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This study proposes a novel spectral element model and introduces free vibration study of orthotropic rectan-
gular Mindlin plates under arbitrary boundary conditions. Firstly, the general solution and boundary functions of
the orthotropic rectangular Mindlin plate element are introduced in frequency domain with spectral form.
Secondly, via the orthogonality of trigonometric functions, the spectral coefficients of the general solution are
related to those of the boundary functions. Next, the spectral element matrix in terms of each plate element is

derived from the force-displacement relation. Finally, the application of the spectral element model in free-
vibration analysis is described in detail. Comparative study is further employed to affirm the reliability as
well as the precision of the proposed spectral element model for rectangular Mindlin plates, including the
spectral element method for isotropic plates, the Dynamic Stiffness Method (DSM) for orthotropic plates, and the
Finite Element Method (FEM) for both plates.

1. Introduction

Orthotropic materials hold a significant position in modern engi-
neering fields and are extensively employed in critical industries such as
automotive manufacturing, naval engineering, and civil construction [1,
2]. These materials exhibit different mechanical properties in three
mutually perpendicular directions, making them an ideal choice for
optimizing structural design and enhancing overall performance.
Compared to isotropic materials, orthotropic materials better meet the
mechanical demands of complex structures in various directions,
thereby significantly improving the reliability and service life of engi-
neering components. As fundamental structural elements, orthotropic
plates are extensively used in aerospace, automotive, and shipbuilding
sectors. Advanced composite laminated plates, due to their excellent
mechanical properties, such as higher in-plane Young’s modulus and
transverse shear modulus, demonstrate superior performance compared
to single-layer and isotropic laminated plates. Certain composites have
superior strength-to-weight and stiffness-to-weight ratios, which renders
them highly advantageous in engineering applications [3-6].

The free vibration of plates has consistently been a research hotspot,
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with current main methods including Finite Element Method (FEM),
Dynamic Stiffness Method (DSM), and Spectral Element Method (SEM)
[7,8]. FEM is widely used in structural analysis, primarily due to its
applicability to structures with complex geometries. FEM uses
frequency-independent polynomials as interpolation functions,
requiring mesh refinement to improve computational accuracy. This is
especially true in high-frequency ranges, where it results in an
augmentation of the amount of degrees of freedom, thereby significantly
raising computational costs [9-12]. DSM employs frequency-dependent
shape functions as interpolation functions. Its core lies in utilizing free
wave solutions and representing the structural vibration modes through
infinite trigonometric series, which allows for accurately satisfying the
plate’s governing differential equations and providing high-precision
solutions suitable for high-frequency vibration analysis [13-17]. How-
ever, DSM typically represents boundary conditions through infinite
trigonometric series, making it impossible to directly apply the Fast
Fourier Transform (FFT) algorithm for spectral analysis and vibration
response simulation. This necessitates additional post-processing steps,
increasing computational complexity [8]. Recently, deep learning
methods have gradually demonstrated their potential in the free
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vibration analysis of plates [18-20]. Their core idea is to convert the
partial differential equations that need to be solved and the boundary
conditions into a loss function, and then approximate the displacement
field of the plate or other physical quantities by training a deep neural
network. Compared with traditional methods, the characteristic lies in
being grid-free, without the need to construct an explicit element mesh
or write a dedicated interpolation function form, and automatic differ-
entiation can be used to compute high-order derivatives at scattered
points, thereby satisfying the continuity requirements of high-order
governing equations. However, deep learning methods require sub-
stantial computational resources for training and are prone to falling
into local optima.

For orthotropic rectangular thin plates, Kshirsagar et al. [21]
assessed the free vibration properties for orthotropic rectangular plates
when subjected to random combinations of traditional boundary con-
ditions, including clamped, simply supported, and so on. This study
employed the superposition method as a theoretical framework. Xing
et al. [22] proposed a novel separation of variables method, successfully
deriving the accurate free vibration results for orthotropic thin plates
with combinations of simply supported and clamped boundary condi-
tions. Liu et al. [23,24] developed the spectral DSM (S-DSM), a pio-
neering method to the precise free vibration study of general orthotropic
composite plates. This method ingeniously integrates the strengths of
the classical DSM with those of spectral methods, emulating the synergy
seen in FEM and boundary element method. Ghorbel et al. [25] utilized
the DSM to study the free vibration of orthotropic Kirchhoff plates.
Certain method is grounded in the strong form of the Kirchhoff plate
equations and series solution methods, leveraging the symmetry of plate
free boundary conditions and Gorman-type decomposition techniques to
derive the dynamic stiffness matrix. This facilitates efficient matrix as-
sembly. For complex plate systems assembled from multiple orthotropic
rectangular thin plates, Wang et al. [26] extended the applicability of
the separation of variables method and proposed an extended separation
of variables approach. Using the Rayleigh principle and an improved
multi-boundary compatibility technique, they first assumed that the
eigenfunctions in the respective coordinate directions of each subplate
are separable. Then, displacement continuity and internal force equi-
librium conditions are imposed at the junctions, and finally, a
closed-form eigenvalue solution is obtained under the governing equa-
tions of the orthotropic materials. Papkov et al. [27] developed DSM
applicable to both isotropic and orthotropic rectangular plates, capable
of integrating the dynamic stiffness characteristics of plates with those of
other components such as rods and beams. For the first time, this method
was combined with FEM. The method involves the introduction of
Fourier coefficients, which enable the representation of
force-displacement relationships at each plate node, thus deriving the
dynamic stiffness matrices for isotropic, and orthotropic plates as well.

The fundamental theory of thick plates is initially proposed by
Reissner [28], primarily for solving static problems, then is subsequently
expanded to the dynamic field by Mindlin [29]. In comparison with the
Kirchhoff plate theory, the Mindlin plate theory takes certain effects of
shear deformation and rotary inertia into account. Kshirsagar et al. [30]
proposed a non-truncated infinite series superposition method. Based on
the traditional superposition method, they introduced double or multi-
ple Fourier series expansions in the displacement field and used

Fig. 1. A rectangular plate.
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mathematical software for precise series summation processing. This
method achieved high-precision theoretical analysis for various
boundary conditions, (including buckling and vibration of anisotropic
plates), avoiding the extensive and complex derivations of closed-form
Levy or Navier solutions when material orthotropy and thickness
shear effects are introduced. Shi et al. [31] adopted an energy varia-
tional method based on an improved Fourier series expansion and the
Rayleigh-Ritz method. They represented the plate’s deflection and
rotational components using a novel trigonometric series, simulated
arbitrary boundary conditions with elastic boundary springs, and then
constructed an energy functional by treating all Fourier coefficients as
generalized coordinates. Finally, the problem was transformed into a
standard matrix eigenvalue problem to solve for natural frequencies and
mode shapes. Bahrami et al. [32], based on Levy-type boundary as-
sumptions, used a frequency domain spectral element method for the
free and forced vibration analysis of moderately thick orthotropic rect-
angular plates. In their study, a Fourier series expansion was employed
in one direction of the plate, reducing the two-dimensional problem to
one dimension, which enabled the construction of a spectral stiffness
matrix. Liu and Xing [33,34] derived precise closed-form solutions for
the free vibration of orthotropic rectangular Mindlin plates by
employing the variables separation method. Based on Mindlin plate
theory, Papkov and Banerjee [35] proposed dynamic stiffness formulas
for analyzing thick orthotropic rectangular plates. By using modified
trigonometric bases, the solution of the plate free vibration was con-
structed. This system established a connection between certain Fourier
coefficients at the four edges of such plate and the boundary conditions
for the motion. By linking the displacement vector with the force vector,
they further derived the force-displacement relations.

