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A B S T R A C T

Unlike traditional parallel structures that combine magnetic negative stiffness and positive 
stiffness, this study employs the principle of Lorentz force acting on a current-carrying coil in a 
uniform magnetic field to design a novel magnetic quasi-zero stiffness (QZS) isolator. The pro
posed isolator achieves both a wide QZS range and continuously adjustable load capacity by 
integrating the mechanisms of magnetic constant-force and magnetic repulsion-force, with the 
QZS characteristics primarily realized through the constant-force. The constant-force mechanism 
includes three magnets: two stator magnets generating a uniform magnetic field, and one moving 
magnet acting as a current-carrying coil. A constant Lorentz force is produced by placing one end 
of the moving magnet in the uniform magnetic field. The stroke and load capacity of the isolator 
depend on the field’s spatial extent and intensity. The intensity can be adjusted by altering the 
overlap area of the stators. The magnetic repulsion boundary provides a hardening restoring force 
beyond the constant force region. Then, the effects of magnet parameters are discussed, and a 
dynamic model of the isolator incorporating equivalent viscous damping is established. Experi
mental results demonstrate that the proposed QZS isolator exhibits ultra-low resonant frequencies 
and large stroke, and verified the theoretical results.

1. Introduction

Vibration isolation has attracted considerable interest for its potential to improve equipment accuracy [1–3] and maintain 
structural safety [4,5]. Passive isolation has found widespread application due to its lack of external energy requirements and simple 
structure. To address the balance between stiffness and load capacity in linear isolators [6], nonlinear isolation theory [7] has 
advanced rapidly. Among the most extensively studied nonlinear isolation technologies is quasi-zero-stiffness (QZS) [8–10], which 
achieves near-zero dynamic stiffness through stiffness nonlinearity while maintaining the capacity to support static loads. This 
property, known as high-static-low-dynamic-stiffness (HSLDS), is central to QZS performance.

The most common QZS isolators integrate both positive and negative stiffness elements in parallel to attain nearly zero stiffness at 
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the equilibrium position. In these designs, the negative-stiffness element plays a pivotal role. Typical implementations of negative 
stiffness include mechanical springs [8,11,12], buckling beams [13–15], negative stiffness magnetic springs [16–19], and cam-roller 
spring structures [20–22]. To improve the performance of isolators, substantial advancements have been made to negative stiffness 
structures. For instance, increasing the magnetic density of magnetic negative stiffness components can enhance the load capacity of 
QZS isolators. Wu et al. [23] proposed a magnet array with alternately arranged opposite polarities. Zhang et al. [24,25] introduced a 
high negative stiffness based on a Halbach magnet array, Wu et al. [26] presented a multi-tile magnetic spring with high negative 
stiffness, both achieving higher negative stiffness values than conventional magnetic configurations [16,17]. Zhao [27–29] proposed a 
QZS isolator utilizing multiple pairs of oblique springs, enabling the isolation of larger displacement excitations in comparison to a 
system with just one pair. Similarly, Ye et al. [30] introduced an optimized cam-roller-spring structure with multiple QZS regions for 
adapting to varying support loads. Yan et al. [31] presented a symmetric polygonal structure made up of two three-link assemblies, 
capable of sustaining linear negative stiffness across a broad displacement range and adjusting the load. Only adjusting the negative 
stiffness elements is insufficient for meeting the demands of various applications. Xie et al. [32] designed a QZS isolator that integrates 
pneumatic and electromagnetic mechanisms, controlling positive stiffness by adjusting air pressure and negative stiffness via current 
regulation.

Besides the parallel mechanisms of positive and negative stiffness, other mechanisms for achieving QZS have been proposed. 
Inspired by nature, beneficial nonlinearities found in biological structures have led to the development of bio-inspired isolators. Jing 
et al. [33–35] innovatively created a series of limb-like or X-shaped structures by mimicking biological limbs. Deng et al. [36], drawing 
inspiration from bird necks, developed a multi-layer QZS isolator that operates over a wide displacement range. Metamaterial-based 
QZS isolators have attracted considerable attention owing to their integrated structures, which effectively avoid the issues of Coulomb 
friction in assembly structures [37,38]. Liu et al. [39] discovered that truncated conical shell structures possess exceptional properties, 
such as excellent load-bearing ability and diverse mechanical responses. Through structural parameter optimization, they were able to 
generate nearly constant output forces and hardening boundary conditions over a wide displacement range, achieving ideal QZS 
characteristics. Lin et al. [40] designed a novel local resonance metamaterial by optimizing folded slender beams, which exhibit near- 
zero stiffness in three dimensions. Zhou et al. [41,42] developed a stackable multi-layer QZS structure by shaping folded slender 
beams. Zhang et al. [43], Zeng et al. [44] and Hou et al. [45] also achieved QZS by designing flexible curved beams, proposing multiple 
QZS modules in parallel or series to enable programmable working loads and operational ranges. Wu et al. [46] developed a me
chanical metamaterial featuring quasi-zero stiffness, enabling vibration isolation across the entire frequency range, by using hexagonal 
hinges and mechanical springs. Sun et al. [47] ingeniously used a tensegrity structure to achieve torsional QZS isolator with a wide 
range. The integrated metamaterial structure is prone to fatigue damage in the long-term vibration environment.

