoplate (h = 10 nm).
BCs f14 (C/m) Mode R/h
10 20 30 40 50 100
SS 0 1 1.5654 1.5767 1.5789 1.5789 1.5796 1.5804
2 4.2423 4.3315 4.3491 4.3491 4.3554 4.3623
3 4.2423 4.3315 4.3491 4.3491 4.3554 4.3623
4 7.5953 7.8943 7.9564 7.9564 7.9790 8.0035
5 7.6266 7.9052 7.9614 7.9614 7.9815 8.0046
6 8.7750 9.1484 9.2244 9.2244 9.2515 9.2812
107 1 2.0065 2.0262 2.0299 2.0313 2.0319 2.0327
2 5.2357 5.3751 5.4028 5.4127 5.4174 5.4236
3 5.2357 5.3751 5.4028 5.4127 5.4174 5.4236
4 9.2579 9.7061 9.7998 9.8338 9.8499 9.8717
5 9.2911 9.7175 9.8059 9.8378 9.8527 9.8728
6 10.6524 11.222 11.3415 11.3845 11.4046 11.4317
CC 0 1 3.0844 3.1543 3.1679 3.1727 3.1750 3.1779
2 6.2491 6.5173 6.5717 6.5912 6.6003 6.6125
3 6.2491 6.5173 6.5717 6.5912 6.6003 6.6125
4 9.9506 10.6012 10.7396 10.7897 10.8132 10.8448
5 9.9723 10.6108 10.7469 10.7961 10.8193 10.8504
6 11.2780 12.0706 12.2407 12.3024 12.3314 12.3704
107 1 3.7394 3.8478 3.8694 3.8771 3.8807 3.8855
2 7.5278 7.9340 8.0193 8.0501 8.0645 8.0840
3 7.5278 7.9340 8.0193 8.0501 8.0645 8.0840
4 11.9169 12.8767 13.0910 13.1695 13.2066 13.2568
5 11.9416 12.8895 13.1007 13.1782 13.2147 13.2641
6 13.4871 14.6543 14.9175 15.0142 15.0599 15.1217
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Egs. (8) and (5), the constitutive equations are rewritten as follows

Oxx Ch Ca2 O Exx €31
Oyy = |Ca Cxp 0 Eyy — < e3 E,;
Oxy 0 0 C 66 Yxy 0

Oyxz _ C66 0 }IX'Z
oo et
) {ee
Tyyz fl4

Dz = €31 (Exx + gyy) + kSBEz +f14 (nxxz + ﬂyyz)

In Eq. (9), the constitutive equations are presented in the general
tensorial form. In the subsequent explanation, to simplify the formula-
tion and reflect the assumed material properties, we adopt the Voigt
notation under the assumption of transverse isotropy. Accordingly, the
general tensor components reduce to the simplified constants: C1111 =
C2222 = C11, C1122 = C2211 = C12, C1212 = Cep, and e311 = €322 = e3q.
Besides, the flexoelectric coefficients are expressed as f3113 = f14 and
f3223 = f14, as stated in ref. [52].

In compact form, Eq. (9) can be rewritten as follows
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Cp = Cbeb — CeEz
6, = Csg

T= Csz (10)
D, = e3; (Exx + Syy) + kasE; + f14 (Wxxz + ﬂyyz)
where
Oxx
Oyxz Txxz —J14
Gy = { Oyy p; G5 = ;T = ?Cf:
Oyz Tyyz ~f1a
0.
i an
C11 Clg 0 €31
C66 0
C=|Ca Cpn 0 |; CG= ; Ce= 1 €31
0 0 Ces 0

The relationship between electric potential and electric field is
described as follows

op
- 12
2 e 12)

Without free electric charges, the Gaussian law for electrostatics is
expressed as V-D = 0, which, under the above assumptions, reduces to

oD,

oz 0 13)
Replacing Egs. (9) and (12) into Eq. (13), we have

P e (ex + &) + fra(exs + &) a

k33
Integrating Eq. (14) with respect to z and inserting it into Eq. (12)
yields the function E, as follows