SEM is a numerical analysis method that integrates FEM, DSM, and
spectral method [36-38]. Early research on spectral element modeling
of plate elements mainly focused on Levy-type plates. Doyle [39] was
the first to derive the spectral element for Levy-type plates, laying the
foundation for the subsequent development of spectral plate elements.
Later, Campos and Arruda [40] proposed a SEM for plate elements
applicable to arbitrary boundary conditions. However, in this method
the boundary functions are expressed in the spatial domain using trig-
onometric series, which makes it impossible to directly compute the
spectral coefficients with the FFT algorithm, thereby limiting the effi-
ciency of the method. In the book Spectral Element Method in Structural
Dynamics, Lee [36] also derived the spectral element model for
Levy-type plates in detail. In 2016, Park et al. [10,41] combined the
boundary splitting method with the spectral super element method to
construct a spectral element matrix for rectangular finite plates under
arbitrary boundary conditions. Nevertheless, the approximate general
solution obtained by the finite strip element method does not completely
satisfy the homogeneous governing differential equations, so the accu-
racy and convergence of this model are inferior to those of the dynamic
stiffness model obtained directly from the homogeneous equations.
Recently, Kim and Lee [8,42] achieved accurate spectral element
modeling for rectangular Kirchhoff and Mindlin plates under arbitrary
boundary conditions. They derived the general solution for rectangular
plate elements and the spectral representation of the boundary functions
in the frequency domain, used the projection method to correlate the
spectral coefficients, and constructed the spectral element matrix based
on the force-displacement relationship. Zhou et al. [43] utilized this
model to investigate the vibration of bandgap features of periodic plates,
further verifying the high accuracy of this method.

With the spectral element modeling method introduced by Kim and
Lee, this study constructs a spectral element model suitable for ortho-
tropic rectangular Mindlin plates under arbitrary boundary conditions.
It derives the general solution of orthotropic rectangular plate elements
and the spectral representations of boundary functions in the frequency
domain, employs the projection method to associate spectral co-
efficients, and constructs the spectral element matrix via the force-
displacement relation. The derived spectral element model is applied
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to the solutions of isotropic and orthotropic plates, and a comparison
with previous studies is made to verify the feasibility of this study.

2. Spectral element model
2.1. Vibration equation

Fig. 1 illustrates a thick rectangular plate with a length of 2a, a width
of 2b, and a thickness of h. With the principles of Mindlin plate theory,
the displacement field of the plate is postulated as follows [33]:

w=w(x,y, 2,t)
u= _Z¢x(x)yvz¢ t) €y
V= —Z¢y(xay727 t)

where w represents the transverse displacement at the mid-plane of the
plate; ¢, and ¢, denote the rotations about the x-axis and y-axis,
respectively; and z means the coordinate in the thickness direction,
ranging from -h/2 < z < h/2.

The following is a summary of the geometric and normal boundary
conditions to the orthotropic rectangular Mindlin plate, and which are
located at the plate’s four edges:

w(x, —b) = w(x) or — Q,(x,—b) = ny(x)
$(x, =b) = @5, (x) or My, (x, —b) = M, (x)

by(x,—b) = ¢5,(x) or My (x, —b) = M}, (x)
w(x,b) = wY(x) or Qy(x, b) = Q5 (x)
¢y (x,b) = pY.(x) or — My, (x,b) = MY (x)
by (x,0) = ¢, (x) Oor — My (x,b) = Mg, (x) )
w(=a,y) =wy(y) or —Q(-ay) =Q.¥)

¢x(_a1y) = (.Y) or M. ( a7y) :Mﬁx(.),)
by (—a,y) = d, () or My (~a,y) = Mg, ()

d)L
LO
oy

w(a,y) :Wffo') or Q(ay) = Q5

(]5)(((1,_)') = ¢§x(.}') - X( 7.}') - ox(.Y)
by (ay) = ¢5,(y) or —My(ay) =M ()
whereQ, and Q, mean the transverse shear forces, respectively, i.e.:
ow ow
Qy = Cus (a - ¢y> Q. =Css <6x ¢x> ) 3
M, and M, represent the resultant bending moments and are defined
as:
A b o, o,
M, = <D11 (;/) + D1 0;) , My = (Dzzg +Dxn (;f( ) @
and My, = My, denote the resultant twisting moments, are expressed as:
opy 99
M,y = —Dgs (E + a—xy) ®)

In Egs. (3), (4), and (5), the bending stiffness and shear stiffness
constants are:

E,h? VyxExyh®
Dll = ;P12 = 7
12(1 - nyvyx) 12(1 — VxVy)

3 3

Dp=— B Vel ©®)
12(1 = vy ¥y 12(1 = vigVya)
Gy h®
D66 = ?723 C"44 = KGyzh7 CSS = Kzeh

where k denotes the shear correction factor, vyxExy = UxyEyx, D12 = Doy.

Based on dynamic equilibrium and considering the transverse force
and the equilibrium moment, the vibration equation is established. The
transverse equilibrium equation is:

Thin-Walled Structures 216 (2025) 113679

Q.  0Q, w_
o Ty Moe =0 @

The rotational equilibrium about the x-axis follows as:

oM,  OM,, ph® O h,
Tox oy Ty e =0 ®)
The rotational equilibrium about the y-axis is given by:
oMy, oM, ph? az‘l’y _
x oy ¥ 12e ” ©

where in Egs. (7), (8) and (9), p is the density.

By substituting Eqs. (3), (4), and (5) into Egs. (7), (8), and (9), the
secondary governing equations for the orthotropic rectangular Mindlin
plate are as follows:

w0, w0, 4

& (Ge ) (G -G vaw=o

Ph. O, ¢ ow

Dlax2+ 52 +D36 y+Cl( ¢x>+92¢x:0 10)
¢, ¢ 0%, ow
X 2y+ax2y+D30X +C2<77¢y>+s2¢y—0

where

Dy = D11 /D, D2 = D23 /D, D3 = 1 + D12 /Des
C1 = Cs5/Dgs, Cz = Caa/Des D
Q} = ph*w?® /12Des, Q" = pha® /Des.