Studies have shown that the stroke of QZS isolators is closely related to the width of the QZS region. Magnetic QZS isolators have 
been widely investigated due to their advantages of non-contact operation and low damping. The strong nonlinearity of the magnetic 
field leads to a relatively narrow QZS region, thus restricting isolator stroke. In most cases, the effective stroke of magnetic QZS 
isolators is confined to a narrow range of 1–2 mm [24,48–50]. Furthermore, since the properties of permanent magnets are fixed, the 
characteristics of magnetic QZS isolators are nearly non-adjustable. Therefore, expanding the QZS region, and improving adaptability 
to varying loads are critical challenges in enhancing the performance of magnetic QZS isolators.

Lu et al. [51] proposed load variation that can be achieved by altering the current in electromagnets. Qi et al. [52] introduced a 
system that integrates repulsive magnets to modulate positive stiffness with a sliding beam that provides negative stiffness, allowing 
for continuous adjustment of load capacity. Ji et al. [53] combined a magnetic negative stiffness structure with a displacement 
amplification system, successfully broadening the linear range of negative stiffness. Qi et al. [54] achieved constant force through the 
interaction between a magnetic rod and a high-permeability sleeve, and then combined with the stiffness-hardening boundary to 
achieve HSLDS characteristics. Liu et al. [55] proposed a magnetic higher-order QZS mechanism, which could produce a wider 
displacement range compared with the low-order QZS. These studies addressed only one of the two challenges, load adjustment or long 
stroke, while integrating both functionalities into a magnetic QZS isolator remains a challenge.

Our study proposes a novel magnetic QZS isolator that combines a magnetic constant-force structure with a magnetic repulsion 
boundary. Compared with the parallel combination of magnetic negative stiffness and positive stiffness, the proposed isolator offers 
both a larger stroke and adjustable load capacity. The concept of magnetic constant-force is inspired by the effect of a uniformly 
charged conductor experiencing a constant force in a uniform magnetic field. The proposed constant-force structure consists of three 
magnets: two serving as stators to generate a relatively uniform magnetic field, and a third magnet, which can be equivalently regarded 
as a charged coil placed within this field. The uniform magnetic field’s range and intensity determine the working stroke and load 
capacity of the isolator. The field intensity, in particular, can be adjusted by modifying the overlapping area of the two stator magnets. 
Additionally, the introduction of the magnetic repulsion boundary serves to establish a hardening restoring force outside the constant- 
force region, facilitating the rapid return of the mover to its equilibrium position.

The organization of this article is as follows. Section 2 introduces the concept of the combined isolator and the principle of constant 
force generation. Section 3 derives the magnetic field and force models for the magnetic constant-force structure, and analyzes the 
impact of parameters as well as the principle of variable load. Section 4 presents the implementation of the nonlinear constraint 
boundary and the combined QZS isolator. To evaluate the performance of the proposed isolator, Section 5 conducts a numerical study 
of the transfer function using the harmonic balance method, considering the effects of Coulomb friction, viscous damping, and 
displacement excitation amplitude. Section 6 presents experimental validation of the proposed isolator. Finally, Section 7 offers 
conclusions and discussions.
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2. Conceptual design and principle

This section presents the conceptual design of the combined magnetic QZS isolator and the principle of magnetic constant-force 
generation. Fig. 1 shows that the isolator primarily comprises two key components: a magnetic constant-force (MCF) structure and 
a magnetic repulsion-force (MRF) structure. The MCF structure provides quasi-zero stiffness and load-bearing capacity, while the MRF 
structure generates a hardening nonlinear restoring force. The force–displacement curve generated by the combination of these two 
structures exhibits the characteristics of high static and low dynamic stiffness (HSLDS).

Within the combined isolator, the magnetic constant-force structure is critical. It consists of three elongated magnets arranged in 
parallel. According to Ampère’s law, a charged conductor in a uniform magnetic field experiences a constant force, as illustrated in 
Fig. 1(a). This principle is similarly applicable to the magnetic constant-force structure. Magnetic field modeling methods for magnets 
include the equivalent charge model [56,57] and the equivalent current model [17]. To intuitively explain the constant force principle, 
the two stator magnets are modeled using the equivalent charge model, while the mover magnet is equivalent to a coil with a current 
density J. Fig. 1(b) presents the schematic of the equivalent modeling for the stator and mover magnets. It is evident that a uniform 
magnetic field directed horizontally to the right is generated in the central region between the two stator magnets. The mover magnet 
can be equivalently represented as the equivalent coil in Fig. 1(b), based on its magnetization direction. The bottom end of the 
equivalent coil is located in the stators’ uniform magnetic field. According to Ampère’s law, this end generates a constant upward force 
Fz1. In contrast, the top end of the equivalent coil is far from the magnetic field, where the field strength is relatively weak, resulting in 
an almost negligible force Fz3. The front and rear ends of the equivalent coil experience forces of equal magnitude but opposite di
rections, in and out of the plane, respectively. Therefore, the total magnetic force acting on the mover magnet can be approximated as a 

Fig. 1. Principle and structural schematic diagram of magnetic-constant force isolator: (a) Principle of magnetic constant force, (b) three-magnet 
configuration for realizing magnetic-constant force and schematic diagram of equivalent model, (c) nonlinear hardening boundary, (d) 3D structural 
diagram of vibration isolator and (e) force-displacement relation between local and global structures.
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constant force. The detailed calculation of magnetic field strength and magnetic force will be presented in Section 3.

