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Abstract In-plane analysis of a piezoelectric layer with several embedded and edge cracks is conducted
using the distributed dislocation technique. The modeling of the crack is done by employing the continuous
distribution of dislocations along its surface. By applying the integral transform method, we derived the stress
and electric displacement fields induced by Volterra climb and glide edge dislocations, as well as electric
dislocations, in the piezoelectric strip. These fields are employed to formulate integral equations governing
the behavior of a cracked piezoelectric strip under in-plane electro-mechanical loading. The singular integral
equations with the well-known Cauchy-type singularity are numerically solved for the dislocation density
functions by generalizing a numerical method to obtain field intensity factors at the tips of embedded and edge
cracks. Several examples are analyzed to investigate the fracture behavior of a piezoelectric strip weakened
by edge and embedded cracks with various orientations. The effects of crack orientation, crack location, and
electromechanical loading parameters under various mixed-mode conditions are investigated onMode I and II
stress intensity factors, as well as electric displacement intensity factors, for multiple interacting embedded and
edge cracks. This study presents a novel analytical solution for the simultaneous modeling of embedded and
edge cracks in a piezoelectric strip under mixed-mode loading conditions, a problem not previously addressed
in the literature. Furthermore, the related problem is formulated for an arbitrary straight crack, which can also
be used to analyze curved cracks.

1 Introduction

A class of anisotropic dielectrics includes piezoelectric materials, wherein electrical and mechanical fields
are intrinsically coupled [1, 2]. Certain materials, such as ceramics, have exhibited ferroelectric properties,
which enable them to retain electric polarization after external electric fields are removed [1, 2]. In contrast,
others, such as quartz, have not displayed ferroelectric behavior and thus lack those polarization memories,
limiting their applications that require non-volatile electric states [1, 2]. Piezoelectric materials have been
broadly utilized in engineering structures because of their inherent mechanical-electric coupling effects [1,
2]. They have served as sensors by detecting a structure’s response by measuring electric charge [1, 2].
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Excessive responses have been mitigated by applying some additional electric or thermal actuation forces [1,
2]. Integrating the sensing and actuating capabilities of these materials, which adapt to or correct changing
operating conditions, has enabled the development of intelligent structures and systems [1, 2]. Furthermore,
piezoelectric materials can be embedded in wind turbine blades or towers to harvest vibrational energy caused
by wind-induced motion or mechanical operation [3]. In recent years, a significant interest has appeared in
some smart structures utilizing discrete piezoelectric patches for controlling structural responses. [1, 2]. Due
to their inherent brittle nature and the presence of micro and macro cracks, fracture analysis has been essential
and has received significant attention [1]. Numerous studies have been published in journals focusing on the
fracture behavior of cracked piezoelectric materials. While we cannot review all these papers here, readers
can find additional research in the references we have cited [4–24]. Permeable and impermeable conditions
on crack surfaces are frequently utilized in piezoelectric mediums due to challenges in accurately modeling
electric boundary conditions on crack surfaces [15, 18]. Fracture analysis in an infinite piezoelectric plane with
a crack has been a popular topic of research [15]. Most studies on mixed-mode fracture have been focused
exclusively on infinite planes with a single crack, which limits the applicability of their findings to cases
involving multiple cracks with various patterns [4]. In this review, we will discuss some of these studies. Sosa
and Pak [4] have investigated the fracture behavior of a piezoelectric medium containing a crack. Their studies
have reported singularities at crack tips,with typical square root behavior for the stress and electric displacement
components. The issue of several cracks in a piezoelectric medium is discussed by Zhang and Hack [5]. Han
and Chen [6] have investigated a piezoelectric medium containing parallel cracks, assuming the surfaces of the
cracks are impermeable, using the pseudo-traction-electric displacement method. The study found that electric
displacement loading had a more significant effect on the strain energy release rate than on the Mode I stress
intensity factor. Han and Wang have considered piezoelectric materials with multiple cracks under mode-I
condition by employing the distributed dislocation technique. [7]. Chao and Huang [8] have proposed a failure
criterion for a cracked infinite piezoelectric medium under permeable conditions on its surface by utilizing the
equivalent inclusion method. Gao [9] has investigated a two-dimensional piezoelectric medium weakened by
defects using precise boundary conditions. Hao [10] has analyzed the problem of multiple collinear cracks in a
piezoelectric medium, assuming the permittivity of air within the cracks. Yang [11] has derived a closed-form
solution for a crack in an infinite piezoelectric material under Mode I conditions. Han and Wang [12], have
addressed the mode-I problem in a piezoelectric medium that was weakened by a periodic array of cracks
under electromechanical loads. Zhou et al. [13] have investigated the Mode-I behavior of multiple parallel
cracks in an infinite piezoelectric plane. They have calculated the field intensity factors using the dislocation
method at the tips of four interacting parallel cracks. Li and Lee [14] have investigated a piezoelectric plane
containing two interacting, unequal, collinear cracks subjected to Mode I electromechanical loading. Research
has started employing the well-established distributed dislocation method to evaluate the fracture behavior
of infinite piezoelectric planes weakened by multiple cracks. Mahmoudi and Ayatollahi have examined the
in-plane problem of multiple interacting cracks in a piezoelectric infinite plane under mixed-mode conditions
[15]. Bagheri [16] has analyzed the mixed-mode steady-state problem involving multiple cracks in an infinite
functionally graded piezoelectric plane that was subjected to harmonic loading. He has analyzed the effect of
material properties, the loading factor, and the interaction of the cracks on the stress and electric displacement
intensity factors. The cracked piezoelectric plane under a general in-plane thermal load was the subject of
study by Nourazar et al. [17]. Bagheri et al. [18] have determined the stress intensity factors for modes I and
II for various crack patterns in a piezoelectric half-plane and studied the interaction between the cracks. They
have used the dislocation method to obtain a solution to the mixed-mode crack problem.

Cracked piezoelectric strips have received limited attention due to mathematical challenges associated
with them. As a result, the number of publications on this topic is limited in the literature. The problem of
an embedded crack in a piezoelectric strip of finite thickness has been examined by Wang and Noda [19].
They applied the strain energy density (SED) criterion. This approach predicts that a crack will initiate and
propagate in the direction where the strain energy density factor reaches a critical value, indicating the path of
least resistance for crack growth. Wang and Mai [20] have addressed the problem of a cracked piezoelectric
strip under in-plane electromechanical loading. Their study examines the effects of crack length and position
on stress and electric displacement intensity factors, considering various electric conditions applied to the
crack surface. The thermo-electro-elastic behavior of a cracked non-homogeneous piezoelectric layer under
mixed-mode conditions has been studied by Ueda [21]. He has determined the stress and electric displacement
intensity factors for various values of non-dimensional parameters, which correspond to crack length, crack
position, and material non-homogeneity [21]. All the investigations mentioned above have been concentrated
on a piezoelectric strip with a single crack [19–21]. The closed-form solution of mode-III deformation for a
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piezoelectric strip containing two coaxial cracks has been presented by Li [22]. Yang et al. [23] investigated
the dynamic response of a piezoelectric strip containing a crack parallel to its boundaries under thermoelectric
impact. Li et al. [24] have conducted a fracture analysis of a centrally located crack in a piezoelectric strip
subjected toMode I loading conditions.Boroujerdi andMonfared [25] have conducted a study on the problemof
a non-homogeneous piezoelectric strip bonded to a piezoelectric half-plane that contained multiple interfacial
cracks with unequal length. They have investigated how the non-homogeneity parameter, material properties,
and loading conditions affected the intensity factors at the tips of the cracks. There is limited research available
on mixed-mode crack problems in the piezoelectric strips. Specifically, the interactions between multiple
embedded and edge cracks occurring simultaneously under these conditions have not been studied. This work
develops a novel analytical framework for the simultaneous analysis of interacting embedded and edge cracks
of arbitrary number and configuration in a piezoelectric strip subjected to mixed-mode electromechanical
loading—an issue that, to the best of the authors’ knowledge, has not been previously addressed in the literature.
To address this research gap, the present study investigates the mixed-mode electromechanical response of a
piezoelectric strip containing multiple interacting embedded and edge cracks. The primary limitation of the
proposed methodology is the assumption that crack closure does not occur; therefore, the applied tractions on
the crack surfaces must be such that they preclude any partial or full crack face contact.

We use the integral transform technique to find solutions for electric dislocation, as well as for climbing and
gliding edge dislocations in the piezoelectric strip. The solutions for dislocations display the familiar Cauchy-
type singularity and can be used to analyze multiple cracks in different configurations and arrangements. These
solutions are utilized to derive singular integral equations that govern the behavior of electric displacement and
traction vectors along crack surfaces in piezoelectric materials. The formulation allows mixed-mode analysis
of a piezoelectric layer with several arbitrarily oriented embedded and edge cracks with any smooth geometry.