/831 (Ex + €y) +fl4 (Ex,z + Ey.z)
k33

E, = — dz+C (15)

where C is the integration constant. In open-circuit conditions, the
electric displacement at the surfaces is zero, and is given by

D, (z = j:g) =0 (16)

Substituting E, from Eq. (15) into D, in Eq. (9), then substituting into
Eq. (16), the integration constant C can be found as follows

_ €31 (u,x + Vy) 7f14 (W,xx + Wyy)

C 17
ks a7n
Substituting Eq. (17) into Eq. (15) yields the electric as
E, = & (2)E1 + &(2)E2 + &3(2)Es 18)
where
Ei =ux+vy; Ea =Wy + Wy E3 =+ 5y,
(19)
@(z) = — 8L gy(z) TTEZ oy eaf () A (E)
k33 k33 k33

2.3. Hamilton’s principle

The equation motion of the smart piezoelectric nanoplate is derived
using Hamiltonian principle and expressed [53]

/ i (6K — 6U — sW)dt (20)

b

where §U, 6K and 6W, respectively, represent the virtual strain energy,
kinetic energy and work done by the external loads.
The virtual strain energy under open-circuit conditions is expressed
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Table 4
The normalized deflection of the flexoelectric square nanoplate under uniform distributed load (h = 10 nm).
BCs f14 (C/m) Theory a/h
10 20 30 40 50 100
SSSS 0 Present 0.4449 0.4259 0.4224 0.4211 0.4206 0.4198
TSDT [35] 0.4449 0.4259 0.4224 0.4211 0.4206 0.4198
ESDT [36] 0.4407 0.4248 0.4219 0.4209 0.4204 0.4198
107 Present 0.3032 0.2863 0.2831 0.2820 0.2815 0.2808
TSDT [35] 0.3032 0.2863 0.2831 0.2820 0.2815 0.2808
ESDT [36] 0.3018 0.2859 0.2830 0.2819 0.2815 0.2808
SCSC 0 Present 0.2307 0.2065 0.2018 0.2001 0.1994 0.1983
TSDT [35] 0.2307 0.2065 0.2018 0.2001 0.1994 0.1983
ESDT [36] 0.2255 0.2051 0.2012 0.1998 0.1991 0.1983
107 Present 0.1606 0.1399 0.1358 0.1343 0.1337 0.1327
TSDT [35] 0.1606 0.1399 0.1358 0.1343 0.1337 0.1327
ESDT [36] 0.1597 0.1395 0.1356 0.1342 0.1336 0.1327
SFSF 0 Present 1.4326 1.3991 1.3924 1.3899 1.3887 1.3870
TSDT [35] 1.4326 1.3991 1.3924 1.3899 1.3887 1.3870
ESDT [36] 1.4254 1.3972 1.3915 1.3894 1.3883 1.3869
107 Present 1.1064 1.0702 1.0619 1.0584 1.0567 1.0541
TSDT [35] 1.1064 1.0702 1.0619 1.0584 1.0567 1.0541
ESDT [36] 1.1022 1.0686 1.0609 1.0578 1.0563 1.0540
CFCF 0 Present 0.3042 0.2740 0.2683 0.2663 0.2653 0.2641
TSDT [35] 0.3042 0.2740 0.2683 0.2663 0.2653 0.2641
ESDT [36] 0.2977 0.2723 0.2676 0.2659 0.2651 0.2640
107 Present 0.2150 0.1882 0.1829 0.1810 0.1801 0.1788
TSDT [35] 0.2150 0.1882 0.1829 0.1810 0.1801 0.1788
ESDT [36] 0.2138 0.1877 0.1826 0.1808 0.1800 0.1788
Table 5 0.9
The normalized deflection of the flexoelectric square nanoplate under sinusoidal )
distributed load (h = 10 nm). =08} I
BCs  fia(C/m) a/h >
= 0.7
10 20 30 40 50 100 >
SSSS 0 0.2825 0.2694 0.2670 0.2661 0.2658 0.2652 ; 0.6}
107 0.1928 0.1812 0.1790 0.1783 0.1779 0.1774 E :
SCSC 0 0.1566 0.1403 0.1372 0.1360 0.1355 0.1348 ®
107 0.1091 0.0951 0.0923 0.0913 0.0909 0.0902 = 0.5
SFSF 0 0.7329 0.7138 0.7101 0.7087 0.7081 0.7072 §
107 0.5527 05332 0.5290 0.5273 05264  0.5252 =04 —e— Flexoelectric model (f, =10"C/m)
CFCF 0 0.1873 0.1683 0.1647 0.1634 0.1628 0.1619 § Classical model (f =OI;
107 0.1314 0.1148 0.1115 01103 0.1097  0.1090 Z 03 D elly4 |
5