3. Modeling and analysis of the constant force magnet array

3.1. Basic parameters of the magnet array structure

The basic parameters of the magnetic constant-force array are illustrated in Fig. 2, and the initial values are listed in Table 1. The 
magnets are made of NdFeB, N35.

3.2. Magnetic field distribution of the stators

The key to achieving magnetic constant-force lies in the creation of a uniform magnetic field. To intuitively demonstrate the process 
of generating this uniform magnetic field, the equivalent charge model is utilized. This model introduces a hypothetical magnetic 
charge, analogous to an electric charge, with magnetic flux lines extending from positive to negative magnetic charges. The magnetic 
flux at any point in space can be determined using the magnetic Coulomb’s law. Fig. 3(a) depicts a permanent magnet with a 
magnetization intensity M, where the magnetization direction is horizontally oriented to the right.

Assuming uniform magnetization and applying the equivalent charge theory [56,57], the volumetric magnetic charge density ρm 
within the magnet is zero, while only the surface magnetic charge density σm exists on the plane perpendicular to the magnetization 
vector. Under the assumption of relative permeability μr = 1, the surface magnetic charge density σm is expressed as: 

σm = M→ ⋅ n→=
Br

μ0
(1) 

where M→ represents the remanent magnetization intensity, n→ is the unit vector normal to the surface of the magnet, Br is the remanent 
magnetic flux density, and μ0 is the vacuum permeability, with a constant value of 4π × 10− 7 Wb/(A•m).

In Fig. 3(a), the magnetic charge surfaces of the rectangular permanent magnet correspond to the two planes perpendicular to the 
magnetization direction. According to magnetic Coulomb’s law, the magnetic flux density vector B→ at the observation point Q, 
generated by the magnetic charge at the source point P, is given by: 

dB( r→) =
μ0

4π
σm ⋅ r→

| r→|
3 dydz (2) 

where r→ denotes the vector pointing from P to Q, i.e. | r→| =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x1 − x0)
2
+ (y1 − y0)

2
+ (z1 − z0)

2
√

.
The overall magnetic flux density at the observation point Q, produced by the entire magnet, can be calculated by integrating Eq. 

(2): 

B( r→) =

∫ l

0

∫ h

0

μ0

4π
σm ⋅ r→

| r→|
3 dydz −

∫ l

0

∫ h

0

μ0

4π
σm ⋅ r→ʹ

| r→ʹ
|
3 dy0dz0 (3) 

where r→ and ŕ
→

denote the displacements from the corresponding points on the positive and negative magnetic charge regions to the 
observation point, respectively.

For the structure shown in Fig. 1 (b), to calculate the magnetic force in the z-component on the mover magnet, the magnetic flux 
density generated by the stator magnets in the x-component needs to be computed. Eq. (2) is modified as follows: 

Fig. 2. Magnet array parameter labels: (a) Magnet dimension parameters, (b) front view (equilibrium position) and (c) top view.
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Table 1 
Basic parameters of the magnetic constant-force array.

Parameter Name Symbol Value unit Unit

Remanent magnetic 
flux density

Br 1.15 T

Stator length l 30 mm
Stator width w 5
Stator height h 50
Mover length a 20
Mover width b 10
Mover height c 60

Stator gap v 22

Fig. 3. Schematic diagram of (a) the equivalent charge model and (b) the equivalent current model.

Fig. 4. Magnetic flux density distribution of the x-component between the stator magnets.
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dBx(x1, y1, z1) =
μ0

4π
σm ⋅ (x1 − x0)

(

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x1 − x0)
2
+ (y1 − y0)

2
+ (z1 − z0)

2
√

)
3

dy0dz0 (4) 

The magnetic field produced by the stator is calculated through numerical methods. Fig. 4 illustrates the magnetic flux density dis
tribution at different cross-sections between the two stator magnets. It is clear that the field remains mostly uniform in the central area 
between them.

3.3. Magnetic force calculation on the mover magnet

Fig. 3(b) shows the equivalent coil model of the mover magnet. According to the equivalent current theory [17], the magnet can be 
simplified to a volume current density Jm and a surface current density Js. Under the assumptions of relative permeability μr = 1 and 
uniform magnetization, the volume current density Jm is equal to 0, while surface current density is given by: 

J = M→× n→=
B→r

μ0
× n→ (5) 

where a current element is taken, the Ampère force acting on it in the magnetic field is expressed as: 

dF( r→) = Jds × B (6) 

For the model in Fig. 1 (b), it is evident that only the top and bottom ends of the equivalent coil experience the z-component of the 
Ampère force. The total magnetic force in the z-direction is given by: 