2.2. General solution in spectral form

The general solution of Eq. (10) is given in the following harmonic
form:

w(x,y) Vi
w(x,y) = { Pu(x.Y) } = { v }ei(kx**kﬂ) = vel(kxth) a2)
(x,y)

V3

where i = v/—1 is the imaginary unit, v = {v1,v2,v3}" is a constant
vector, and ky and k, are the wave numbers relative to the x and y co-
ordinates. There are infinitely many values of k, and ky that comply with
Eq. (10). The general solution can be written in the subsequent trigo-
nometric series form [42]:

w(x,y) = w¥(x,y) + w (x,y) a3)
where
wieey) || .
Wi y) = | By) b= 3 4o pellerriin) 25 yinei(enn o)
Wy | T .
wley) [ vl —
Daey) =4 dPxy) p= 3 v peleha) = N ybel(Eeha)
Weey | T W )
a4
where ky, and ky, denote discrete wavenumbers defined by:
ke = pAky, (p = 0,41, 42,43, ...) 15)

kyg = qAky, (@ =0,+1,+2,+3,...)

and
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2r 2r
Ak, = —, Ak, = — 16
YT 4a TV 4b (16)

Substituting w(")(x, y) and w(y)(x, y) from Eq. (14) into Eq. (10),
yields:

MV =0, (p =0,+1,£2,+3,...)

a7
MYvY) =0,(q=0,+1,4+2,+3,...)
—CoK2, + Q" — Crky” —Cikypi —CoKopi
MY = Cikpi —K% + Qf — Diky” — ~D3Kpksp
CoKpi —D3K,pksp —DyKZ%, + Qf —kp” —
—CiK2, + Q" — Coky” —C1Kyql —Cokyqi
MY = CiKyqi D13, + Qf — kyy® — G —D3Kygkyq
Cokyqi ~D3Kyqkyq —K}, + Q) — Dokyy® — Cs

18)
In Eq. (18), by setting det(M}ﬁ) =0 and det(Mé”) = 0, we can

solve for Ky, and Ky,. The values of K,;, and K4 obtained in MATLAB are
presented in the form of the roots of a cubic polynomial equation as
follows:

92+ 1,22 + 12 + 8, =0

19
825 + 1,22 + 1,2, + 5, = 0
where
Ky = £/2
Kyg = /2 20

8¢ = CoD,
tx = Cok%, — Dy Q* — CoQpt + C1DoKE, + C1CaDy — CoD3KS, — CoDoQy + CoD1 Dok,
7 = GO — GO — QK2 + Q' + Gk, + DoQ'Q) + 2C1CoKE, + CoDikS,
—C1D3k, — CLQHKE, — CQk%, — C1C2Qp — CiD,Q* + D3QKZ, + 2C1C2Dsk3,
+C1D1Dsk}, — C1D QKL — CoD1 QK2 — D1D2QKS,
=GQ'Q) - Q'Q} + C,Q'Q) + CiDikS, — GO, — GOk, + GRS,
—D1Q%, — C1CQ* + QK2 + D12, + C1CoDs1 kY, — C1CQ0K,
—CD1 QY2 — CIDI QK
(2D

9y = CiDy
=Gk, - D1Q* - C1Q) + CD1K2, + C1CoDy — CiD3KZ, — CiD1Q) + CiDi Dok,
7, = G, — GO - Q'K + Q'Q) + Gk, + D1Q'Q) + 2C1 Gk, + CiDok;,
—CaD3k}, — CLQMG, — GOk, — C1C2Qp — CoDiQ* + DQKS, + 2C1CaDskl,
+CoD1 Dok, — C1D, QK2 — CoD1 kS, — D1D,Q%KS,
3, = C1Q'Q) — Q'QF + CQ*Q) + CaDskS, — CQ'KS — CLKS, + C:Q0K,
—D,Q%}, — C1CQ + QU + DU + C1CoDk], — GG,
—C1D,Q'K2, — CD Q0K

<

(22)

Eq. (19) is a cubic equation, which can be solved using Cordano
formulas. By substituting the solutions into Eq. (20), the values of Ky,
and Ky, can be obtained, where Ky, and K, each have 6 roots.

By substituting Kyp(j) and Kyqq) (where j = 1~6) into Eq. (18), the

T
corresponding eigenvectors v\ (])) {vl()’i)o.), VS;)U),VI(;;)U)} and v(qy(]).) =
) o L ;
{vql(i)’qu(j)’qu(j)} can be obtained.

Using the ratio form of the components of the eigenvectors, Eq. (14)

becomes:
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1
X) 0
( pim 1 im y-iR IZ’U) ) j:ZS'K y-iR? Lolw |
w¥ (x,y) = e B & Vi) 3y 4N T @i Ty ) v elkwx
/Toa pL() (x) p2(j)
© Ipa 4 0 6 /53())
Vp3() @
(x) P2(j)
Yp1(j)
1
0
©
v 2) ) )
a ) NON ) )
wY (x,y) = Z Ze ya) X~ Ryq()@ Vqu) V;yl)u) + Ee alj) X~ iRyq()@ » ng)(y ety
(0) a3(j)
Yas) w0
(D) 42()
Var)
23)
which can be simplified as:
W(x,y) = XZ¥ (x,y), W (x.y) = X2 (x,y) o2
where
1 0 0 0O
X=|01010 (25)
001 01

S S0)
X N x vl ikypx > v 1 i
i = 35 o] T Lo 2oty - 35 {76 e
v

p=— pz q=- q2

(26)

The function definitions in Eq. (26) can be found in Appendix A.