2 Dislocation solution

In this section, we consider the piezoelectric strip with a given finite thickness h such that, |x | < ∞,0 < y < h.
The constitutive equation for piezoelectric materials regarding mechanical in-plane displacement and electric
fields is expressed as [19]:

σi j � ci jkluk, l + eli jϕ, l

Di � eikluk,l − εilϕ,l (1)

where σi j , ui , Di (i , j � x , y) and ϕ are stresses, displacements, electric displacements, and electric poten-
tial, respectively. Furthermore, ci jkl , ei jk and εil are elastic constants, piezoelectric constants, and dielectric
constants, respectively. Partial derivatives are indicated using a comma. This study involves polarization of the
piezoelectric material in the y-direction. Thus, by neglecting body forces and free electric charges, we derive
the governing equations from the equilibrium equation as follows: [15]

c11u, xx + c44u, yy + (c13 + c44)v, xy + (e31 + e15)ϕ, xy � 0,

c44v, xx + c33v, yy + (c13 + c44)u, xy + e15ϕ, xx + e33ϕ, yy � 0,

e15v,xx + e33v,yy + (e31 + e15)u,xy − ε11ϕ,xx − ε33ϕ,yy � 0. (2)

The initial step in solving the crack problem is to find a solution for dislocations. To achieve this, we
consider a piezoelectric strip with a given thickness h weakened by an electro-elastic dislocation located at
arbitrary coordinates (ξ , η). The boundaries of the piezoelectric strip are traction and charge-free, i.e.:

σyy(x , 0) � 0, σxy(x , 0) � 0, Dy(x , 0) � 0

σyy(x , h) � 0, σxy(x , h) � 0, Dy(x , h) � 0, (3)

The dislocation problem must be solved subject to the following multi-valued conditions for climb and
glide edge dislocation with constants Burgers vectors by and bx , respectively,:

u(x , η+) − u(x , η−) � bx H (x − ξ )
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v(x , η+) − v(x , η−) � byH (x − ζ ) (4)

where H (.) is the Heaviside step function in Eq. (4). Additionally, the electrical potential discontinuity which
introduces the electroelastic dislocation, is as follows [2]:

ϕ(x , η+) − ϕ(x , η−) � bϕH (x − ζ ) (5)

While the multi-valued electric potential is not categorized as a dislocation, it is frequently referred to as an
electric dislocation with a Burgers vector bϕ . In the context of permeability, the changes in electric potential are
assumed to be zero. Along the dislocation line, the continuity of stress components and electric displacement
is represented by:

σxy(x , η+) � σxy(x , η−)

σyy(x , η+) � σyy(x , η−)

Dy(x , η
+) � Dy(x , η

−) (6)

In this analysis, we will utilize the Fourier transform. Application of the complex Fourier transforms to
Eq. (2), leads to:

c44
d2U

dy2
− c11s

2U − is(c13 + c44)
dV

dy
− is(e31 + e15)

d�

dy
� 0,

c33
d2V

dy2
− c44s

2V − is(c13 + c44)
dU

dy
− e15s

2� + e33
d2�

dy2
� 0,

e33
d2V

dy2
− s2e15V − is(e31 + e15)

dU

dy
+ ε11s

2� − ε33
d2�

dy2
� 0. (7)

In Eqs. (7), the functions U (s, y),V (s, y) and �(s, y) represent the Fourier transform of u(x , y), v(x , y)
and ϕ(x , y), respectively. Equation (7) admits a straightforward solution.

Uk(s, y) �
3∑

j�1

(Akj e
−|s|λ j y + Bkj e

|s|λ j y)

Vk(s, y) � isgn(s)
3∑

j�1

m j1(Akj e
−|s|λ j y − Bkj e

|s|λ j y)

�k(s, y) � isgn(s)
3∑

j�1

m j2(Akj e
−|s|λ j y − Bkj e

|s|λ j y), k � 1, 2 (8)

where λ j represent the roots of the characteristic equation resulting from Eq. (7) andm jl , l ∈ {1, 2} is defined
as follows:

m j1 � c44ε33λ4j + μ1λ
2
j + c11ε11

μ2λ
3
j + μ3λ j

, m j2 � c44λ2j − (c13 + c44)λ jm j1 − c11

(e31 + e15)λ j
, j ∈ {1, 2, 3} (9)

in which

μ1 � −c11ε33 − (e31 + e15)
2 − c44ε11,

μ2 � e33(e31 + e15) + (c13 + c44)ε33,

μ3 � −e15(e31 + e15) − (c13 + c44)ε11. (10)

In Eq. (8), subscripts k � 1 and k � 2 indicate regions 0 < y < η and η < y < h, respectively. Utilizing
Eqs. (1) and (8), the Fourier transform of stress components and electric displacements could be derived as:
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σxxk(s, y) � −is
3∑

j�1

m j3(Akj e
−|s|λ j y + Bkj e

|s|λ j y)

σyyk(s, y) � −is
3∑

j�1

m j4(Akj e
−|s|λ j y + Bkj e

|s|λ j y)

σxyk(s, y) � |s|
3∑

j�1

m j5(Akj e
−|s|λ j y − Bkj e

|s|λ j y)

Dxk(s, y) � |s|
3∑

j�1

m j6(Akj e
−|s|λ j y − Bkj e

|s|λ j y)

Dyk(s, y) � −is
3∑

j�1

m j7(Akj e
−|s|λ j y + Bkj e

|s|λ j y) (11)

The unknown functions Akj , Bkj , (k � 1, 2 , j � 1, 2, 3) may be determined by performing the
exponential Fourier transform to conditions (3–6). Moreover, the expressions for m j3,m j4,m j5, m j6 and m j7
which appear in (11) are defined in the Appendix. After some lengthy manipulations, we obtain the following
expressions:

Akj (s) � (Ekjxbx + isgn(s)Ekjyby + isgn(s)Ekjϕbϕ)e
isξ (πδ(s) + i

/
s)

Bkj (s) � (Fkjxbx + isgn(s)Fkjyby + isgn(s)Fkjϕbϕ)e
isξ (πδ(s) + i

/
s), (12)

where the functions Ekjl , and Fkjl , ( l ∈ {x , y, ϕ}); are given in Appendix. The inverse exponential Fourier
transform of Eq. (11), combined with Eq. (12), provides the field components as follows:

σxxk(x , y) � 1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j3(Ekjxbx + isgn(s)Ekjyby + isgn(s)Ekjϕbϕ)e
−|s|λ j yds

+
1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j3(Fkjxbx + isgn(s)Fkjyby + isgn(s)Fkjϕbϕ)e
−|s|λ j yds

σyyk(x , y) � 1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j4(Ekjxbx + isgn(s)Ekjyby + isgn(s)Ekjϕbϕ)e
−|s|λ j yds

+
1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j4(Fkjxbx + isgn(s)Fkjyby + isgn(s)Fkjϕbϕ)e
−|s|λ j yds

σxyk(x , y) � 1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j5(isgn(s)Ekjxbx − Ekjyby − Ekjϕbϕ)e
−|s|λ j yds

− 1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j5(isgn(s)Fkjxbx − Fkjyby − Fkjϕbϕ)e
|s|λ j yds

Dxk(x , y) � 1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j6(isgn(s)Ekjxbx − Ekjyby − Ekjϕbϕ)e
−|s|λ j yds

− 1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j6(isgn(s)Fkjxbx − Fkjyby − Fkjϕbϕ)e
|s|λ j yds
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Dyk(x , y) � 1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j7(Ekjxbx + isgn(s)Ekjyby + isgn(s)Ekjϕbϕ)e
−|s|λ j yds

+
1

2π

+∞∫

−∞
e−is(x−ξ )

3∑

j�1

m j7(Fkjxbx + isgn(s)Fkjyby + isgn(s)Fkjϕbϕ)e
−|s|λ j yds

(13)

To simplify the integrals in Eq. (13), we divide the integrals into odd and even expressions based on the
parameter,s, i.e.:

σxxk(x , y) � bx
π

+∞∫

0

3∑

j�1

m j3Ekjx cos[s(x − ξ )]e−sλ j yds +
bx
π

+∞∫

0

3∑

j�1

m j3Fkjx cos[s(x − ξ )]e−sλ j yds

+
by
π

+∞∫

0

3∑

j�1

m j3Ekjy sin[s(x − ξ )]e−sλ j yds +
by
π

+∞∫

0

3∑

j�1

m j3Fkjy sin[s(x − ξ )]e−sλ j yds

+
bϕ

π

+∞∫

0

3∑

j�1

m j3Ekjϕ sin[s(x − ξ )]e−sλ j yds +
bϕ

π

+∞∫

0

3∑

j�1

m j3Fkjϕ sin[s(x − ξ )]e−sλ j yds

σyyk(x , y) � bx
π

+∞∫

0

3∑

j�1

m j4Ekjx cos[s(x − ξ )]e−sλ j yds +
bx
π

+∞∫

0

3∑

j�1

m j4Fkjx cos[s(x − ξ )]e−sλ j yds

+
by
π

+∞∫

0

3∑

j�1

m j4Ekjy sin[s(x − ξ )]e−sλ j yds +
by
π

+∞∫

0

3∑

j�1

m j4Fkjy sin[s(x − ξ )]e−sλ j yds

+
bϕ

π

+∞∫

0

3∑

j�1

m j4Ekjϕ sin[s(x − ξ )]e−sλ j yds +
bϕ

π

+∞∫

0

3∑

j�1

m j4Fkjϕ sin[s(x − ξ )]e−sλ j yds

σxyk(x , y) � bx
π

+∞∫

0

3∑

j�1

m j5Ekjx sin[s(x − ξ )]e−sλ j yds − bx
π

+∞∫

0

3∑

j�1

m j5Fkjx sin[s(x − ξ )]esλ j yds

−by
π

+∞∫

0

3∑

j�1

m j5Ekjy cos[s(x − ξ )]e−sλ j yds +
by
π

+∞∫

0

3∑

j�1

m j5Fkjy cos[s(x − ξ )]esλ j yds

−bϕ

π

+∞∫

0

3∑

j�1

m j5Ekjϕ cos[s(x − ξ )]e−sλ j yds +
bϕ

π

+∞∫

0

3∑

j�1

m j5Fkjϕ cos[s(x − ξ )]esλ j yds

Dxk(x , y) � bx
π

+∞∫

0

3∑

j�1

m j6Ekjx sin[s(x − ξ )]e−sλ j yds − bx
π

+∞∫

0

3∑

j�1

m j6Fkjx sin[s(x − ξ )]esλ j yds

−by
π

+∞∫

0

3∑

j�1

m j6Ekjy cos[s(x − ξ )]e−sλ j yds +
by
π

+∞∫

0

3∑

j�1

m j6Fkjy cos[s(x − ξ )]esλ j yds

−bϕ

π

+∞∫

0

3∑

j�1

m j6Ekjϕ cos[s(x − ξ )]e−sλ j yds +
bϕ

π

+∞∫

0

3∑

j�1

m j6Fkjϕ cos[s(x − ξ )]esλ j yds
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Dyk(x , y) � bx
π