Fz =

∫ a

0

∫ b

0
Jy × Bx,Lower(x, y, z)dxdy −

∫ a

0

∫ b

0
Jy × Bx,Upper(x, y, z)dxdy (7) 

Substituting Eq. (1)–(6) into Eq. (7) gives: 

Fz =
B2

r
4πμ0

∑1

i=0

∑1

j=0

∑1

k=0

∑1

p=0

∑1

q=0

∑1

r=0
(− 1)i+j+k+p+q+rϕ(U,V,W,R) (8) 

where 

i, j, k, p, q, r ∈ {0,1}

U = xc + (− 1)iw/2 − (− 1)pb/2

V = yc + (− 1)jl/2 − (− 1)qa/2

W = zc + (− 1)kh/2 − (− 1)rc/2

R =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
U2 + V2 + W2

√

ϕ(U,V,W,R) =
1
2
(V2 − U2)ln(R + W) + VWln(R + V) − UVarctan(

VW
RU

) −
1
2

RW

(9) 

xc, yc, zc represent the distance between the centers of two magnets.
In Fig. 5, the calculated results of the magnetic forces at the bottom (Fz1) and top (Fz3) correspond to r = 0 and r = 1 in Eq. (8), 

Fig. 5. Forces on the bottom and top ends of the equivalent coil.
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respectively. When the bottom equivalent current surface of the mover is located within the uniform magnetic field region of the 
stators, it experiences a constant upward force. In contrast, the top equivalent current surface is far from the magnetic field, resulting in 
a negligible force. The constant-force region approximately covers ± 9 mm. Strictly speaking, the MCF region exhibits slight 
nonlinearity rather than absolute zero stiffness. When combined with boundary structures, this minor nonlinearity remains well within 
acceptable limits for isolator applications.

3.4. Influence of structural parameters on mechanical performance

This section investigates the influence of structural parameters on the force–displacement curve. To evaluate the impact of each 
parameter, the mover’s structural parameters are fixed while the stator parameters are varied. Due to the strong nonlinearity of 
magnetic force, the approximate constant-force region is rigorously defined as: 

Fig. 6. The influence of magnet parameters on magnetic force and stiffness: (a)(d)(g)(j) Magnetic force curve, (b)(e)(h)(k) normalized Magnetic 
force curve and (c)(f)(i)(l) load F0 and MCF region.
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Z =

{

z
⃒
⃒
⃒
⃒

⃒
⃒
⃒
⃒
F(z) − F0

F0

⃒
⃒
⃒
⃒⩽ε

}

δ = max(Z) − min(Z)
(10) 

where, F0 is the load at equilibrium position (z = 0, as shown in Fig. 2(b)), F(z) is the force at displacement z and ε is an acceptable 
threshold. Here, ε is set to 0.02.

Fig. 6(a) presents the magnetic force curves for different stator’s length (l), with l ranging from 5 to 60 mm. When l ≤ 30 mm, 
increasing the stators’ length enhances the load capacity at the equilibrium position while maintaining a nearly constant width of the 
MCF region. However, for l > 30 mm, the MCF magnitude slightly decreases with a rapidly narrowing MCF region. Although the force 
curves for l = 30–60 mm appear similar in Fig. 6(a), this similarity diminishes after normalization, as shown in Fig. 6(b). The enhanced 
contrast in the normalized curves reveals growing force-profile nonlinearity with increasing l, along with significant stiffness 
variations.

The effects of other stator parameters, width (w), height (h), and air gap (v), are also investigated. Fig. 6(d)–(f) show that increasing 
w from 5 to 20 mm substantially elevates F0. The width of the MCF region expands when w ≤ 5 mm, but contracts when w > 5 mm.

As shown in Fig. 6(g)–(i), the load slightly decreases with increasing stator height h, while the width of the MCF region follows a 
three-phase pattern: initial increases, subsequent decreases, and final increases again. The intermediate reduction primarily results 
from enhanced force-profile nonlinearity and threshold ε effects. Detailed examination of Fig. 6(h) reveals that this process is also 
accompanied by a spatial shifting of the MCF region, initially expanding around z = 0, then shifting rightward. This behavior correlates 
with the h/c ratio, where larger h extends the uniform magnetic field at the mover’s lower end. When h > c, the mover’s upper end 
requires greater upward displacement to exit the field, causing the observed rightward shift.

Fig. 6(j)–(l) illustrate air gap v effects, showing high sensitivity to both load magnitude and stiffness nonlinearity. Increasing v 
consistently reduces load, while the MCF region width shows no monotonic trend due to pronounced nonlinearity at small v values that 
excludes most force curves from the threshold range. A clear decreasing trend in MCF width emerges only when v ≥ 22 mm.

These findings emphasize the influence of key magnet design parameters on magnetic force and stiffness. The MCF region is a 
crucial factor in the subsequent construction of the QZS region of the isolator. The magnitude of the constant force determines the load- 
bearing capacity of the isolator, the extent of the force region defines its operating stroke, and the nonlinear stiffness within the MCF 
region directly affects the nonlinear response characteristics of the isolator.