Applying Euler’s formula to Eq. (26) and combining the symmetry in
the positive and negative directions, an infinite trigonometric series
form is obtained. Subsequently, utilizing the orthogonality of Fourier
series, the displacements and rotations are decomposed into a series of
sine and cosine functions. Since the boundary conditions require the
rotations and displacements at the plate boundaries to be zero, imposing
constraints on certain coefficients in the series and eliminating terms
that do not satisfy the boundary conditions. Following this, the coeffi-
cient matrix of the Fourier series is introduced, and by setting the dis-
tribution of odd and even coefficients, it is ensured that each term of the
results satisfies the dynamic equations as well as boundary conditions.
For the convenience of further numerical processing, the orthogonal
trigonometric series form is converted into an exponential Fourier series
form using Euler’s formula. The cosine and sine functions are expressed
in terms of complex exponentials, thereby uniformly representing the
orthogonal trigonometric functions as:

eikxpx + e—ik,q,x
2
eikyq}' + e*ikyq)'

elkpx _ e—ik,q,x
2i

eikyq)' — e*ikyq}'
2i

cos(kypX) = ,sin(kypX) =

27)

cos(kyqy) = ,sin(kyy) =

The solutions for the rectangular plate, Z(X)(x, y)and ZU)(x, y) can be
rewritten in the form of an infinite Fourier series as:

Z z (y ko 70 (x,y) = Z z Vel (28)
p=—c0 q=—c0
where
<) <)
(e . \Aa Vo
() =z >(y>{ e },z?(x) = z,g”(x){‘gy)} (29)
Vp2 Va2
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¥ ifp=0,24,.. —vy ifp=0,2,4,...

v(x _ pl .V(X) — p2
(-p1 V% ifp=1,35,.. n2 vy ifp=1,35,..
— ) . Eva i
G0 _ v lfq:0,2,4v"'_w> _ v ifg=0,2,4,..
a1 % ifg=1,35,. " vy ifg=1,3,5,...
(30)

In light of the infinite nature of the Fourier series, it is imperative
that truncation is employed during practical computations. To achieve
this, discrete sampling points Ny and Ny are defined, and the truncated
infinite exponential Fourier series is given as follows:

p=

Ny
2 q

[
ol Z

1
Ny

1
N,

Z% (x,y) = 77 (y)ee*, 29 (x,y) = Z) (x)eln (31)

\g
M

5
s

—1

NL

where ZI(,*) (y) and zg” (x) denote the spatial domain frequency compo-
nents:

z’v)

Ny and Ny mean the amount of sampling points along the x and y
coordinates, respectively:

—NZ )27 (x) = N,Z.) (x) (32)

Ny = 4a/Ax, N, = 4b/Ay (33)

By substituting Eq. (31) into Eq. (24), hereinafter substituting the
results into Eq. (13), the general solution is obtained as:

Ny

2
ZY (x)eow 34)

F1

W( :Z 1k,px

2.3. Boundary conditions

To apply SEM, the boundary conditions have to be transformed into
vector form. In the x-direction, the boundary conditions have the
following expressions:

a5 00) = {wh ), w o), o, () 0% ()}
= {¢hx), )}
£ = {@ 00, Q0. My (0. MY W)} (—asx<a)
500 = (M2, (0. MY, (0}

In the y-direction, the boundary conditions have the following
expressions:

(35)

d%) = W), W), ¢hO), ¢}
a0 = {0, #0} 6
={QL(y), QX U).ML(y), M)} (-b<y<b)

(0) = {My0), M0}
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2.4. Spectral element formulation

In real engineering applications, the boundary functions sometimes
do not have periodic features within the initial spatial domain
(x € [-a,a] and y € [— b,b)). To avoid the leakage error, the boundary
functions are transformed to be periodic and expressed within the
extended spatial domain (x € [-2a,2a] and y € [— 2b, 2b]). Using
Discrete Fourier Transform (DFT), the boundary functions can be con-
verted into the following spectral form:

(a)

d(ﬂ)(a) n=-Ny/2 a .
! - Ni m L gikne (o1 < o < 20)
@ ) N in ey
37
d(a)((l) n=-N,/2 d(“) _
2 _ Ni 2 A gikna (9] < ¢ < 21)
f(a)(a) T Ng ! ffz)
where the spectral components are specified as:
ag = {wi w0}
) M +)
£ {Q,,,,,Q My M =9
n2 = {4)m; 'r(/)n?; }
T
£ — (M) )}
where
(=)=B,(+)=Up=yl=an=rifa=x (39)
(-)=L,(+)=Rp=xl=bn=sifa=y

Using the method in Ref. [42], the Fourier series in exponential form
is first rewritten as a trigonometric series. Then, by employing an
orthogonal projection method, the spectral components satisfying the
geometric and natural boundary conditions are separately extracted, so
that the boundary functions and the general solution of the plate are
matched under the same sine-cosine basis. In this way, the trigonometric
series coefficients corresponding to each degree of freedom can be
explicitly determined and associated with the corresponding external
forces and deformations. In this process, the odd and even harmonics
correspond to different constraint characteristics at the boundaries,
ensuring that the boundary conditions are strictly satisfied numerically.
Finally, by aligning the general solution with the spectral components of
the boundary conditions through orthogonal integration, one obtains:

!
d“(a
L { o ( >}coskanada if n:0‘2,4,...,%

1
d9(a
{ o1 (@) sinknada if n:1.3,5,...,<%—1>
-1

1
d(uJ a
1 { @O\ okoada i n=2.46. N
)
-1

1
d9(a
1 { 2 (@) coskgada  if n:L&&...,(%—l)
)
o

(40)
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By substituting Eqs. (13) and (34) into Eq. (40), the following
equations can be obtained:

w [ Puia N
dnl = o <n:071¢2~,---7l>

a) 2
hyi (41)
~(a) « N,
d,, =3, (n: 1,2,3,...,3”)
h = oTllEnl s '+ Z ‘I)r(fmv
N/;
2

(@ _ & () 41/1 )@ () (@) (@)
hnl(Z) - Onl{E r nl +E rnz an}

(42)
h = 0, (BT VY + BT 95}
+ZMJ“W+ZM&W
N,,/z Nﬁ/z
where
p=y,n=r m=qif a=x (43)

p=x, n=s, m:pifa:y:

The definition of the above functions can be found in Appendix B.
Eq. (41) can be simplified to

d=H(w)v (44)

where H is a 3(Nyx+Ny)+8 x 3(Ny+
(Nx+Ny)+8 x 1 vectors, defined as:

N,)+8 matrix, and d and Vv are 3

~(x

d; Vgx)
()
<~ Jd vy
d=3 5 V=) o (45)
d, vy
~) vy
d, 2
where
dgy dgy dyy
(
dyy dy dz)
) (
dg; d3; ds;)
0 _ 0 _ 5 w0 _ )
di = dw A= av » by = aw » 4
Ny N, Ny
(—4)1 <7y71)1 (771>2
a% av d(x)
Nx N, Ny
() (2) ():
dy)
)
d3)
)
dz)
= d(v)
N,
<7y71>2
d()’)
N,
()

(46)
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w vgys o
v W %
%) v v
Va Vo V3
v — oY = : = : 7Y

v N,
Ny

=)
(%)
(47)

Substituting Eqgs. (13) and (34) into Egs. (3), (4), and (5), and
substituting the results into Eq. (2) and further into Eq. (40), the
following functions are obtained:

~) 8(’?(1) N
X n. x
n = - s<"*071727~--77)

8n1(2) (48)

N,
n); *gnz (n = 172737'“75)()