+∞∫

0

3∑

j�1

m j7Ekjx cos[s(x − ξ )]e−sλ j yds +
bx
π

+∞∫

0

3∑

j�1

m j7Fkjx cos[s(x − ξ )]e−sλ j yds

+
by
π

+∞∫

0

3∑

j�1

m j7Ekjy sin[s(x − ξ )]e−sλ j yds +
by
π

+∞∫

0

3∑

j�1

m j7Fkjy sin[s(x − ξ )]e−sλ j yds

+
bϕ

π

+∞∫

0

3∑

j�1

m j7Ekjϕ sin[s(x − ξ )]e−sλ j yds +
bϕ

π

+∞∫

0

3∑

j�1

m j7Fkjϕ sin[s(x − ξ )]e−sλ j yds

(14)

It can be observed that the integrands in Eq. (14) are continuous functions of s. By applying the asymptotic
process to the integrands of the integrals in Eq. (14), we obtain the singular components of the kernels. After
some lengthy manipulation, we derive the following asymptotic expressions for large values s → ∞:

E21x∞ � q ′
1

2Q′ e
sλ1η, E21y∞ � − p1

2Q
esλ1η, E21ϕ∞ � − p2

2Q
esλ1η,

E22x∞ � q ′
2

2Q′ e
sλ2η, E22y∞ � − p4

2Q
esλ2η, E22ϕ∞ � − p5

2Q
esλ2η

E23x∞ � q ′
3

2Q′ e
sλ3η, E23y∞ � − p6

2Q
esλ3η, E23ϕ∞ � − p7

2Q
esλ3η

F11x∞ � − q ′
1

2Q′ e
−sλ1η, F11y∞ � − p1

2Q
e−sλ1η, F11ϕ∞ � − p2

2Q
e−sλ1η

F12x∞ � − q ′
2

2Q′ e
−sλ2η, F12y∞ � − p4

2Q
e−sλ2η, F12ϕ∞ � − p5

2Q
e−sλ2η

F13x∞ � − q ′
3

2Q′ e
−sλ3η, F13y∞ � − p6

2Q
e−sλ3η, F13ϕ∞ � − p7

2Q
e−sλ3η, (15)

The expressions for q ′
k , k � 1, 2, 3., pl , l � 1, 2, ..., 7, Q; and Q′ are given in the Appendix. We employ

the following identities

+∞∫

0

e−sλi Y sin(sX )ds � X

X2 + (λi Y )2
,

+∞∫

0

e−sλi Y cos(sX )ds � λi Y

X2 + (λi Y )2
.

(16)

Then, we first subtract the integrand asymptotic forms Eq. (15) from the integrands Eq. (14) and add these
forms again to divide the integrals of the stress and electric fields into two parts. The first part is numerically
integrable, and the second part is analytically integrable using Eq. (16).

σi j (x , y) � kxi j bx + kyi j by + kϕ
i j bϕ

Di (x , y) � dxi bx + dy
i by + dϕ

i bϕ , i , j ∈ {x , y} (17)

The coefficients of bx , by and bϕ are as follows:

kxll (x , y) � 1

π

+∞∫

0

3∑

i�1

mir E1i x e
−sλi y cos[s(x − ξ )]ds +

1

π

+∞∫

0

3∑

i�1

mir (F1i x − F1i x∞)esλi y cos[s(x − ξ )]ds

+
(y − η)

2πQ′
3∑

i�1

mirq ′
iλi

(x − ξ )2 + λ2i (η − y)2



A. G. Milan et al.

kyll (x , y) � 1

π

+∞∫

0

3∑

i�1

mir E1iye
−sλi y sin[s(x − ξ )]ds +

1

π

+∞∫

0

3∑

i�1

mir (F1iy − F1iy∞)esλi y sin[s(x − ξ )]ds

− 1

2πQ
[

m1r p1(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m2r p4(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m3r p6(x − ξ )

(x − ξ )2 + λ23(η − y)2
]

kϕ
ll (x , y) � 1

π

+∞∫

0

3∑

i�1

mir E1iϕe
−sλi y sin[s(x − ξ )]ds +

1

π

+∞∫

0

3∑

i�1

mir (F1iϕ − F1iϕ∞)esλi y sin[s(x − ξ )]ds

− 1

2πQ
[

m1r p2(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m2r p5(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m3r p7(x − ξ )

(x − ξ )2 + λ23(η − y)2
]

(17)

For l � x , r � 3 and l � y, r � 4. Similar relations can be obtained for dxy , d
y
y and dϕ

y by changing mir
into mi7. Furthermore, we have

kxxy(x , y) � 1

π

+∞∫

0

3∑

i�1

mi5E1i x e
−sλi y sin[(x − ξ )]ds +

1

π

+∞∫

0

3∑

i�1

mi5(F1i x − F1i x∞)esλi y sin[(x − ξ )]ds

+
(x − ξ )

2Q′π

3∑

i�1

mi5q ′
i

(x − ξ )2 + [λi (y − η)]2

kyxy(x , y) � − 1

π

+∞∫

0

3∑

i�1

mi5E1iye
−sλi y cos[(x − ξ )]ds − 1

π

+∞∫

0

3∑

i�1

mi5(F1iy − F1iy∞)esλi y cos[(x − ξ )]ds

+
1

2Qπ
[

m15 p1λ1(y − η)

(x − ξ )2 + [λ1(y − η)]2
+

m25 p4λ2(y − η)

(x − ξ )2 + [λ2(y − η)]2
+

m35 p6λ3(y − η)

(x − ξ )2 + [λ3(y − η)]2
]

kϕ
xy(x , y) � − 1

π

+∞∫

0

3∑

i�1

mi5E1iϕe
−sλi y cos[(x − ξ )]ds − 1

π

+∞∫

0

3∑

i�1

mi5(F1iϕ − F1iϕ∞)esλi y cos[(x − ξ )]ds

+
1

2Qπ
[

m15 p2λ1(y − η)

(x − ξ )2 + [λ1(y − η)]2
+

m25 p5λ2(y − η)

(x − ξ )2 + [λ2(y − η)]2
− m35 p7λ3(y − η)

(x − ξ )2 + [λ3(y − η)]2
]

(18)

By substituting mi5 with mi6 in Eq. (18), we could derive the expressions for dxy , d
y
y and dϕ

y . We note
that the stress components described in Eqs. (17) and (18) have the Cauchy singularity at the location of the
dislocation. In a specific case, by letting h → ∞ in Eqs. (17), the in-plane stress components and electric
displacement fields for the infinite piezoelectric plane weakened by an electro-elastic dislocation are obtained
as:

σxx (x , y) � bx
2πQ′ [

m13q ′
1λ1(y − η)

(x − ξ )2 + λ21(η − y)2
+

m23q ′
2λ2(y − η)

(x − ξ )2 + λ22(η − y)2
+

m33q ′
3λ3(y − η)

(x − ξ )2 + λ23(η − y)2
]

− by
2πQ

[
m13 p1(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m23 p4(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m33 p6(x − ξ )

(x − ξ )2 + λ23(η − y)2
]

− bϕ

2πQ
[

m13 p2(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m23 p5(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m33 p7(x − ξ )

(x − ξ )2 + λ23(η − y)2
]

σyy(x , y) � bx
2πQ′ [

m14q ′
1λ1(y − η)

(x − ξ )2 + λ21(η − y)2
+

m24q ′
2λ2(y − η)

(x − ξ )2 + λ22(η − y)2
+

m34q ′
3λ3(y − η)

(x − ξ )2 + λ23(η − y)2
]

− by
2πQ

[
m14 p1(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m24 p4(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m34 p6(x − ξ )

(x − ξ )2 + λ23(η − y)2
]

− bϕ

2πQ
[

m14 p2(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m24 p5(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m34 p7(x − ξ )

(x − ξ )2 + λ23(η − y)2
]
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σxy(x , y) � bx
2Q′π

[
m15q ′

1(x − ξ )