3.5. Adjustment of load

Based on Eq. (5), and assuming an ideally uniform magnetic field, both Bx and Jy can be considered as constants. Neglecting the 
force at the top end of the equivalent coil, Eq. (7) is modified as follows: 

Fz = JyBx

∫ a

0

∫ b

0
dxdy = JyBxS (11) 

where S denotes the area at the bottom end of the mover that is within the uniform magnetic field.
Thus, the load can be adjusted by changing the strength of the uniform magnetic field. This can be achieved by sliding the stator. 

Fig. 7(a) depicts the magnetic force curves and corresponding loads (Fz=0) for different sliding distances of the stators. As the sliding 
distance increases, the magnetic constant-force decreases slowly at first, and then drops rapidly when d > 4 mm. The relation between 
the load and sliding distance d follows a quadratic function. Notably, this method of variable load does not change the range of the 
constant force.

Fig. 7. (a) Force-displacement curves for different sliding distances and (b) relation of the load with sliding distance d and average magnetic flux 
density Bx, respectively.
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Fig. 8. Contour plots of the x-component magnetic flux density generated by the stator magnets at different translation distances: (a) d = 0 mm, (b) 
d = 2 mm, (c) d = 4 mm, (d) d = 6 mm, (e) d = 8 mm and (f) d = 10 mm.

Fig. 9. (a), (b) Force and stiffness curves for the combination of the magnetic repulsion boundary and the magnetic constant-force (d = 0 mm) and 
(c), (d) force and stiffness curves for the combination of different loads and the magnetic repulsion boundary (e = 20 mm).
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The load is strongly dependent on the magnetic flux density within the space occupied by the mover. Fig. 8 illustrates the variation 
of the x-component of the magnetic flux density (Bx) within the projection space of the mover for different sliding distances of the 
stators. When the sliding distance d is small, the flux density Bx in the mover’s region changes minimally, and most of the space is still 
in the uniform magnetic field, which is attributable to the stators being longer than the mover. As the sliding distance d increases, the 
overlapping area between the two stators diminishes, leading to a rapid reduction in Bx, and the load F begins to decrease. Fig. 7(b) 
further demonstrates the relation between the load and the average magnetic flux density in the mover’s region, revealing a linear 
correlation, which is consistent with the conclusion in Eq. (11).

4. Investigation of force and stiffness characteristics of the composite structure

4.1. Nonlinear constraint boundaries and implementation of the combined QZS

Section 3 detailed the force–displacement curve of the MCF structure, demonstrating its capability for low-frequency vibration 
isolation within the constant force range. Beyond this range, the force–displacement relation fails to offer adequate restoring force for 
the mover. Qi et al. [54] introduced repulsive cylindrical magnets as a hardening boundary condition for vibration isolators, which 
proved effective.

To enhance structural compactness, this study uses four pairs of repulsive ring-shaped magnets as boundary conditions, with two 
pair serving as the upper boundary and the other two as the lower boundary. The two ring magnets in the middle, acting as the movers, 
are bound together, as illustrated in Fig. 9(a). Due to the repulsive nature of the magnets, the force increases as the gap decreases, 
thereby providing a progressively hardening constraint boundary as the mover shifts upward or downward. The ring magnets are made 
of NdFeB (N35) with dimensions of D12 × D6 × 3 mm.

Fig. 9(a) demonstrates the force–displacement curves for varying magnetic ring gap distances e, as well as the resulting magnetic 
force curves obtained by superimposing the MRF of these gap distances with the MCF (d = 0 mm). Fig. 9(b) further presents the 
stiffness-displacement curves.

When the gap e is small, the stiffness at the equilibrium position of the composite structure increases. In contrast, larger gaps result 
in reduced stiffness but greater asymmetry in the stiffness profile. This asymmetry not only complicates the polynomial fitting of the 
magnetic force curve but also introduces more complex nonlinear behavior into the vibration isolator. Furthermore, negative stiffness 
may occur, as observed for e = 23 mm in Fig. 9(b), which can lead to instability. Therefore, for subsequent experimental verification, 
an optimal gap of e = 20 mm is selected, as its stiffness-displacement curve exhibits a relatively flat bottom.

Fig. 9(c) and (d) present the force and corresponding stiffness curves obtained by combining different stators’ sliding distances 
d with a fixed magnetic ring gap of e = 20 mm. It can be observed that under varying load conditions, the magnetic constant-force 
remains well-aligned with the magnetic repulsion boundary, while the stiffness characteristics remain nearly unchanged. In terms 
of stiffness values, when d = 0 mm and e = 20 mm, the stiffness k0 of the composite structure at the equilibrium position is extremely 
low, i.e. 0.095 N/mm. This aligns with the concept of “quasi-zero stiffness”.

4.2. Comparison with benchmark studies

In this section, the proposed magnetic QZS is compared with three different types of magnetic QZS configurations: (a) QZS achieved 
through magnetic constant-force, (b) QZS formed by the combination of magnetic repulsion and attraction, and (c) QZS realized 
through parallel-connected magnetic negative stiffness and linear positive stiffness elements.

To evaluate the performance of magnetic QZS, three key factors should be considered: the width of the QZS region, the size effect of 
the isolator, and the load density (the load provided only by the magnetic components). Based on these considerations, the following 
evaluation criteria are proposed.