8n(2) (49)

) N

£, =g%, (n = 1,2,3.‘..,§y>
where

¢ By
85?(1) = - CSSOnII{Enl [)(nl o ] v - Efl’;)an(")vfl’;)}
gtz = —OmIEL) [DnTH " + D] v
—0mIE) {Dur“’y X85 + D1l e } v
&*1 hy() gy) hx(y v
i PX|

*IZ,,?:O mnl [Dnr a” €m + D2y Xml] ml (50)

Iy @, (DT e + DTl |98,
gnz - D66 OnZIEnl [rf{ gnl + r(ﬁx X)an :|7Oi

+D666n21E1(1;) [I‘g( §n2 + F an] 2)
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=~ - < ¢x(¥) ()
8 = — OB [DuTt¥28) + Dur )|t
—OmIEY (DTl x) + DT 6|02
51 *x) #x(x) £(x) dy(x),,(x) | 5(0)
_12"2[:0 D [Dzzrml Emi T D Fm)i Xm1:| Vi1 (€1Y)
&’1() px(x) g(x) ¢y (x),, (%) | (%)
X X(X, X, X X) | =X,
_12,3:1 (I)mn2 [D22Fm2 5m2 + D21rm}; /’(m2:| Vin2
) — DasdalES) [TV + 14| 2)
+Dedna IR [T &) + T x| w2
The definition of the functions in Egs. (50) and (51) can be found in

Appendix B.
Egs. (48) and (49) can be simplified as

f=G(o)W (52)

where G denotes a 3(Nx+Ny)+8 x 3(Ny+N,)+8 matrix, f denoted a 3
(Nx+N,)+8 x 1 vector, which is defined as:

%)

f,
=)
~ fz
f= - (53)
f;
iizy)
where
oy o £y
£y £y £
x) x
£y £ £
(x) _ . ) _ . () _ : ()
i = £ = £ B = £ B
<I\£’<_1>1 %—1)1 (%—1)2
f(x) fU') f(X)
ol ) 1%
£,
£,
£
- 9
N,
<Ey—l)2
£9)
()
54

By simultaneously solving Eqs. (44) and (52) and eliminating v, the
relation between force and displacement can be obtained as:

Swyd=f (55)

where S(w) is the spectral element matrix, defined as:

S(w) =GH! (56)
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Table 1

The first ten natural frequencies obtained using SEM, from the results in
Ref. [42] and FEM (E = 69 GPa, 2a =2b=1m, h= 0.1 m, p = 2700 kg/ms, v=
0.3, kK = 5/6).

Modes SEM (Hz) FEM (Hz) SEM (Hz) SEM (Hz)
N,=N,=27[42] 200 x 200 Elements ~ Ny=N,=2°  N,=N,=2"

1 309.7 309.69 309.48 309.68

2 461.2 461.45 461.20 461.17

3 567.9 568.03 567.25 567.86

4 777.2 777.25 777.24 777.21

5 1348 1348.55 1348.07 1348.06
6 1356 1357.13 1356.21 1356.13
7 1476 1476.46 1477.06 1476.42
8 1648 1648.34 1647.93 1648.26
9 2135 2135.85 2134.36 2134.82
10 2395 2396.94 2395.67 2395.36

2.5. Free vibration analysis

After obtaining the spectral element matrix S(w) of the orthotropic
Mindlin plate, the condition det(S(w))=0 can be set to determine the
plate’s natural frequencies w;, where i is the mode number. Subse-

quently, substituting w; into S(w)a:O to calculate d, and then
obtaining the spectral components v of the general solution through Eq.
(44). At this point, V represents the spectral components for p =0 ~
Ny/2 and ¢ = 0 ~N,/2, and the complete spectral components V
(p=-Ny/2~(Ny/2)—1and ¢ = — Ny/2 ~ (N, /2) — 1) can be ob-
tained using Eq. (30). By substituting the complete spectral compo-
nentsvinto Eq. (34), the i" mode shape shall be determined. The spectral
element matrix S(w) of each unit can be assembled into the global
spectral element matrix Sg(w) in the identical manner to the assembly of
the global stiffness matrix in FEM.

3. Numerical examples

This section explores the feasibility of the spectral element model for
orthotropic Mindlin plates using numerical methods. First, the spectral
element model is employed to calculate the first ten natural frequencies
of isotropic Mindlin plates and compare them with the results [42] to
affirm the model’s convergence and accuracy. The first six mode shapes
are plotted. The results of this study are also compared with the DSM and
FEM calculations for orthotropic Mindlin plates presented in Ref. [35] to
confirm the applicability of the spectral element model in solving
orthotropic plates. Finally, the natural frequencies of orthotropic
Mindlin plates under CFCF (Clamped-Free-Clamped-Free), FFFF (Free--
Free-Free-Free), SSSS (all edges are simply supported) and CSFS
(Clamped-Supported-Free-Supported)  boundary conditions are
computed, and the first six mode shapes are illustrated for the FFFF and
CSFS boundary conditions as example.

In Table 1, a comparison is presented of the first ten natural fre-
quencies of isotropic square plates under FFFF boundary conditions.
These frequencies were calculated using the spectral element model that
was proposed, from the results in Ref. [42], and FEM. In this study, the
spectral element model was tested with sampling numbers of 2° and 27
to evaluate its accuracy and convergence. As shown in the table, when
the sampling number is set to 25, the results obtained through calcula-
tion agree well with those in Ref. [42]. When the sampling number is
increased to 27, the results perfectly match those in Ref. [42]. Fig. 2
displays the mode shapes to the first six natural frequencies obtained
using the spectral element model.

After verifying the applicability of the spectral element model in
isotropic plate problems, the first ten natural frequencies of a square
orthotropic glass/epoxy Mindlin plate (with material properties Ey, =
60.7 GPa, Eyy = 24.8 GPa, a/b =1, h/a= 0.1, vy, = 0.23, k = 0.8601, Gy,
= Gx; = Gy, = 12 GPa) were further computed. Table 2 compares the first

ten Non-dimensional natural frequencies ( n= ay/ wzph/Du) obtained
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Fig. 2. The first six natural frequencies and their corresponding mode shapes for an isotropic square plate under FFFF boundary conditions.

using SEM, the DSM [35], and FEM. The results show that the SEM re-
sults are within a 0.6 % error compared to both DSM and FEM,

demonstrating the feasibility of the spectral element model in analyzing
orthotropic Mindlin plates.