(x − ξ )2 + [λ1(y − η)]2
+

m25q ′
2(x − ξ )

(x − ξ )2 + [λ2(y − η)]2
+

m35q ′
3(x − ξ )

(x − ξ )2 + [λ3(y − η)]2
]

+
by

2Qπ
[

m15 p1λ1(y − η)

(x − ξ )2 + [λ1(y − η)]2
+

m25 p4λ2(y − η)

(x − ξ )2 + [λ2(y − η)]2
+

m35 p6λ3(y − η)

(x − ξ )2 + [λ3(y − η)]2
]

+
bϕ

2Qπ
[

m15 p2λ1(y − η)

(x − ξ )2 + [λ1(y − η)]2
+

m25 p5λ2(y − η)

(x − ξ )2 + [λ2(y − η)]2
+

m35 p7λ3(y − η)

(x − ξ )2 + [λ3(y − η)]2
],

Dx (x , y) � bx
2Q′π

[
m16q ′

1(x − ξ )

(x − ξ )2 + [λ1(y − η)]2
+

m26q ′
2(x − ξ )

(x − ξ )2 + [λ2(y − η)]2
+

m36q ′
3(x − ξ )

(x − ξ )2 + [λ3(y − η)]2
]

+
by

2Qπ
[

m16 p1λ1(y − η)

(x − ξ )2 + [λ1(y − η)]2
+

m26 p4λ2(y − η)

(x − ξ )2 + [λ2(y − η)]2
+

m36 p6λ3(y − η)

(x − ξ )2 + [λ3(y − η)]2
]

+
bϕ

2Qπ
[

m16 p2λ1(y − η)

(x − ξ )2 + [λ1(y − η)]2
+

m26 p5λ2(y − η)

(x − ξ )2 + [λ2(y − η)]2
+

m36 p7λ3(y − η)

(x − ξ )2 + [λ3(y − η)]2
],

Dy(x , y) � bx
2πQ′ [

m17q ′
1λ1(y − η)

(x − ξ )2 + λ21(η − y)2
+

m27q ′
2λ2(y − η)

(x − ξ )2 + λ22(η − y)2
+

m37q ′
3λ3(y − η)

(x − ξ )2 + λ23(η − y)2
]

− by
2πQ

[
m17 p1(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m27 p4(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m37 p6(x − ξ )

(x − ξ )2 + λ23(η − y)2
]

− bϕ

2πQ
[

m17 p2(x − ξ )

(x − ξ )2 + λ21(η − y)2
+

m27 p5(x − ξ )

(x − ξ )2 + λ22(η − y)2
+

m37 p7(x − ξ )

(x − ξ )2 + λ23(η − y)2
]

(19)

The solutions provided above are identical to those found in the Ref. [15].

3 Formulation of the embedded and edge cracks

Several investigators used the distributed dislocation method for modeling cracks in the elastic medium sub-
jected to mechanical loading [26]. By employing the previously established dislocation solutions, the system
of singular integral equations for a piezoelectric strip with embedded and edge cracks in a general arrangement
can now be derived. The parametric representations of a crack may be expressed as:

xi � xi (s), yi � yi (s), − 1 ≤ s ≤ 1, i ∈ {1, 2, ..., N } (20)

By establishing a movable local coordinate system (t , n) with the origin positioned along the crack surface,
we can express the stress and electric displacement components in these local coordinates in terms of the field
components in the x–y coordinate system as follows:

σnn � σxx + σyy

2
− σxx − σyy

2
cos(2ψi ) − σxy sin(2ψi ),

σnt � −σxx − σyy

2
sin(2ψi ) + σxy cos(2ψi ),

Dn � Dy cos(ψi ) − Dx sin(ψi ). (21)

The relationship between the components of theBurgers vectors in the two previouslymentioned coordinate
systems is as follows:

{
bx
by

}
�

[
cos(ψ j ) − sin(ψ j )
sin(ψ j ) cos(ψ j )

]{
bt
bn

}
(22)

where ψk(t) � tan−1(y′
k(t)/x

′
k(t)), k � i , j is the angle between t- and x-axes. By applying Bueckner’s

principle and integrating over the crack surface, we derive three Cauchy singular integral equations for multiple
interacting impermeable embedded and edge cracks.

⎧
⎨

⎩

σnni (xk(s), yk(s))
σnti (xk(s), yk(s))
Dni (xk(s), yk(s))

⎫
⎬

⎭ �
N∑

k�1

∫ 1

−1

⎡

⎣
K11ik(s, p) K12ik(s, p) K13ik(s, p)
K21ik(s, p) K22ik(s, p) K23ik(s, p)
K31ik(s, p) K32ik(s, p) K33ik(s, p)

⎤

⎦

⎧
⎨

⎩

Btk(p)
Bnk(p)
Bϕk(p)

⎫
⎬

⎭ dp, − 1 ≤ s ≤ 1.

(23)
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The kernels in Eq. (23) can be found in Ref. [15]. For an embedded crack, we note that the following
closure relations should complement Cauchy singular integral Eqs. (23):

⎧
⎨

⎩

u+ti (s) − u−
ti (s)

u+ni (s) − u−
ni (s)

ϕ+
i (s) − ϕ−

i (s)

⎫
⎬

⎭ �
s∫

−1

⎧
⎨

⎩

bti (p)
bni (p)
bϕi (p)

⎫
⎬

⎭Li (p)dp � 0 i ∈ {1, 2, ..., N }, − 1 ≤ p ≤ 1. (24)

where Li (p) �
√[

α′
i (p)

]2 +
[
β ′
i (p)

]2. The unknown dislocation densities on the crack surface are determined
by solving the system of singular integral equations in Eq. (21), taking into account the conditions specified
in Eq. (24). The solution of singular integral equations is accomplished numerically by using the technique
rendered by Faal et al. [27]. Due to the singularity of the field components near a crack tip, the unknown
functions associated with an embedded crack are considered as follows:

Bki (p) � gki (p)√
1 − p2

− 1 ≤ p ≤ 1, k ∈ {n, t ,ϕ}. (25)

and for the edge crack, it is represented by

Bki (p) � gki (p)

√
1 − p

1 + p
− 1 ≤ p ≤ 1, k ∈ {n, t ,ϕ}. (26)

The modes I, II stress and displacement intensity factors are defined as follows:

KI R � lim
r→0

√
2rσn(r , 0),

KI L � lim
r→0

√
2rσn(r , π),

KI I R � lim
r→0

√
2rσs(r , 0),

KI I L � lim
r→0

√
2rσs(r , π),

KDR � lim
r→0

√
2r Dn(r , 0),

KDL � lim
r→0

√
2r Dn(r ,π).

(30)

where the right and left crack tips of the crack are defined by subscripts R and L, respectively. It is easy to
show that, for i � k as p → s, the kernels in Eq. (23) have Cauchy-type singularity. To extract the singular
terms the Taylor series expansion of xi (p) and yi � yi (p) in the vicinity of s is plugged into the kernels of
integral Eqs. (23), then we have:

Kklii (s, p) � fkl,−1i (s)

s − p
+

∞∑

m�0

fkl,mi (s)(s − p)m , k, l ∈ {1, 2, 3}. (31)

The coefficients of singular terms are identical to those obtained for the piezoelectric plane by Mahmoudi
and Ayatollahi [15]. Substituting Eqs. (31), (25), and (26) into Eq. (23), and then substituting the resulting
equations into Eq. (31), yields the field intensity factors at the crack tips s � ±1 for the ith crack:

{
KI Ri
KI Li

}
� ±π

√
L±

[
f11,−1i (±1)gsi (±1) + f12,−1i (±1)gni (±1) + f13,−1i (±1)gϕi (±1)

]
,

{
KI I Ri
KI I Li

}
� ±π

√
L±

[
f21,−1i (±1)gsi (±1) + f22,−1i (±1)gni (±1) + f23,−1i (±1)gϕi (±1)

]
,

{
KDRi
KDLi

}
� ±π

√
L±

[
f31,−1i (±1)gsi (±1) + f32,−1i (±1)gni (±1) + f33,−1i (±1)gϕi (±1)

]
, i ∈ {1, 2, N }.

(32)

where L± � (
[α′

i (±1)]2 + [β ′
i (±1)]2

) 1
2 .
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4 Results and discussion

First, the validity of the formulation is examined, and the effectiveness of the proposed methodology is
demonstrated through several examples. The validity of the procedure is confirmed by reducing the problem
to an infinite piezoelectric layer with an embedded crack of varying orientations (Fig. 1a). The results show
excellent agreement with those reported by Bagheri et al. [18].

Furthermore, as an additional verification, the formulation is validated by analyzing an infinite piezoelectric
plane containing two interacting parallel cracks. Figures 1b,c illustrate the variations of the non-dimensional
mode I stress intensity factors with crack location under different electrical loading conditions. The plots show
excellent agreement with those obtained by Monfared and Ayatollahi [15].