(i) QZS region δ.
QZS means that the stiffness is close to zero. The smaller the stiffness, the smaller the force variation is. Therefore, the QZS range is 

defined as: 

Z =

{

z
⃒
⃒
⃒
⃒

⃒
⃒
⃒
⃒
F(z) − F0

F0

⃒
⃒
⃒
⃒⩽ε

}

orZ = {z||F(z)|⩽εmg }, ε = 0.05

δ = max(Z) − min(Z)
(12) 

where F0 is the load at equilibrium position, F(z) is the force at displacement z, ε is an acceptable threshold and δ0.05 represents the QZS 
range when ε is set to 0.05.

(ii) QZS relative region η.
The QZS region primarily depends on the vibration isolator’s dimension along the vibration direction. Since the spatial scales vary 

significantly across reference studies, a dimensionless parameter is introduced to evaluate the QZS range. 

η =
δ
L

(13) 

where L represents the maximum allowable range of motion for the mover.
(iii) Load density ρ.
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A key characteristic of magnetic vibration isolators is the efficiency of magnetic array utilization. For instance, in the field of 
magnetic negative stiffness, researchers have consistently focused on achieving higher negative stiffness with smaller magnet volumes. 
Correspondingly, if the QZS load is directly supplied by the magnetic array, it is essential to evaluate the load utilization efficiency: 

ρ =
F0

VB2
r

(14) 

where V denotes the volume of the magnetic array, Br denotes the remanent magnetic flux density.
The comparison results are shown in Table 2. The results indicate that the magnetic constant-force type QZS vibration isolator 

(reference [54] and the proposed design) shows wider relative QZS range compared to those reported in references [55] and [24]. 
While compared to reference [54], the relative range of the proposed QZS is slightly higher, but its load density is 1.9 times higher. 
Since the isolators reported in references [55] and [24] do not utilize magnetic components to provide the load-bearing capacity, a 
comparison of load density is not applicable.

5. Theoretical analysis of vibration isolation performance

5.1. Dynamic modeling

To evaluate the performance of the proposed isolator, a dynamic model of the combined QZS isolator is established. Fig. 10 il
lustrates the schematic of the proposed isolator model. The dynamic response of the isolator in the vertical direction is represented by 
the following equation: 

mÿ+ cẏ+ fsgn(ẏ)+ k1y+ k3y3 + k5y5 + k7y7 + k9y9 = − mÿ0 (15) 

where m represents the load mass, c denotes the viscous damping coefficient, and f is the Coulomb friction force. The stiffness co
efficients k1–k9 correspond to the polynomial fittings of the magnetic force curve. y0 is the displacement excitation applied to the 
isolator’s base, and y1 is the absolute displacement response generated by the mass m. The relative displacement y(t) is given by y(t) =
y1(t) − y0(t).

Assuming the oscillator undergoes harmonic motion and the Coulomb friction force is constant, it can be replaced by an equivalent 
viscous damping. By equating the work done by all damping forces over one cycle to the work done by an equivalent viscous damping 
force, the following equation can be derived: 

∫ T

0
ceẏẏdt =

∫ T

0
(fsgn(ẏ) + cẏ)ẏdt (16) 

where T and Y represent the period and amplitude of the harmonic motion, and ce denotes the equivalent viscous damping. The 
displacement is given by y(t) = Ycos(ωt). Therefore, ce is expressed as: 

ce =
4f

πYω+ c (17) 

The amplitude-frequency response of the isolator can be approximated by deriving the first-order analytical solution through the 
harmonic balance method. By substituting y(t) = Ycos(ωt), y0(t) = Acos(ωt + θ) into Eq. (15) and applying the trigonometric function 
reduction formula: 

Table 2 
Parameters of the proposed QZS and the benchmark studies.

Type Reference 1 [54] 
(Magnetic constant- 
force)

Reference 2 [55] 
(Magnetic repulsion and 
attraction)

Reference 3 [24] 
(Magnetic negative 
stiffness)

The proposed design 
(Magnetic constant- 
force)

Load (N) 15.3 13.35 29.4 28.8
Stiff ness k0 (N/m) 46.81 36 120 95

Motion range of the mover L (mm) 80 180 10 40
QZS region δ0.05 (mm) 36.6 30.4 2.1 20.8

QZS relative region η0.05 0.46 0.17 0.21 0.52
Remanence Br (T) 1.21 The load is not supplied by the magnetic components. 1.15

Volume of magnetic components 
(mm3)

17,769 19,500

Load density ρ 
(N/mm3/T2)

5.88 × 10-4 1.11 × 10-3
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos3ωt =
3
4

cosωt +
1
4

cos3ωt

cos5ωt =
10
16

cosωt +
5
16

cos3ωt +
1
16

cos5ωt

cos7ωt =
35
64

cosωt +
21
64

cos3ωt +
7
64

cos5ωt +
1
64

cos7ωt

cos9ωt =
126
256

cosωt +
84
256

cos3ωt +
36
256

cos5ωt +
9

256
cos7ωt +

1
256

cos9ωt

(18) 