1 i 2

b/a

(3]
wn
]

Fig. 9. The normalized central deflection of the SSSS flexoelectric rectangular
nanoplate subjected to the sinusoidal distributed load (h = 20 nm, a/h = 10).

Table 6
The normalized deflection of the flexoelectric circular nanoplate under the
uniform distributed load (h = 20 nm).

BCs  fis(C/m) R/h

Normalized central deflection
%

0.6 —e— Flexoelectric model (/‘l 4=I0'7Cx"m) 10 20 30 40 50 100
| —+— Classical model (/, ,=0) ss o 6.3066  6.2425 62306  6.2264 62245  6.2219
0.44 1 107 5.4300 5.3687 5.3573 53533  5.3515  5.3490
CC 0 1.6967 1.6345 1.6229 1.6188 1.6169 1.6144
107 1.5156 1.4560 1.4448 1.4409 1.4391 1.4366
0.2 ) L L
1 15 2 23 3
b/
i 8U = / (5el6y + 5e76, — SE,D, + on'1)dV 1)
v
Fig. 8. The normalized central deflection of the SSSS flexoelectric rectangular
nanoplates under subjected to the uniform distributed load (h = 20 nm, a/h Substituting Egs. (3), (6), (10) and (18) into Eq. (21), the virtual
= 10). strain energy is expressed
8U = / (58, D&y + 5e. Dy — 68; DynoE + 67 DfE)dQ (22)
Q
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where In this expression, d; = {w; Vi Wi By By, }T, N;(¢,n) describes
the NURBS shape function, which is defined as follows
€1 El
& =1 & ;ﬁ:{nl};iz E>
€3 N Es
Ab Bb Eb Aue BUE Cue
ﬁb = Bb Db Fb ; Bme = Dy Eu Fp ?Bf = |:gh gh ;—;:h (23)
E P H G, He L. RS TR
h/2
(A B D" ) = [ (1270, f(0).£(2) O
—h/2
_ h2
D, = f (2)Csdz
—h/2
h/2
(Auev Bue7 Cu27 Due7 Eue: Fue) = / (gl (Z)agZ (Z)7g3 (z)7Zg1 (Z),Zgz (Z)7 283 (Z))Cedz
—h/2
h/2
(Gue, Hue, Iue) = e (f(2)81(2).f(2)82(2). f(2)g3(2) ) Cedz
h/2 7 i )
(An, By, Ch, Dy, En, Fy) = / e (81(2),82(2),83(2).f (2)81(2).f (2)g2(2). f (2)83(2))Crdz
The variation of kinetic energy is described Ni(¢,n) 0 0 0 0
) 0 Ni(¢,n) 0 0 0
oK = / s, dQ @)  Nm=]| o 0 N(n 0 0 (29)
@ 0 0 0 Ni(¢,n) 0
in which 0 0 0 0 Ni(¢n)
u; u Wy ﬂx Io 0 O L L I4
U=qWw s =Q VvV sp=—Swy sus3=<p »;I,=10 L 0|;Lh=|L I I
us w 0 0 0 0 I() I4 I5 16 (25)
h/2
(ol Jolssde) = [ (1,2.2.5(2).3f(2). @) ) pd
~h/2