A divisor K0 � σ0
√
l is the stress intensity factor of an embedded crack in an infinite elastic plane, in

which σ0 represents the applied traction and l half of the crack length. Additionally, the electric intensity

factor is normalized by K0D � σ0e15
√
l
/
c44. In the sequel, unless stated otherwise, the electro-mechanical

loading parameter factor will be assumed to be as λD � 1, which is defined by λD � e15D0
/

σ0ε11. It is worth
mentioning that the loading parameter is influenced by both the normal traction σ0 and electrical loading D0.
The piezoelectric layer is composed of Cadmium Selenide with the following engineering constants [28]:

c11 � 7.41 × 1010(
N

m2 ), c33 � 8.36 × 1010(
N

m2 ), c44 � 1.32 × 1010(
N

m2 ), c13 � 3.93 × 1010(
N

m2 )

e31 � −0.16(
C

m2 ), e33 � 0.347(
C

m2 ), e15 � −0.138(
C

m2 ), ε11 � 0.825 × 10−10(
C

Vm
),

ε33 � 0.903 × 10−10(
C

Vm
),

(33)

It is important to emphasize that this study does not address crack closure. Therefore, in all examples,
both the loading conditions and the defect configuration must be designed to prevent any possibility of cracks
closing.

4.1 Single crack problems

Figures 2b-d and 4b-d show the variation of modes I, II stress, and electric displacement intensity factors as
the crack inclination angle changes, ψ . The first problem is a fixed-centered embedded crack, located at (0,
h
/
2) while its orientation is changing. The crack with length l

/
h � 0.3, subjected to constant traction and

electric displacement, σyy � σ0 and Dy � D0, on the edges. The problem exhibits symmetry about the y-axis;
consequently, the stress intensity factors at both crack tips, R and L, are identical. The crack at the horizontal
position experiences only opening, resulting in a maximum mode I stress intensity factor (Fig. 2b). The mode
II stress intensity factors are zero because the shear traction on the crack has vanished. (Fig. 2c). As expected,
the mode I stress intensity factor decreases with increasing crack orientation angle. For an inclined crack, the
applied constant traction can be resolved into two components relative to the crack plane: a normal component
and a tangential (shear) component. The normal traction component drives Mode I (opening mode) fracture
by contributing to the Mode I stress intensity factor KI , whereas the tangential component induces in-plane
shear, thereby contributing to the Mode II stress intensity factor KI I . As the crack orientation angle increases
from 0 to 90°, the normal component of the applied traction diminishes, leading to a corresponding reduction
in the Mode I stress intensity factor KI .The results show that the mode-II stress intensity factor increases
with the crack orientation angle, reaching a maximum before monotonically decreasing to a minimum value.
The stress intensity factor is at its minimum for a crack positioned vertically because the shear traction on
the crack surface is zero. It is essential to note that the effects of the electromechanical loading parameter on
Mode I and Mode II stress intensity factors are negligible for both horizontal and vertical cracks. However, for
oblique cracks, the influence of λD on stress intensity is more pronounced. To further elucidate this effect, a
comparison between Fig. 2b and c reveal that, for most crack orientation angles, increasing λD from a negative
to a positive value results in an increase in theMode I stress intensity factor KI , while simultaneously reducing
theMode II stress intensity factor KI I . It is well recognized that the application of an electric field canmodulate
the influence of mechanical loading. To gain deeper insight into the electromechanical coupling behavior, we
analyze the effect of crack inclination on the electric displacement intensity factor along the crack front.
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(a)

(b)

(c)
Fig. 1 a. Variation of mode I stress intensity factors of a single crack in an infinite plane. b. Piezoelectric plane weakened by two
parallel crackscracks.c. Variation of mode I stress intensity factors of two parallel cracks for d

/
l � 2.5
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Fig. 2 a. piezoelectric strip with embedded crack. b. Variation of mode I stress intensity factors of an embedded crack with
different orientations. c. Variation of mode II stress intensity factors of a crack with different orientations. d. Variation of electric
displacement intensity factors of a crack with different orientations

Figure 2d illustrates how crack inclination affects the electric displacement intensity factor across various
values of the loading parameter. It is important to note that, for horizontal cracks, the effect of λD on electric
displacement intensity factor is the largest. As illustrated in Fig. 2d, for decreasing values of the positive λD ,
the variation of the electric displacement intensity factor with respect to crack inclination diminishes. This
behavior is attributed to the impermeable nature of the crack faces, which act as barriers to the electric field,
thereby impeding its transmission across the crack front. When the crack is not oriented perpendicular to the
direction of the electric field, its obstructive effect weakens, resulting in a reduction of the electric displacement



A. G. Milan et al.

Fig. 2 continued

intensity factor. In essence, the crack inclination governs both the relative magnitudes of the normal and shear
tractions and the extent to which the impermeable crack impedes the electric field.

In the following example, we examine a horizontal crack by varying its length, which is located at different
distances from the boundary of the piezoelectric strip (Fig. 3a-c). The plots of the field intensity factors versus
normalized crack length are presented in Fig. 3a-c. For the Mode I stress intensity factor, the boundary effect is
minimal, and the behavior of the crack resembles that of a crack in an infinite plane. This is because mechanical
loading applied farther from the crack tip results in reduced crack opening, thereby leading to a lower Mode I
stress intensity factor. It has been found that the location of the crack significantly affects the Mode II stress
intensity factor and the electric displacement intensity factor.
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Fig. 3 a.Variation of mode I stress intensity factors of an embedded crack with crack length at different locations. b.Variation of
mode II stress intensity factors of an embedded crack with crack length at different locations. c.Variation of electric displacement
intensity factors of an embedded crack with crack length at different locations
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Fig. 4 a. Piezoelectric strip with edge crack. b. Variation of mode I stress intensity factors of an edge crack with different
orientations. c. Variation of mode II stress intensity factors of an edge crack with different orientations. d. Variation of electric
displacement intensity factors of an edge crack with different orientations

In continuation of the previous example, an oblique edge crack is considered similar to the first example, as
illustrated in Fig. 4a. To facilitate crack opening, we subject the strip to normal traction σxx � σ0 and electric
displacement Dx � D0. Additionally, the crack angle falls within the range where the crack opening occurs.
The analysis focuses on an edge crack under various loading parameters λD . Figure 4b-d depict variations
of field intensity factors versus crack orientation ψ . As shown in the figures, the influence of the magnitude
and sign of the electromechanical loading parameter on Modes I and II is more pronounced than that of the
embedded crack. As observed in Fig. 4d, when the crack is not oriented perpendicular to the electric field
direction, the impermeable crack acts as a less effective barrier, resulting in a decreased electric displacement
intensity factor.

The variations of mode I and mode II stress intensity factors, as well as the electric displacement factor
of an edge crack with varying crack lengths at different orientations, are displayed in Fig. 5a-c. Comparing
the mode I stress intensity factor reveals that the vertical edge crack has a different trend, which is observed
at ψ � π

/
2. The mode I stress intensity factor decreases by increasing the crack length, whereas the reverse
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Fig. 4 continued

holds for mode II and electric displacement factor. The mode II stress intensity factor of the inclined crack
increases with increasing crack orientation angle ψ . The underlying reason for these behaviors is that the
normal component of the mechanical loading relative to the crack face, governed by the crack orientation
angle, plays a more significant role than the crack length.

4.2 Two interacting embedded and edge crack

This methodology is applied to address several new problems, demonstrating its effectiveness. The interaction
of two identical embedded cracks under biaxial mechanical loadings and electrical loading Dy � D0 is shown
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Fig. 5 a. Variation of mode I stress intensity factors of an edge crack with crack length at different orientations. b. Variation of
mode II stress intensity factors of an edge crack with crack length at different orientations. c. Variation of electric displacement
intensity factors of an edge crack with crack length at different orientations
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Fig. 6 a. Piezoelectric strip with two interacting embedded cracks. b. Variation of Mode I stress-intensity factor for a stationary
and rotating crack. c. Variation of Mode II stress-intensity factor for a stationary and rotating crack. d. Variation of electric
displacement intensity factor for a stationary and rotating crack

in Fig. 6a. The distance between the centers of the cracks is fixed, while the orientation of the crack L2R2 is
changing. As it is expected, the highest KI

/
K0 occurs in the case of coaxial cracks, i.e.,ψ � 0. The variations

in field intensity factors at all crack tips are significant due to the changing orientations of the cracks, as well
as the varying traction and interactions occurring simultaneously (Fig. 6b). The mode II stress-intensity factor
for tip L1 and R1 vanishes at ψ � 0 and ψ � π

/
2 which is due to the symmetry concerning the x-axis.

Moreover, the range of variations of the mode II stress intensity factor of interacting tips is extensive compared
to the other tips of cracks (Fig. 6c).

Two cracks are considered in this analysis: an edge crack with a length of l
/
h � 0.3 and a rotating

embedded crack with a length of l
/
h � 0.3. Figures 7a - c depict the dimensionless modes I and II stress-

intensity factors, as well as the electric displacement intensity factor against the orientation of the embedded
crack,where the center of the crack is fixed. To ensure that the cracks open in any configuration, the piezoelectric
strip is under constant mechanical biaxial tractions and electric displacement Dy � D0 on the edges and at
the far-field, |x | → ∞. From Figs. 7a - c, we may conclude that the crack inclination angle dominates the
intensity of stress and electric displacement distributions in a piezoelectric strip, causing higher field intensity
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Fig. 6 continued

factors. The effect of embedded crack orientations on the electric displacement intensity factor is minimal for
ψ < 30, but for ψ > 30, significant variations are observed in Fig. 7d. In this example, the rotation of the
embedded crack alters the distance between the interacting crack tips, which significantly influences the stress
intensity factors at the crack tips. As a final example, we examine the interaction between edge cracks and
embedded cracks of varying lengths (Fig. 8a). Figure 8b–d present the variations of the mode I and mode II
stress intensity factors, along with the electric displacement factor, as functions of l1

/
h. The length of the

edge crack is fixed l2
/
h � 0.3, whereas the length of the crack L1R1 changes in the direction of the centerline

of the layer for a
/
h � 0.4. As expected, the interaction between the cracks amplifies the mode I and mode II

stress intensity factors, with the effect being more pronounced at R1, due to its proximity to the adjacent crack.