After verifying that the spectral element model can be effectively
applied to the solution of orthotropic plates, the natural frequencies of a
graphite/epoxy orthotropic Mindlin plate (with material properties Ey,
=185GPa, Ej, = 10.5GPa,a=b=1m, h/a= 0.1, v, = 0.28, k = 5/6,
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Table 2
The first ten non-dimensional natural frequencies (Hz) of a square glass/epoxy plate under FFFF boundary conditions.
Modes DSM FEM SEM
35 200 x 200 Element
(351 00 200 Elements Ny=N,=2° Errl( %) Err2( %) Ny=N,=2" Errl( %) Err2( %)
1 1.5643 1.5606 1.5601 0.27 0.03 1.5596 0.30 0.06
2 1.8716 1.8583 1.8636 0.43 0.29 1.8618 0.52 0.19
3 2.3503 2.3423 2.3468 0.15 0.19 2.3466 0.16 0.18
4 2.4490 2.4407 2.4411 0.32 0.02 2.4380 0.45 0.11
5 2.6963 2.6810 2.6874 0.33 0.24 2.6885 0.29 0.28
6 3.1036 3.0816 3.0885 0.49 0.22 3.0852 0.59 0.12
7 3.4095 3.3993 3.3964 0.38 0.09 3.3935 0.47 0.17
8 3.4451 3.4307 3.4329 0.35 0.06 3.4254 0.57 0.15
9 3.8464 3.8171 3.8294 0.44 0.32 3.8292 0.45 0.32
10 4.0427 4.0252 4.0266 0.40 0.03 4.0266 0.40 0.03

Note: Errl and Err2 represent the relative errors of the SEM calculations with respect to the DSM and FEM calculations, respectively.

Table 3
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under
CFCF boundary conditions.

Table 5
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under
SSSS boundary conditions.

Modes FEM SEM(Hz) Modes FEM SEM
200 x 200 Elements Nx:Ny:25 Ere( %) Nx:Ny:27 Err( %) 200 x 200 Elements Nx:Ny:ZS Ere( %) Nx:Ny:27 Err( %)

1 65.44 65.35 0.14 65.35 0.14 1 256.60 255.62 0.38 256.23 0.14
2 86.78 86.59 0.22 86.59 0.22 2 317.79 316.29 0.47 315.85 0.61
3 177.95 177.89 0.03 177.89 0.03 3 445.17 446.41 0.28 445.41 0.05
4 208.41 208.26 0.07 208.13 0.13 4 599.46 596.97 0.42 598.03 0.24
5 294.55 294.28 0.09 294.21 0.12 5 634.55 631.64 0.46 632.60 0.31
6 342.72 342.85 0.04 342.68 0.01 6 727.62 724.14 0.48 725.46 0.30
7 375.92 375.61 0.08 375.37 0.15 7 872.57 873.21 0.07 872.11 0.05
8 382.65 381.97 0.18 381.83 0.21 8 1028.20 1025.97 0.22 1025.91 0.22
9 528.02 527.17 0.16 527.12 0.17 9 1059.74 1062.77 0.29 1055.80 0.37
10 554.35 553.58 0.14 553.47 0.16 10 1074.56 1077.43 0.27 1072.94 0.15

Note: Err represents the relative errors of the SEM calculations with FEM
calculations.

Table 4
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under
FFFF boundary conditions.

Note: Err represents the relative errors of the SEM calculations with FEM
calculations.

Table 6
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under
CSFS boundary conditions.

Modes FEM SEM Modes FEM SEM
200 x 200 Elements Ne=N,=2°  Err(%) Ny=N,=2"  Err(%) 200 x 200 Elements Ne=N,=2°  Err(%) Ne=N,=2"  Err( %)

1 54.81 54.76 0.09 54.75 0.11 1 85.24 85.08 0.19 85.18 0.07
2 65.32 64.79 0.81 64.46 1.31 2 193.48 193.94 0.24 193.26 0.11
3 127.60 127.08 0.41 127.13 0.37 3 270.57 269.87 0.26 270.14 0.16
4 178.09 176.26 1.03 176.81 0.72 4 347.48 347.62 0.04 347.06 0.12
5 238.97 242.45 1.46 240.48 0.63 5 356.31 356.4 0.03 355.82 0.14
6 265.04 265.44 0.15 265.44 0.15 6 484.58 484.28 0.06 483.88 0.14
7 284.94 281.87 1.08 281.85 1.08 7 566.82 567.49 0.12 565.25 0.28
8 345.08 345.59 0.15 344.17 0.26 8 638.39 638.71 0.05 637.32 0.17
9 389.20 389.45 0.06 389.59 0.10 9 675.96 675.42 0.08 675.72 0.04
10 446.74 446.42 0.07 446.57 0.04 10 689.71 690.26 0.08 688.91 0.12

Note: Err represents the relative errors of the SEM calculations with FEM
calculations.

Gyy = Gxz = Gy, = 7.3 GPa, p = 1600 kg/m>) were further computed.
Tables 3, 4, 5 and 6 present the calculation results under CFCF, FFFF,
SSSS and CFSF boundary conditions, respectively. In all tables, the
second column contains the results obtained by FEM with a discretiza-
tion of 200 x 200 elements, while the third and fifth columns, respec-
tively, present the results of SEM with 2° and 27 sampling points. The
results show that the calculation errors of natural frequencies between
SEM and FEM are within 1.5 %. Fig.3 and Fig.4 present the mode shapes
of the first six natural frequencies obtained using SEM for FFFF and CSFS
boundary conditions, respectively.

4. Conclusions

In referring to the spectral element modeling method proposed by

Note: Err represents the relative errors of the SEM calculations with FEM
calculations.

Kim and Lee, this study proposes a spectral element model for ortho-
tropic rectangular Mindlin plates with arbitrary boundary conditions,
and its specific application methods in free vibration analysis are
described. The accuracy and reliability of the proposed method for
orthotropic rectangular Mindlin plates is demonstrated through a com-
parison with existing solutions, including SEM for isotropic plates, DSM
for orthotropic plates, and the FEM for both types of plates. The spectral
element model in this study can also be applied to the solution of dy-
namic response and wave propagation analysis in further study, as
described in Ref. [42].
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Appendix A

The definition of the functions in Eq. (26) is as follows:
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where the superscript T represents the transpose of the vector or matrix, and diag]] represents the diagonal matrix. The parameters ¢, and (,, as
defined in Eq. (A.3), are the correction factors for the Fourier components. The parameters IA<xp (j) and I?yq (j) in Eq. (A.4) are scaling factors introduced
for numerical stability. They are defined as follows:
—Kygi  if Im(Kyg() >0
Koy =4 Ko if In(Kyy) <0
0 if Im(Kgp)) =0