Furthermore, the variation of the work performed by the external
load is given

W= / foowdQ (26)
Q

where fy denote the transverse distributed load.
By replacing Egs. (22), (24) and (26) into Eq. (20), the weak form of
the piezoelectric nanoplate is reformulated as
/ (52, DyEp + 5€. D€ — €, DeE + 6N D/E)dQ — / su'1L,udQ
Q Q

= / fodwdQ 27)
Q

2.4. A NURBS based formulation of the piezoelectric nanoplate

The displacement fields u” are approximated using the NURBS basis
functions [41]

u'(Gm) =D _Ni(¢m)dy (28)

The strains are reconstructed by replacing Eq. (28) into Egs. (4) and
(23), as shown

mxn [ Bpii mxn mxn
Eb:Z By di:ZEbidﬁ Eszzﬁsidi (30)
=1 | By i1 =1
in which
N. 0 00 O 00 N OO
Byi=| 0 Ny 0 0 Of;Byy=—|0 0 Ny, 0 0]; Byg;
Ny Nix 0 0 0 0 0 2Ny, 0
0.0 0 Nix 07 000N O
=000 0 Ny|:Bu=|g o0 0 o m
0 0 0 Ny Nix !
31)

The strain gradient and electric field after substituting Eq. (28) into
Eq. (23) are given as

(32)
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where

B = 8 8 :x:i 8 8:|§Bv2i:|:8 8 8 I\g’x I\ZY 5 Beyi
={Nx Ny 0 0 0}

Bui={0 0 Nix+Ny 0 0}

Bsi={0 0 0 —Ny, —N,} (33)

Furthermore, the displacement vector can be represented

u; mxn [ Ny mxn
u= uy = Z No; di = Zﬁidi (34)
us i=1 N3i i=1
where
N, O 0 00 0 0 Nyx 00
Ny=|{0 N, 0 0 Of;Ny=|0 O —-Ny; O Of; Ny
0 O N, 0O 00 0 0 0
00 0N O
=0 0 O N; (35)
00 O 0

0
0
By substituting Egs. (30), (32) and (34) into Eq. (27), we obtain

Kd +Md = F (36)
where K represents the stiffness matrix, formulated as follows
=T— — =Te— = =T= = —T— —
K= / (B,D;B; + B,D,B, — B, DB, + B, D;B,)dQ (37)
Q

In addition, M and F respectively represent the mass matrix and force
vector as

M:/NTImNdQ; F:/foBFdQ; B;={0 0 N, 0 0}" (38)
Q Q

The free vibration governing equation is expressed as

(K- w’M)d=0 (39

in which d (d = de ") and w are mode shape and natural frequency.
Similarly, the static governing equation of the smart piezoelectric
nanoplate is presented

Kd =F (40)
3. Numerical results

Free vibration and static bending of a smart flexoelectric nanoplate
made of PZT-5H material are studied. Material properties are given as
[49]: e33 = — 17.05 C/m?, k33 = 1.76 x 10 C/(Vm), C1; = 102 GPa,
Ceé6 = 35.5 GPa, C12 = 31 GPa and p = 7600 kg/ms. Two models,
including the classical model (without flexoelectric effect with f14 = 0)
and the flexoelectric model (considering the flexoelectric effect with fi4
=107 C/m), are studied in this section. Besides, for numerical calcu-
lations, different boundary conditions (BCs) for the rectangular nano-
plates are used and presented as follows.

SSSS
(V, W7ﬂ}’) |x:0,a =0 (41)
(u,w, ﬂx) ‘y:()‘b =0

CCCC

(u, v, w, W,nvﬁx?/}y) |x:0,a =0
(u, v, w, W,mﬁx%ﬁy) }y:O‘b =0

SCSC
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(W v, W, Wa s By) |, o, = O

{ v w.8y) |0 =0

SSSF

{ (v7 W’ﬂ}’) ‘x:O.a = 0

(Ll, W?ﬂx) ‘y:O =0
CCCF

{ (u,V,W,W.mﬁxvﬁy) |x:0.a =0

(u, v,w, Wmﬂx:ﬂy) !y:O =0

where the notations “F”, “S” and “C” represent free, simply supported
and clamped, respectively.