5 Concluding remarks

Piezoelectric layers are key enablers in smart sensing, energy-efficient actuation, and autonomous systems.
Their integration into multifunctional materials and devices supports advancements in aerospace, civil infras-
tructure, medical technology, and wearable electronics. The theoretical solution for a piezoelectric strip under
mixed-mode conditions, containing several edge and embedded cracks, was addressed using the distributed
dislocation technique. The stresses and electric displacements at the dislocation location show the traditional
Cauchy singularities. The method facilitates the simultaneous modeling of embedded and edge cracks within
the piezoelectric strip under mixed-mode conditions. The numerical results lead to the following conclusions:
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Fig. 7 a. Piezoelectric strip with two interacting embedded and edge cracks. b. Variation of Mode I stress-intensity factor for an
edge and a rotating embedded crack. c. Variation of Mode II stress-intensity factor for an edge and a rotating embedded crack. d.
Variation of electric displacement intensity factor for an edge and a rotating embedded crack

Remark 1 The formulation can analyze several edge and embedded cracks.

Remark 2 Crack orientation significantly affects the stress intensity factors of modes I and II, as well as the
electric displacement factors.

Remark 3 Thefield intensities increasewith an increase in crack length. For a crackorientedparallel to the strip
boundaries, the crack position significantly affects Mode II stress intensity factors and electric displacement
factors, while it has a negligible impact on Mode I stress intensity factors.
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Fig. 7 continued

Remark 4 The result of the edge crack reveals that the loading parameter significantly influences the field
intensity factors at the crack tip.

Remark 5 The study indicates that there are some special orientations at which the increase of the crack
length does not influence the mode I stress intensity factor of an edge crack.

Remark 6 The variations in the field intensity factors for two interacting cracks depend on the location and
orientation of the rotating crack.
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Fig. 8 a. Piezoelectric strip with two interacting horizontal embedded and vertical edge cracks. b. Variation of Mode I stress-
intensity factor of an edge and a horizontal embedded crack with different lengths.c. Variation of Mode II stress-intensity factor
of an edge and a horizontal embedded crack with different lengths. d. Variation of electric displacement intensity factor of an
edge and a horizontal embedded crack with different lengths
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Fig. 8 continued

Remark 7 A key limitation of the present formulation is the exclusion of crack-face contact phenomena.
Consequently, the applied tractions must be restricted to conditions that prevent any partial or complete closure
of the crack surfaces.

Remark 8 As future work, the analysis can be extended to include piezoelectric materials with nonlinear
behavior by employing mathematical tools reported in the literature [29–31]. This approach allows for a more
accurate representation of the material response under high electric fields and complex loading conditions,
offering a more realistic framework for fracture analysis.
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Appendix

The coefficients in (11) are:

m j3 � c11 + c13λ jm j1 + e31λ jm j2

m j4 � c13 + c33λ jm j1 + e33λ jm j2

m j5 � −c44λ j + c44m j1 + e15m j2

m j6 � −e15λ j + e15m j1 − ε11m j2

m j7 � e31 + e33λ jm j1 − ε33λ jm j2 (A.1)

The coefficients in Eq. (12) are:

E11x � 1

2Q′D
{E1q

′
1e

sλ1η + 2E2q
′
2e

sλ2η + 2E3q
′
3e

sλ3η + E4q
′
1e

−sλ1η + 2E5q
′
2e

−sλ2η + 2E6q
′
3e

−sλ3η}

E11y � − 1

2QD
{E1 p1e

sλ1η + 2E2 p4e
sλ2η + 2E3 p6e

sλ3η − E4 p1e
−sλ1η − 2E5 p4e

−sλ2η − 2E6 p6e
−sλ3η}

E11ϕ � − 1

2QD
{E1 p2e

sλ1η + 2E2 p5e
sλ2η + 2E3 p7e

sλ3η − E4 p2e
−sλ1η − 2E5 p5e

−sλ2η − 2E6 p7e
−sλ3η}

E12x � 1

2Q′D
{2E7q

′
1e

sλ1η + E8q
′
2e

sλ2η + 2E9q
′
3e

sλ3η + 2E10q
′
1e

−sλ1η + E11q
′
2e

−sλ2η + 2E12q
′
3e

−sλ3η}

E12y � − 1

2QD
{2E7 p1e

sλ1η + E8 p4e
sλ2η + 2E9 p6e

sλ3η − 2E10 p1e
−sλ1η − E11 p4e

−sλ2η − 2E12 p6e
−sλ3η}

E12ϕ � − 1

2QD
{2E7 p2e

sλ1η + E8 p5e
sλ2η + 2E9 p7e

sλ3η − 2E10 p2e
−sλ1η − E11 p5e

−sλ2η − 2E12 p7e
−sλ3η}

E13x � 1

2Q′D
{2E13q

′
1e

sλ1η + 2E14q
′
2e

sλ2η + E15q
′
3e

sλ3η + 2E16q
′
1e

−sλ1η + 2E17q
′
2e

−sλ2η + E18q
′
3e

−sλ3η}
E13y � − 1

2QD

{
2E13 p1e

sλ1η + 2E14 p4e
sλ2η + E15 p6e

sλ3η − 2E16 p1e
−sλ1η − 2E17 p4e

−sλ2η − E18 p6e
−sλ3η

}

E13ϕ � − 1

2QD
{2E13 p2esλ1η + 2E14 p5e

sλ2η + E15 p7e
sλ3η − 2E16 p2e

−sλ1η − 2E17 p5e
−sλ2η − E18 p7e

−sλ3η}

F11x � 1

2Q′D
{F1q ′

1e
sλ1η + 2F2q

′
2e

sλ2η + 2F3q
′
3e

sλ3η + F4q
′
1e

−sλ1η + 2F5q
′
2e

−sλ2η + 2F6q
′
3e

−sλ3η}

F11y � − 1

2QD
{F1 p1esλ1η + 2F2 p4e

sλ2η + 2F3 p6e
sλ3η − F4 p1e

−sλ1η − 2F5 p4e
−sλ2η − 2F6 p6e

−sλ3η}

F11ϕ � − 1

2QD
{F1 p2esλ1η + 2F2 p5e

sλ2η + 2F3 p7e
sλ3η − F4 p2e

−sλ1η − 2F5 p5e
−sλ2η − 2F6 p7e

−sλ3η}

F12x � 1

2Q′D
{2F7q ′

1e
sλ1η + F8q

′
2e

sλ2η + 2F9q
′
3e

sλ3η + 2F10q
′
1e

−sλ1η + F11q
′
2e

−sλ2η + 2F12q
′
3e

−sλ3η}

F12y � − 1

2QD
{2F7 p1esλ1η + F8 p4e

sλ2η + 2F9 p6e
sλ3η − 2F10 p1e

−sλ1η − F11 p4e
−sλ2η − 2F12 p6e

−sλ3η}

F12ϕ � − 1

2QD
{2F7 p2esλ1η + F8 p5e

sλ2η + 2F9 p7e
sλ3η − 2F10 p2e

−sλ1η − F11 p5e
−sλ2η − 2F12 p7e

−sλ3η}

F13x � 1

2Q′D
{−2F13q

′
1e

sλ1η + 2F14q
′
2e

sλ2η + F15q
′
3e

sλ3η + 2F16q
′
1e

−sλ1η + 2F17q
′
2e

−sλ2η + F18q
′
3e

−sλ3η}
F13y � − 1

2QD
{−2F13 p1e

sλ1η + 2F14 p4e
sλ2η + F15 p6e

sλ3η − 2F16 p1e
−sλ1η − 2F17 p4e

−sλ2η − F18 p6e
−sλ3η}

F13ϕ � − 1

2QD
{−2F13 p2e

sλ1η + 2F14 p5e
sλ2η + F15 p7e

sλ3η − 2F16 p2e
−sλ1η − 2F17 p5e

−sλ2η − F18 p7e
−sλ3η}

(A.2)

where
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D(s) � q1[e
−2|s|(λ1+λ2+λ3)h + e−2|s|(λ2+λ3)h − e−2|s|(λ1+λ3)h + e−2|s|(λ1+λ2)h − e−2|s|λ1h + e−2|s|λ2h − e−2|s|λ3h

+8(
q5
q1

)(e−|s|(λ1+λ2+2λ3)h − e−|s|(λ1+λ2)h) − 4(e−|s|(λ1+2λ2+λ3)h − e−|s|(λ1+λ3)h)

+8(
q7
q1

)(e−|s|(2λ1+λ2+λ3)h − e−|s|(λ2+λ3)h) − 1]

E1(s) � q1(e
−2s(λ1+λ3)h + e−2sλ1h − e−2s(λ1+λ2)h − e−2s(λ1+λ2+λ3)h − 2e−s(λ1+λ3)h + 2e−s(λ1+2λ2+λ3)h)