(A.6)
—Kyqy  if Im(Kyqq)) > 0
Kyj) =% Kyy ifIm(Kyp) <0 (=1,2,3,...,6)
0 if Im(Kyq)) = 0
In the Eq. (A.6), Im(-) represents the imaginary part of the complex number.
Appendix B
The function definitions in Egs. (42), (50), and (51) are as follows:
(@)
e (—d d
Ej = "},,f M B = E : (B.1)
e, (d) (d)
(D(ﬁ) Y —1m7r/2¢m111 e—imzr/Zwi'/:')l2
mnl — ¥m 1mzz/2 ""12 - eimﬂ/szfr)lz (B 2)
_ ()] 7‘ T g ’
A</1>l = 0O 1m/z/ln/ml 2 Om " /Z'lfr/u)lz
mn T mn imr
eim /21 /5 eim /Zl(m/}r)zz
N,
1,1 if n=
{1,1} if n=0, 3
PO . N,
{On1,0m2} = {2,2i} ifn=246,. 5~ 2 (B.3)
{2i,2} ifn:l,S,S,....(%—l)

where

13



Y. Zhou et al.

Oon =

A N,
1 ifm= 0,71;
2 ifm=1,23,..., (%— )
¢n(€r)11 = {‘ﬂffr)l(l)v ‘Pifr)l(z)v ‘Pr(fr)l(z)v wgim}
Pz = { Ois) P }

)
l,(f,),l = {ﬂfy)[u)v liml(z) > 11(7’21(3) ’ j’r(fr)lﬂ) }

()

B _ 1, @)
A’mnz - {lmn(S)J’mn(G)}

. N,
(6m1() — Oma)) coskand ifn=0,2,4, ,3"
Pmn(j) = ‘7’%)10) x N,
(Om1g) + Omag))Sinkgd  ifn=1,3,5,..., (7 - 1)
N

»
W=7

@ (O‘mz(j) — O'ml(j))COSkand if n= 27 4, 6, .“’?a
) X N
ifn=1,3,5,.., (?”— 1)

mn(j

(6m2(j) + aml(,-))sink,md

wherej =1, 2, 3,...,6, and

a(ﬂ)

iKﬂm(i) () Kan

" (kﬁn - KZ/*MU)) Veed ™ (kg" - KQ/’"'@) Ventild

i(Kpmgy —Kpm(j) )d —i(K () +Kpm(j) )d
Omig) = e( (i)~ Km() ,Omag) = € (Ko Kmy)

=6 4]

x5 = diag[iKumn), iKan(2), iKan(s) Kn(a)]

4 ffé) = diag[iKun(s), iKans)]
£ = ik,,-diag[1, 1, 1, 1]
£ = iky-diagll, 1]

where

p=y,l=a,d=b,n=r, m=qif a =x;

p=

x,l=b,d=a, n=s, m=pifa=y’

Data availability

Data will be made available on request.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

M.E. Biancolini, C. Brutti, L. Reccia, Approximate solution for free vibrations of
thin orthotropic rectangular plates, J. Sound. Vib. 288 (1-2) (2005) 321-344.

S. Sellam, K. Draiche, Y. Tlidji, et al., A simple analytical model for free vibration
and buckling analysis of orthotropic rectangular plates, Struct. Eng. Mech. Int’l J.
75 (2) (2020) 157-174.

M. Nefovska-Danilovic, N. Kolarevic, M. Marjanovi¢, et al., Shear deformable
dynamic stiffness elements for a free vibration analysis of composite plate
assemblies—Part I: theory, Compos. Struct. 159 (2017) 728-744.

M. Chauhan, P. Mishra, S. Dwivedi, et al., Development of the dynamic stiffness
method for the out-of-plane natural vibration of an orthotropic plate, Appl. Sci. 12
(11) (2022) 5733.

0. Civalek, Free vibration analysis of symmetrically laminated composite plates
with first-order shear deformation theory (FSDT) by discrete singular convolution
method, Finite Elem. Anal. Des. 44 (12-13) (2008) 725-731.

X. Liu, J.R. Banerjee, Free vibration analysis for plates with arbitrary boundary
conditions using a novel spectral-dynamic stiffness method, Comput. Struct. 164
(2016) 108-126.

I. Park, U. Lee, A generic type of frequency-domain spectral element model for the
dynamics of a laminated composite plate, Compos. Struct. 172 (2017) 83-101.

14

[81
[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Thin-Walled Structures 216 (2025) 113679

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

T. Kim, U. Lee, Exact frequency-domain spectral element model for the transverse
vibration of a reangular Kirchhoff plate, J. Sound. Vib. 492 (2021) 115812.

F. Shirmohammadi, S. Bahrami, Dynamic response of circular and annular circular
plates using spectral element method, Appl. Math Model 53 (2018) 156-166.

I. Park, T. Kim, U. Lee, Frequency domain spectral element model for the vibration
analysis of a thin plate with arbitrary boundary conditions, Math. Probl. Eng. 2016
(1) (2016) 9475397.

V. Sarvestan, H.R. Mirdamadi, M. Ghayour, Vibration analysis of cracked
Timoshenko beam under moving load with constant velocity and acceleration by
spectral finite element method, Int. J. Mech. Sci. 122 (2017) 318-330.

Z.J. Wu, F.M. Li, Y.Z Wang, Study on vibration characteristics in periodic plate
structures using the spectral element method, Acta Mech. 224 (5) (2013)
1089-1101.

M. Boscolo, J.R. Banerjee, Dynamic stiffness formulation for composite Mindlin
plates for exact modal analysis of structures. Part I: theory, Comput. Struct. 96
(2012) 61-73.

N. Kolarevic, M. Nefovska-Danilovic, M. Petronijevic, Dynamic stiffness elements
for free vibration analysis of rectangular Mindlin plate assemblies, J. Sound. Vib.
359 (2015) 84-106.

J.R. Banerjee, S.0. Papkov, X. Liu, et al., Dynamic stiffness matrix of a rectangular
plate for the general case, J. Sound. Vib. 342 (2015) 177-199.

C. Zhang, G. Jin, T. Ye, et al., Harmonic response analysis of coupled plate
structures using the dynamic stiffness method, Thin-Walled Struct. 127 (2018)
402-415.

Y. Xing, G. Li, Y. Yuan, A review of the analytical solution methods for the
eigenvalue problems of rectangular plates, Int. J. Mech. Sci. 221- (2022) 221,
https://doi.org/10.1016/j.ijmecsci.2022.107171.


http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0001
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0001
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0002
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0002
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0002
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0003
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0003
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0003
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0004
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0004
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0004
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0005
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0005
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0005
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0006
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0006
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0006
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0007
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0007
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0008
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0008
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0009
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0009
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0010
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0010
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0010
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0011
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0011
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0011
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0012
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0012
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0012
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0013
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0013
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0013
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0014
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0014
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0014
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0015
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0015
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0016
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0016
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0016
https://doi.org/10.1016/j.ijmecsci.2022.107171

Y. Zhou et al.

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]
[29]

[30]

H. Guo, X. Zhuang, T. Rabczuk, A deep collocation method for the bending analysis
of Kirchhoff plate[J]. arXiv preprint arXiv:2102.02617 (2021).