For circular nanoplates, BCs are expressed.

SS

(w,v,w)=0 (42)
cc

(v, W, Wa,B,.8,) =0

3.1. Validation

To validate the present method, various examples are examined, and
their results are benchmarked against published data. Initially, the free
vibration of a smart nanoplate made of PZT-5H material [49] is inves-
tigated. The first natural frequency of the flexoelectric piezoelectric
rectangular nanoplate under SSSS boundaries is presented in Fig. 3. The
present results are compared with the reference solutions provided Yang
et al. [49], using the analytical method based on KPT with two variables.
As seen in Fig. 3, the numerical results align closely with the reference
results for the case of free vibration analysis. Next, static analysis of the
SSSS smart nanoplate with flexoelectricity is examined. Fig. 4 presents a
comparison of the central deflection of the plate with the reference so-
lution provided by Yang et al. [49]. The results in Fig. 4 closely corre-
spond to those reported in the referenced work. The comparison results
in Fig. 3 and Fig. 4 highlight the accuracy and reliability of the proposed
model in analyzing the flexoelectric nanoplate.

3.2. Free vibration

We now consider free vibration of smart flexoelectric rectangular
and circular nanoplates. For numerical examinations, the normalized

natural frequency Q = % CLH is used for rectangular nanoplate. Fig. 5

depicts the variation of the first normalized natural frequency of
piezoelectric square nanoplates with respect to thickness for different
flexoelectric coefficients (fi4 = 0, 0.5 x 107 and 1 x 107C/m). The
flexoelectric effect markedly enhances the natural frequency, particu-
larly for thinner plates, where size-dependent behavior is most pro-
nounced. As the thickness increases, the influence of flexoelectricity
gradually weakens, and the results converge toward those of the clas-
sical model (f14 = 0). Moreover, the increase in natural frequency be-
comes more pronounced with higher values of the flexoelectric
coefficient fi4, highlighting its crucial role in nanoscale electrome-
chanical behavior. This trend demonstrates that flexoelectricity domi-
nates at the nanoscale but becomes negligible in thicker plates,
emphasizing the importance of incorporating it for accurate modeling of
nanoscale electromechanical systems. Table 1 presents the lowest six
natural frequencies of the piezoelectric square nanoplate. The present
results predicted by TCSDT are compared with those derived from TSDT
[35] and ESDT [36]. A good correlation is observed between the out-
comes of TCSDT and those of TSDT and ESDT. Besides, according to the
numerical results in Table 1, a rise in the length-to-thickness ratio makes
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the natural frequency increasing for both classical and flexoelectric plate
models. Moreover, the study reveals that the flexoelectric effect leads to
an increase in the first natural frequency of the piezoelectric nanoplate.
This increase is primarily due to the strain-gradient-induced polariza-
tion that produces an internal electric field that opposes deformation,
increasing stored elastic energy and thus the apparent stiffness, espe-
cially at the nanoscale. When comparing different boundary conditions,
the fully clamped (CCCC) configuration yields the greatest dynamic
stiffness due to its complete edge constraints, while the simply
supported-free (SFSF) configuration results in the lowest because of its
greater flexibility. Furthermore, the influence of the width-to-length
ratio on the first six dimensionless natural frequencies is summarized
in Table 2. The results clearly demonstrate that as the width-to-length
ratio rises, the normalized natural frequencies of the piezoelectric
rectangular nanoplates tend to decrease. Table 3 shows the lowest six

. . . = 2 . . .
dimensionless frequencies Q = “& Ci” of the piezoelectric circular

nanoplates with different radius-to-thickness ratios. When the radius-to-
thickness ratio increases, the dimensionless vibrational frequency of the
circular nanoplate increases as well.