Neglecting higher-order terms, the coefficients of the first-order harmonic terms sin(ωt) and cos(ωt) are as follows: 

− mω2Y +K = mω2Acosθ (19) 

− ceωY = − mω2Asinθ (20) 

where 

K = k1Y +
3
4
k3Y3 +

10
16

k5Y5 +
35
64

k7Y7 +
126
256

k9Y9 (21) 

The amplitude-frequency response is derived by adding the squares of Eqs. (19) and (20): 

(− mω2Y + K)2
+(ceωY)2

= (mω2A)2 (22) 

Transmissibility is frequently employed to assess the suppression effectiveness. In the harmonic balance method, the absolute 
displacement y1 of mass m is given by: 

y1 = y+ y0 = (Y + Acosθ)cosωt − Asinθsinωt (23) 

Transmissibility: 

Fig. 10. Simplified model of the QZS isolator.

Fig. 11. Polynomial fitting of magnetic force.
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T =
|y1|⃒
⃒y0

⃒
⃒
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
Y2

A2 + 2
Y
A

cosθ
√

(24) 

where cosθ can be obtained from Eq. (19).

5.2. Transmissibility evaluation

Transmissibility is obtained by numerically solving Eq. (22)–(24). The force–displacement curve with d = 0 mm and e = 20 mm 
from Fig. 9(c) is used as an example. To improve the accuracy of the polynomial fitting, the equilibrium point is shifted to z = 1 mm. 
The load and stiffness coefficients are obtained through polynomial fitting, and the goodness of fit R2, is used to evaluate the quality of 
the fitting, as shown in Fig. 11.

Fig. 12 shows how Coulomb friction and viscous damping influence vibration isolation performance under varying displacement 
excitations. In this section, Coulomb friction force f is set to 0, 0.5 and 1 N, viscous damping coefficient c is set to 3 and 9 Ns/m (ξ =
0.11, 0.33), and the excitation amplitude A is set to 1, 5, and 9 mm. Fig. 12(a) indicates that, in the absence of friction, smaller viscous 
damping and larger excitation amplitudes result in strong nonlinear responses in the resonance region, leading to jump phenomena 
and higher transmissibility. This behavior is undesirable for engineering applications. At higher frequencies, transmissibility decreases 
linearly, where the transmissibility becomes independent of the excitation amplitude.

When considering a system with friction (Fig. 12(b) and (c)), three key observations emerge. First, at high excitation amplitudes, 
the isolator’s response magnitude approaches that of the frictionless system, with aligning more closely at increasing amplitudes. 
Second, friction induces different response in the resonance region at lower amplitudes, compared to the frictionless system. Spe
cifically, smaller excitation amplitudes lead to higher initial isolation frequencies, with larger friction resulting in a more pronounced 
increase. This behavior is attributed to the “self-locking” phenomenon of Coulomb friction systems [37,38]. In the small amplitude, 
low-frequency range, the driving force from the base is insufficient to overcome the frictional force, causing the isolation system to 
behave as a rigid connection and consequently lose its isolation capability. Third, isolator combining higher viscous damping with 
lower friction forces still exhibit relatively small resonance peaks, as shown in Fig. 12(b).

6. Experimental verification

This section develops an experimental prototype of the proposed isolator and sets up a testing system for evaluation. The static 
performance of the isolator was tested using a universal tensile testing machine, which tested both the magnetic constant-force and the 
force with repulsion boundaries. The dynamic performance was assessed by a vibration testing platform, with scanning frequency 
excitations at varying amplitudes.

6.1. Static experiment

The prototype of the proposed isolator is shown in Fig. 13, which includes a constant force magnet array, boundary magnetic rings, 
guide rails, and a base. The static measurements were conducted in a universal tensile testing machine, where the computer provided 
displacement signal and the built-in sensors of the machine recorded displacement and force.

Fig. 14 presents the measurement static testing results. Fig. 14(a) and (b) indicate the constant force range closely matches the 
design in Section 3.5, as well as the load variation trend. Fig. 14(c) illustrates the theoretical magnetic force curve and experimental 
measurements for the combination of a repulsion boundary gap of e = 20 and a stator sliding distance of d = 0. The overall trends of 
both curves are largely consistent. The proposed isolator also exhibits Coulomb friction in Fig. 14(c). Analysis indicates that the 
average friction force f is 0.54 N.

Although the trend is consistent, there are also numerical errors, primarily due to the following four factors. (I) Measurement errors 
in the magnetic parameter Br. The value of Br used in the theoretical model is inferred from the magnetic field measurement of the 

Fig. 12. Isolation performance under different working conditions: (a) Coulomb friction force f = 0 N, viscous damping coefficient c = 3, 9 Ns/m, 
excitation amplitude A = 1, 5, 9 mm, (b) f = 0.5 N and (c) f = 1 N.
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magnet using a Gauss meter, which inevitably introduces measurement and instrument errors. (II) The assumption of a relative 
permeability μr = 1 in the theoretical model. In practice, μr ∕= 1, leading to inherent deviations in the computation of magnetic fields 
and forces [48,58]. (III) The theoretical load does not account for the self-weight of the magnets and the mover structure. (IV) Lim
itations in machining accuracy and the material properties of the frame prevent the moving component from maintaining a perfectly 
constant air gap during motion.