−8q3e
−s(2λ1+λ2+λ3)h + 4q2(e

−s(λ1+λ2)h − e−s(λ1+λ2+2λ3)h)

E2(s) � q4(e
−2sλ2h + e−s(λ1+λ2+2λ3)h) − q5(e

−2s(λ2+λ3)h + e−s(λ1+λ2)h) + 2q6(e
−s(λ2+λ3)h + e−s(λ1+2λ2+λ3)h)

E3(s) � −q7(e
−s(λ1+λ3)h + e−2s(λ2+λ3)h) + q8(e

−s(λ1+2λ2+λ3)h + e−2sλ3h) + 2q9(e
−s(λ2+λ3)h + e−s(λ1+λ2+2λ3)h)

E4(s) � −8q3e
−s(λ2+λ3)hq10(1 + e−2s(λ2+λ3)h) − q11(e

−2sλ2h + e−2sλ3h)

E5(s) � 2q6(e
−s(λ1+λ3)h + e−s(λ2+λ3)h) + q14(e

−2sλ3h + e−s(λ1+λ2)h) − q15(1 + e−|s|(λ1+λ2+2λ3)h)

E6(s) � −q12(1 + e−s(λ1+2λ2+λ3)h) + q13(e
−2sλ2h + e−s(λ1+λ3)h) + 2q9(e

−s(λ2+λ3)h + e−s(λ1+λ2)h)

E7(s) � q16(e
−2sλ1h + e−s(λ1+λ2+2λ3)h) − q17(e

−2s(λ1+λ3)h + e−s(λ1+λ2)h) − 2q18(e
−s(λ1+λ3)h + e−s(2λ1+λ2+λ3)h)

E8(s) � −q1(e
−2s(λ2+λ3)h + e−2sλ2h + e−2s(λ1+λ2)h + e−2s(λ1+λ2+λ3)h − 4e−s(λ1+2λ2+λ3)h)

+4q2(e
−s(λ1+λ2)h − e−s(λ1+λ2+2λ3)h) + 4q3(e

−s(λ2+λ3)h − e−s(2λ1+λ2+λ3)h)

E9(s) � 2q19(e
−s(λ1+λ2+2λ3)h + e−s(λ1+λ3)h) + q20(e

−2sλ3h + e−s(2λ1+λ2+λ3)h) − q21(e
−2s(λ1+λ3)h + e−s(λ2+λ3)h)

E10(s) � −2q18(e
−s(λ2+λ3)h + e−s(λ1+λ3)h) − q22(1 + e−s(λ1+λ2+2λ3)h) + q23(e

−2sλ3h + e−s(λ1+λ2)h)

E11(s) � −q1(1 + e−2sλ2)h + 4e−s(λ1+λ3)h − e−2sλ1h − e−2sλ3h)

E12(s) � 2q19e
−s(λ1+λ3)h + 2q20e

−s(λ1+λ2)h − q24(1 + e−s(2λ1+λ2+λ3)h) + q25(e
−2sλ1h + e−s(λ2+λ3)h)

−q26e
−2s(λ2+λ3)h

E13(s) � −q27(e
−s(λ1+λ3)h + e−2s(λ1+λ2)h) + q28(e

−s(λ1+2λ2+λ3)h + e−2sλ1h) + 2q29(e
−s(λ1+λ2)h + e−s(2λ1+λ2+λ3)h)

E14(s) � q30(e
−s(2λ1+λ2+λ3)h + e−2sλ2h − e−s(λ2+λ3)h − e−2s(λ1+λ2)h) + 2q31(e

−s(λ1+λ2)h + e−s(λ1+2λ2+λ3)h)

E15(s) � −q1(e
−2s(λ2+λ3)h − e−2sλ3h − e−2s(λ1+λ3)h + e−2s(λ1+λ2+λ3)h − 2e−s(λ1+2λ2+λ3)h + 2e−s(λ1+λ3)h)

−8q2e
−s(λ1+λ2+2λ3)h − 4q3(e

−s(2λ1+λ2+λ3)h − e−s(λ2+λ3)h)

E16(s) � 2q29(e
−s(λ2+λ3)h + e−s(λ1+λ2)h) + q32(1 + e−s(λ1+2λ2+λ3)h) + q33(e

−2sλ2h + e−s(λ1+λ3)h)

E17(s) � −q34(e
−s(λ2+λ3)h + e−2sλ1h) + q35(e

−s(2λ1+λ2+λ3)h + 1) − 2q36(e
−s(λ1+λ3)h + e−s(λ1+λ2)h)

E18(s) � −8q2e
−s(λ1+λ2)h − q37(1 + e−2s(λ1+λ2)h) + q38(e

−2sλ1h + e−2sλ2h)

F1(s) � 8q3e
−s(2λ1+λ2+λ3)h − q10(e

−2sλ1h + e−2s(λ1+λ2+λ3)h) + q11(e
−2s(λ1+λ3)h + e−2s(λ1+λ2)h)

F2(s) � −2q6(e
−s(2λ1+λ2+λ3)h + e−s(λ1+2λ2+λ3)h) − q14(e

−2s(λ1+λ2)h + e−s(λ1+λ2+2λ3)h)

+q15(e
−2s(λ1+λ2+λ3)h + e−s(λ1+λ2)h)

F3(s) � −2q9(e
−s(λ1+λ2+2λ3)h + e−s(2λ1+λ2+λ3)h) + q12(e

−s(λ1+λ3)h + e−2s(λ1+λ2+λ3)h)

+q13(e
−2s(λ1+λ3)h + e−s(λ1+2λ2+λ3)h)

F4(s) � q1(1 − e−2s(λ2+λ3)h + e−2sλ3h − e−2sλ2h + 2e−s(λ1+2λ2+λ3)h − 2e−s(λ1+λ3)h)

−4q2(e
−s(λ1+λ2+2λ3)h − e−s(λ1+λ2)h) + 8q3e

−s(λ2+λ3)h

F5(s) � −q4( e
−2s(λ1+λ3)h + e−s(λ1+λ2)h) + q5(e

−s(λ1+λ2+2λ3)h + e−2sλ1h) − 2q6(e
−s(2λ1+λ2+λ3)h + e−s(λ1+λ3)h)

F6(s) � q7(e
−s(λ1+2λ2+λ3)h + e−2sλ1h) − q8(e

−2s(λ1+λ2)h + e−s(λ1+λ3)h) − 2q9(e
−s(λ1+λ2)h + e−s(2λ1+λ2+λ3)h)
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F7(s) � q22(e
−s(λ1+λ2)h + e−2s(λ1+λ2+λ3)h) − q23(e

−s(λ1+λ2+2λ3)h + e−2s(λ1+λ2)h)

−2q33(e
−s(λ1+2λ2+λ3)h + e−s(2λ1+λ2+λ3)h)

F8(s) � q1(e
−2s(λ2+λ3)h + e−2s(λ1+λ2)h + e−2s(λ1+λ2+λ3)h + e−2sλ2h − 4e−s(λ1+2λ2+λ3)h)

F9(s) � 2q19(e
−s(λ1+λ2+2λ3)h − e−s(λ1+2λ2+λ3)h) + q24(e

−s(λ2+λ3)h + e−2s(λ1+λ2+λ3)h)

−q25(e
−2s(λ2+λ3)h + e−s(2λ1+λ2+λ3)h)

F10(s) � −q16(e
−2s(λ2+λ3)h + e−s(λ1+λ2)h) + q17(e

−s(λ1+λ2+2λ3)h + e−2sλ2h) + 2q18(e
−s(λ1+2λ2+λ3)h + e−s(λ2+λ3)h)

F11(s) � q1(1 + e−2s(λ1+λ3)h + e−2sλ3h + e−2sλ1h − 4e−s(λ1+λ3)h) + 4q2(e
−s(λ1+λ2+2λ3)h + e−s(λ1+λ2)h)

−4q3(e
−s(2λ1+λ2+λ3)h − e−s(λ2+λ3)h)

F12(s) � −q21(e
−2s(λ1+λ2)h + e−s(λ2+λ3)h) + q22(e

−s(2λ1+λ2+λ3)h + e−2sλ2h) − 2q39(e
−s(λ1+2λ2+λ3)h + e−s(λ1+λ2)h)

F13(s) � 2q29(e
−s(λ1+λ2+2λ3)h + e−s(2λ1+λ2+λ3)h) + q32(e

−s(λ1+λ3)h + e−2s(λ1+λ2+λ3)h)

+q33(e
−2s(λ1+λ3)h + e−s(λ1+2λ2+λ3)h)

F14(s) � −2q31(e
−s(λ1+λ2+2λ3)h + e−s(λ1+2λ2+λ3)h) + q34(e

−2s(λ2+λ3)h + e−s(2λ1+λ2+λ3)h)

−q35(e
−2s(λ1+λ2+λ3)h + e−s(λ2+λ3)h)

F15(s) � 8q2e
−s(λ1+λ2+2λ3)h + q37(e

−2sλ3h + e−2s(λ1+λ2+λ3)h) − q38(e
−2s(λ2+λ3)h + e−2s(λ1+λ3)h)