E. Samaniego, C. Anitescu, S. Goswami, et al., An energy approach to the solution
of partial differential equations in computational mechanics via machine learning:
concepts, implementation and applications[J], Comput. Methods Appl. Mech. Eng.
362 (2020) 112790.

X. Zhuang, H. Guo, N. Alajlan, et al., Deep autoencoder based energy method for
the bending, vibration, and buckling analysis of Kirchhoff plates with transfer
learning[J], Eur. J. Mech.-A/Solids 87 (2021) 104225.

S. Kshirsagar, K. Bhaskar, Accurate and elegant free vibration and buckling studies
of orthotropic rectangular plates using untruncated infinite series, J. Sound. Vib.
314 (3-5) (2008) 837-850.

Y.F. Xing, B. Liu, New exact solutions for free vibrations of thin orthotropic
rectangular plates, Compos. Struct. 89 (4) (2009) 567-574.

X. Liu, J.R. Banerjee, An exact spectral-dynamic stiffness method for free flexural
vibration analysis of orthotropic composite plate assemblies—Part I: theory,
Compos. Struct. 132 (2015) 1274-1287.

X. Liu, J.R. Banerjee, An exact spectral-dynamic stiffness method for free flexural
vibration analysis of orthotropic composite plate assemblies—Part II: applications,
Compos. Struct. 132 (2015) 1288-1302.

O. Ghorbel, J.B. Casimir, L. Hammami, et al., Dynamic stiffness formulation for
free orthotropic plates, J. Sound. Vib. 346 (1) (2015).

Z. Wang, Y. Xing, An extended separation-of-variable method for free vibrations of
orthotropic rectangular thin plate assemblies[J], Thin-Walled Struct. 169 (2021)
108491.

S. Papkov, J. Banerjee, Dynamic stiffness formulation for isotropic and orthotropic
plates with point nodes, Comput. Struct. (2022), https://doi.org/10.1016/j.
compstruc.2022.106827.

E. Reissner, The effect of transverse shear deformation on the bending of elastic.
plates, 1945.

R.D. Mindlin, Influence of rotatory inertia and shear on flexural motions of
isotropic. elastic plates, 1951.

S. Kshirsagar, K. Bhaskar, Free vibration and stability analysis of orthotropic shear-
deformable plates using untruncated infinite series superposition method[J], Thin-
Walled Struct. 47 (4) (2009) 403-411.

15

[31]

[32]

[33]

[34]

[35]

[36]
[37]

[38]

[39]
[40]

[41]

[42]

[43]

Thin-Walled Structures 216 (2025) 113679

D. Shi, Z. Zhuang, T. Zhang, Free vibration analysis of orthotropic rectangular
Mindlin plates with general elastic boundary conditions[C], //, in: INTER-NOISE
and NOISE-CON Congress and Conference Proceedings. Institute of Noise Control
Engineering 249, 2014, pp. 1477-1485.

M.R. Bahrami, S. Hatami, Free and forced transverse vibration analysis of
moderately thick orthotropic plates using spectral finite element method[J],

J. Solid Mech. 8 (4) (2016) 895-915.

B. Liu, Y. Xing, Exact solutions for free vibrations of orthotropic rectangular
Mindlin plates, Compos. Struct. 93 (7) (2011) 1664-1672.

B. Liu, Y.F. Xing, J.N Reddy, Exact compact characteristic equations and new
results for free vibrations of orthotropic rectangular Mindlin plates, Compos.
Struct. 118 (2014) 316-321, https://doi.org/10.1016/j.compstruct.2014.07.051.
S.0. Papkov, J.R Banerjee, Dynamic stiffness formulation and free vibration
analysis of specially orthotropic Mindlin plates with arbitrary boundary conditions,
J. Sound. Vib. 458 (2019) 522-543.

U. Lee, Spectral Element Method in Structural Dynamics, John Wiley & Sons, 2009.
T. Kim, B. Lee, U. Lee, State-vector equation method for the frequency domain
spectral element modeling of non-uniform one-dimensional structures, Int. J.
Mech. Sci. 157 (2019) 75-86.

Z. Wu, F. Li, G. Zou, A finite/spectral element hybrid method for modeling and
band-gap characterization of metamaterial sandwich plates, Materials 16 (3)
(2023) 1098.

J.F. Doyle, J.F. Doyle, Wave Propagation In Structures[M], Springer, US, 1989.
N.B.F. Campos, J.R.F Arruda, Modeling Kirchhoff plates with arbitrary boundary
conditions by the spectral element method[C], //, in: XII International Symposium
on Dynamic Problems of Mechanics (XII DINAME), 2007.

1. Park, U. Lee, D. Park, Transverse vibration of the thin plates: frequency-domain
spectral element modeling and analysis[J], Math. Probl. Eng. 2015 (1) (2015)
541276.

T. Kim, U. Lee, Temporal and spatial-domain DFT-based spectral element model for
the dynamic analysis of a rectangular Mindlin plate, J. Sound. Vib. 509 (2021)
116220.

Y. Zhou, F. Yao, C. Bai, et al., Bandgap characteristics of periodic mindlin plates
under arbitrary boundary conditions via the spectral element method[J], Thin-
Walled Struct. 205 (2024) 112370.


http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0019
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0019
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0019
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0019
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0020
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0020
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0020
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0021
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0021
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0021
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0022
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0022
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0023
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0023
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0023
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0024
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0024
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0024
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0025
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0025
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0026
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0026
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0026
https://doi.org/10.1016/j.compstruc.2022.106827
https://doi.org/10.1016/j.compstruc.2022.106827
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0028
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0028
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0029
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0029
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0030
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0030
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0030
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0031
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0031
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0031
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0031
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0032
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0032
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0032
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0033
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0033
https://doi.org/10.1016/j.compstruct.2014.07.051
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0035
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0035
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0035
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0036
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0037
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0037
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0037
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0038
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0038
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0038
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0039
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0040
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0040
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0040
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0041
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0041
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0041
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0042
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0042
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0042
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0043
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0043
http://refhub.elsevier.com/S0263-8231(25)00770-0/sbref0043

	Free vibration of orthotropic rectangular mindlin plates via spectral element model under arbitrary boundary conditions
	1 Introduction
	2 Spectral element model
	2.1 Vibration equation
	2.2 General solution in spectral form
	2.3 Boundary conditions
	2.4 Spectral element formulation
	2.5 Free vibration analysis

	3 Numerical examples
	4 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	Appendix A
	Appendix B
	Data availability
	References