Fig. 13. (a) Prototype of vibration isolator and (b) static experimental testing.

Fig. 14. Static test: (a) Force–displacement relation of constant force structure (without boundary), (b) comparison between experimental and 
theoretical loads and (c) with boundary.

Fig. 15. Vibration testing experiment configuration.

J. Yuan et al.                                                                                                                                                                                                           Mechanical Systems and Signal Processing 239 (2025) 113326 

14 



6.2. Dynamic experiment

The vibration testing setup is shown in Fig. 15. The computer generated an excitation signal, which was sent to the controller (VT- 
9002–1). The signal was amplified by the power amplifier (YE5874A) before being provided as harmonic excitation to the isolator by 
the exciter (JZK-50). Two accelerometers (sensitivity of 100 mV/g) were installed on the load and base plate of the isolator. The 
acceleration signals were collected by a data collector.

The experiment was configured as a linearly increasing frequency scanning vibration test for the isolator, spanning a frequency 
range of 1.2–20 Hz, with a scanning rate of 5 Hz/min and a constant displacement excitation amplitude. Furthermore, to verify the 
isolation performance under different displacement excitation amplitudes, displacement excitation amplitudes were set to 1, 3, 5, 7 
and 9 mm. In addition, to investigate isolation performance under varying loads, the experiment started with the maximum load (at 
stators’ movement distance d = 0 mm) and gradually decreased in 200 g increments. And the sliding distance d of the variable load is 
determined using the fitted equation in Fig. 14(b).

Fig. 16(a)–(d) present a comparison of transmissibility for four different loads under varying displacement excitations. The results 
can be summarized into three key patterns: 

(1) When the excitation is small, Coulomb friction seriously affects the isolation performance, causing a marked increase in the 
system’s initial isolation frequency.

(2) As the excitation amplitude increases, the impact of Coulomb friction gradually weakens, and the system response approaches 
that of a system without hysteretic damping. At an excitation amplitude of 9 mm, the system’s initial isolation frequency drops 
below 2 Hz, demonstrating the proposed isolator’s exceptionally low natural frequency.

(3) Variations in load do not notably alter the isolation bandwidth and transmissibility.

Fig. 16 also presents a comparison between the theoretical and experimental transmissibility results. The parameters used in the 
theoretical model are taken from Table 3, supplemented by experimentally estimated damping parameters (c = 3 Ns/m, f = 0.54 N). 
The results indicate that under high excitation amplitudes, the discrepancies of transmissibility between the experimental and 

Fig. 16. Transmissibility of different loads with different excitation amplitudes: (a) m = 2482 g, d = 0 mm, (b) m = 2282 g, d = 4 mm, (c) m = 2082 
g, d = 7 mm and (d) m = 1882 g, d = 9 mm.
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simulation are relatively small, demonstrating agreement. When the excitation amplitude is 9 mm, the theoretical initial isolation 
frequency (1.9 Hz) of the proposed isolator closely matches the experimental result (1.63 Hz). This suggests that the fitted stiffness 
coefficients in Table 3 effectively characterize the actual dynamic behavior of the system. However, under low excitation amplitudes, 
more pronounced deviations are observed. These differences are primarily attributed to assembly tolerances, particularly the clearance 
between the guide rail and the bearing. When both excitation frequency and amplitude are low, the driving force provided by the base 
and the inertial force of the mover are relatively small. In such conditions, imperfect contact between the guide rail and the bearing 
allows the mover to exhibit additional non-vertical vibrations. These non-ideal motions introduce lateral forces that increase Coulomb 
friction in the system, thereby disturbing the transmissibility characteristics at low amplitude and low frequency.

7. Conclusion

This article proposes a novel magnetic quasi-zero stiffness (QZS) isolator, which breaks through the limitations of traditional 
magnetic isolators due to the narrow QZS range caused by magnetic field nonlinearity and fixed load. Overall, the innovation and main 
conclusions of this design can be summarized as follows: 

(1) The proposed isolator leverages the principles of uniform magnetic fields and constant current to achieve quasi-zero stiffness 
(QZS).

(2) The size and positional parameters of the magnets play a crucial role in determining the QZS region, load capacity, and the 
nonlinear behavior of force and stiffness. Therefore, careful selection of these parameters is essential for prototype fabrication.

(3) A dynamic model of the isolator was established, incorporating both viscous damping and Coulomb friction. The solution 
obtained using the harmonic balance method indicates that Coulomb friction significantly increases the initial isolation fre
quency at low excitation amplitudes. However, at higher excitation levels, the initial isolation frequency decreases, ultimately 
achieving an initial isolation frequency below 2 Hz.

(4) The performance of the prototype was validated through comprehensive static and dynamic experiments. The results 
demonstrated that the isolator exhibits excellent vibration isolation under large displacement excitations (up to 9 mm) and 
maintains a consistent isolation bandwidth and transmissibility under varying load conditions. Furthermore, the experiments 
confirmed the accuracy of the fitted relation between load and the relative distance of the stators.
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