3.3. Static analysis

We now consider bending of the piezoelectric rectangular and cir-
cular nanoplates under uniformly and sinusoidal distributed loads. The

ab

normalized central deflection (w = %w(i, % 0) for rectangular and

. =
calculation. The effect of the piezoelectric coefficient (f14) and thickness
(h) on the normalized central deflection w of the SSSS piezoelectric
square nanoplates under uniform and sinusoidal distributed loads is
illustrated in Fig. 6 and Fig. 7, respectively. The horizontal axis repre-
sents the plate thickness, while the vertical axis denotes the normalized
central deflection w. As the piezoelectric coefficient increases, the
deflection of the nanoplate decreases due to enhanced electromechan-
ical coupling. Moreover, the deflection predicted by the flexoelectric
model gradually converges to the classical result as the plate thickness
increases. It is also observed that the flexoelectric effect notably reduces
the normalized deflection, particularly for thinner plates, where size-
dependent behavior becomes significant. Furthermore, the impact of
both the length-to-thickness ratio and boundary conditions on the
normalized central deflection of piezoelectric square nanoplates, sub-
jected to uniform and sinusoidal distributed loads, is examined and
summarized in Table 4 and Table 5, respectively. The results presented
in these tables reveal that an increase in the length-to-thickness ratio
leads to a noticeable decrease in the deflection of the nanoplate. In
Table 4, the normalized deflection obtained by the present method using
both TCSDT, TSDT [35] and ESDT [36] is compared. The comparison in
Table 4 demonstrates that the TCSDT results are consistent with TSDT
and align closely with ESDT. TCSDT and TSDT produce similar results.
Fig. 8 and Fig. 9 plot effect of the width-to-length ratio (b/a) on the
normalized deflection of the SSSS piezoelectric nanoplate subjected to
uniform and sinusoidal distributed loads, respectively. In both figures,
the horizontal axis represents the geometric ratio b/a, while the vertical
axis denotes the normalized central deflection. It is observed that the
deflection increases with increasing b/a, and the flexoelectric model
predicts smaller deflections than the classical model due to the size-
dependent stiffening effect. Lastly, the static bending behavior of
flexoelectric piezoelectric circular nanoplates under a uniformly
distributed load is investigated for various radius-to-thickness ratios,
with the findings summarized in Table 6. The data indicate that as the
radius-to-thickness ratio increases, the normalized deflection of the
nanoplate steadily decreases.

w(0,0,0) for circular nanoplates) is used for numerical
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4. Conclusion

The bending and free vibration of the smart flexoelectric nanoplates
were examined. The third-order Chebyshev shear deformation theory
was used to derive the displacement fields of the nanoplates. The gov-
erning equation of the flexoelectric nanoplate was derived employing
the Hamilton principle. The NURBS basic function in IGA was used to
approximate the displacement strain, and higher-order strain of the
nanoplate. The numerical results agreed with those from a reference,
showing the advantage of the proposed method. The effect of flex-
oelectricity and geometries on the deflection and natural frequencies of
the piezoelectric nanoplates was studied. The numerical outcomes show
that:

e The results from the third-order Chebyshev shear deformation theory
are consistent with TSDT and align closely with those from other
shear deformation theories.

e Asthe plate thickness increases, the flexoelectric model’s predictions
for natural frequency and deflection approach the classical results.
Flexoelectric effects are significant for thin plates but fade as the
thickness grows.

e As the length-to-thickness and radius-to-thickness ratios increase,

the stiffness of the piezoelectric nanoplate rises in both the classical

and flexoelectric plate models.

The piezoelectric rectangular nanoplate’s frequency and deflection

decrease and increase as the width-to-length ratio rises.

This study advances knowledge of the dynamic and static responses

of flexoelectric piezoelectric nanoplates and provides valuable

guidance for their design in aerospace, mechanical, and smart
structural applications.
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