F16(s) � q27(e
−s(λ1+2λ2+λ3)h + e−2sλ3h) − q28(e

−2s(λ2+λ3)h + e−s(λ1+λ3)h) − 2q29(e
−s(λ1+λ2+2λ3)h + e−s(λ2+λ3)h)

F17(s) � q30(e
−s(2λ1+λ2+λ3)h + e−2sλ3h − e−2s(λ1+λ3)h − e−s(λ2+λ3)h) − 2q31(e

−s(λ1+λ2+2λ3)h + e−s(λ1+λ3)h)

F18(s) � −q1(e
−2s(λ1+λ2)h + 2e−s(λ1+λ3)h − 2e−s(λ1+2λ2+λ3)h + e−2sλ2h − e−2sλ1h − 1) + 8q2e

−s(λ1+λ2)h

+4q3(e
−s(λ2+λ3)h − e−s(2λ1+λ2+λ3)h)

(A.3)

and

p1 � m22m35 − m25m32, p2 � m25m31 − m21m35, p3 � m21m32 − m22m31,

p4 � m15m32 − m12m35, p5 � m11m35 − m15m31,

p6 � m12m25 − m15m22, p7 � m15m21 − m11m25,

q ′
1 � m24m37 − m27m34, q ′

2 � m17m34 − m14m37, q ′
3 � m14m27 − m17m24,

Q � m11 p1 + m12 p2 + m15 p3, Q′ � q ′
1 + q ′

2 + q ′
3

q1 � n1 + n2 + n3 + n4 + n5 + n6 − 2n7 − 2n8 − 2n9 − 2n10 − 2n11 − 2n12 − 2n13 − 2n14 − 2n15
+2n16 + 2n17 + 2n18 + 2n19 + 2n20 + 2n21,

q2 � n7 + n9 − n17 − n21, q3 � n13 + n15 − n18 − n19,

q4 � n22 + n23 + n24 + n25 − n30 − n32 − n33 − n34 + n38 + n39 − 2n40,

q5 � n22 + n23 + n24 + n25 + n30 + n32 − n33 − n34 − n38 − n39 − 2n40, q6 � n30 + n32 − n38 − n39,

q7 � n26 + n27 + n28 + n29 + n31 − n35 − n36 + n37 − n41 − n42 − 2n43,

q8 � n26 + n27 + n28 + n29 − n31 − n35 − n36 − n37 + n41 + n42 − 2n43, q9 � n31 + n37 − n41 − n42,

q10 � n1 − n2 − n3 − n4 + n5 − n6 + 2n8 + 2n11 + 2n13 − 2n14 + 2n15 − 2n18 − 2n19,

q11 � n1 − n2 − n3 − n4 + n5 − n6 + 2n8 + 2n11 − 2n13 − 2n14 − 2n15 + 2n18 + 2n19,
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q12 � n26 − n27 − n28 + n29 + n31 − n35 − n36 + n37 − n41 − n42 + 2n43,

q13 � n26 − n27 − n28 + n29 − n31 − n35 − n36 − n37 + n41 + n42 + 2n43,

q14 � n22 − n23 − n24 + n25 − n30 − n32 − n33 − n34 + n38 + n39 + 2n40,

q15 � n22 − n23 − n24 + n25 + n30 + n32 − n33 − n34 − n38 − n39 + 2n40,
q16 � n44 + n45 + n46 + n47 − n52 − n53 − n54 − n55 + n61 + n62 − 2n63,

q17 � n44 + n45 + n46 + n47 + n52 − n53 + n54 − n55 − n61 − n62 − 2n63,

q18 � −n52 − n54 + n61 + n62, q19 � n58 + n59 − n64 − n66,
q20 � −n59 + n48 + n49 + n50 + n51 − n56 − n57 − n58 + n64 − 2n65 + n66,

q21 � n59 + n48 + n49 + n50 + n51 − n56 − n57 + n58 − n64 − 2n65 − n66,

q22 � n44 − n45 − n46 + n47 + n52 − n53 + n54 − n55 − n61 − n62 + 2n63,

q23 � n44 − n45 − n46 + n47 − n52 − n53 − n54 − n55 + n61 + n62 + 2n63,

q24 � n48 − n49 − n50 + n51 − n56 − n57 + n58 + n59 − n64 + 2n65 − n66,
q25 � n48 − n49 − n50 + n51 − n56 − n57 − n58 − n59 + n64 + 2n65 + n66, q26 � n50 + n58,

q27 � n70 + n71 + n72 + n73 + n78 − n79 − n80 + n81 − n85 − 2n86 − n87,

q28 � n70 + n71 + n72 + n73 − n78 − n79 − n80 − n81 + n85 − 2n86 + n87,

q29 � n78 + n81 − n85 − n87, q30 � n60 + n67 + n68 + n69 + n74 − n75 − n76 + n77 − n82 − 2n83 − n84,

q31 � n74 + n77 − n82 − n84, q32 � −n70 + n71 + n72 − n73 − n88 + n79 + n80 − n81 + n85 − 2n86 + n87,

q33 � n70 − n71 − n72 + n73 − n78 − n79 − n80 − n81 + n85 + 2n86 + n87,
q34 � −n60 + n67 + n68 − n69 + n74 + n75 + n76 + n77 − n82 − 2n83 − n84,
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q38 � n1 + n2 − n3 − n4 + n5 + n6 + 2n7 + 2n8 + 2n9 − 2n11 − 2n14 − 2n17 − 2n21,
q39 � −n49 − n50 − n51 + n57 + n58 − n64 + 2n65 (A.4)

In which

n1 � m2
15m

2
24m

2
37, n2 � m2

17m
2
25m

2
34, n3 � m2

17m
2
24m

2
35, n4 � m2

14m
2
27m

2
35, n5 � m2

15m
2
27m

2
34

n6 � m2
14m

2
25m

2
37, n7 � m14m15m24m25m

2
37, n8 � m14m17m24m27m

2
35, n9 � m15m17m25m27m

2
34

n10 � m14m15m
2
27m34m35, n11 � m14m17m

2
25m34m37, n12 � m15m17m

2
24m35m37,

n13 � m2
17m24m25m34m35

n14 � m2
15m24m27m34m37, n15 � m2

14m25m27m35m37, n16 � m14m15m24m27m35m37,

n17 � m14m15m25m27m34m37

n18 � m14m17m24m25m35m37, n19 � m14m17m25m27m34m35, n20 � m15m17m24m27m34m35,

n21 � m15m17m24m25m34m37, n22 � m14m24m
2
25m

2
37, n23 � m15m25m

2
27m

2
34

n24 � m15m
2
24m25m

2
37, n25 � m17m

2
25m27m

2
34, n26 � m14m

2
27m34m

2
35, n27 � m15m

2
24m35m

2
37

n28 � m15m
2
27m

2
34m35, n29 � m17m

2
24m

2
35m37, n30 � m14m25m

2
27m34m35,

n31 � m14m24m25m35m
2
37, n32 � m17m

2
24m25m35m37, n33 � m14m

2
25m27m34m37,

n34 � m17m24m
2
25m34m37

n35 � m14m24m27m
2
35m37, n36 � m17m24m27m34m

2
35, n37 � m17m25m27m

2
34m35,

n38 � m14m24m25m27m35m37, n39 � m17m24m25m27m34m35, n40 � m15m24m25m27m34m37,

n41 � m14m25m27m34m35m37, n42 � m17m24m25m34m35m37, n43 � m15m24m27m34m35m37,

n44 � m14m
2
15m24m

2
37, n45 � m15m

2
17m25m

2
34, n46 � m2

14m15m25m
2
37, n47 � m2

15m17m27m
2
34,



Mixed-mode problem of multiple interacting embedded and edge

n48 � m2
17m24m34m

2
35, n49 � m2

14m25m35m
2
37, n50 � m2

17m25m
2
34m35, n51 � m2

14m27m
2
35m37,

n52 � m15m
2
17m24m34m35, n53 � m14m

2
15m27m34m37, n54 � m2

14m15m27m35m37,

n55 � m2
15m17m24m34m37

n56 � m14m17m24m
2
35m37, n57 � m14m17m27m34m

2
35, n58 � m15m17m27m

2
34m35,

n59 � m14m15m24m35m
2
37, n60 � m2

17m24m
2
25m34, n61 � m14m15m17m24m35m37

n62 � m14m15m17m27m34m35, n63 � m14m15m17m25m34m37, n64 � m14m15m27m34m35m37,

n65 � m14m17m25m34m35m37, n66 � m15m17m24m34m35m37, n67 � m2
14m25m

2
27m35,

n68 � m2
17m

2
24m25m35

n69 � m2
14m

2
25m27m37, n70 � m14m

2
15m

2
27m34, n71 � m15m

2
17m

2
24m35, n72 � m2

14m15m
2
27m35,

n73 � m2
15m17m

2
24m37, n74 � m14m15m25m

2
27m34, n75 � m14m17m24m

2
25m37, n76 � m14m17m

2
25m27m34,

n77 � m15m17m
2
24m25m37, n78 � m15m

2
17m24m25m34, n79 � m14m

2
15m24m27m37,

n80 � m2
15m17m24m27m37,

n81 � m2
14m15m25m27m37, n82 � m14m15m24m25m27m37, n83 � m14m17m24m25m27m35,

n84 � m15m17m24m25m27m34,
(A.5)
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