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A B S T R A C T

This study proposes a novel spectral element model and introduces free vibration study of orthotropic rectan
gular Mindlin plates under arbitrary boundary conditions. Firstly, the general solution and boundary functions of 
the orthotropic rectangular Mindlin plate element are introduced in frequency domain with spectral form. 
Secondly, via the orthogonality of trigonometric functions, the spectral coefficients of the general solution are 
related to those of the boundary functions. Next, the spectral element matrix in terms of each plate element is 
derived from the force-displacement relation. Finally, the application of the spectral element model in free- 
vibration analysis is described in detail. Comparative study is further employed to affirm the reliability as 
well as the precision of the proposed spectral element model for rectangular Mindlin plates, including the 
spectral element method for isotropic plates, the Dynamic Stiffness Method (DSM) for orthotropic plates, and the 
Finite Element Method (FEM) for both plates.

1. Introduction

Orthotropic materials hold a significant position in modern engi
neering fields and are extensively employed in critical industries such as 
automotive manufacturing, naval engineering, and civil construction [1,
2]. These materials exhibit different mechanical properties in three 
mutually perpendicular directions, making them an ideal choice for 
optimizing structural design and enhancing overall performance. 
Compared to isotropic materials, orthotropic materials better meet the 
mechanical demands of complex structures in various directions, 
thereby significantly improving the reliability and service life of engi
neering components. As fundamental structural elements, orthotropic 
plates are extensively used in aerospace, automotive, and shipbuilding 
sectors. Advanced composite laminated plates, due to their excellent 
mechanical properties, such as higher in-plane Young’s modulus and 
transverse shear modulus, demonstrate superior performance compared 
to single-layer and isotropic laminated plates. Certain composites have 
superior strength-to-weight and stiffness-to-weight ratios, which renders 
them highly advantageous in engineering applications [3–6].

The free vibration of plates has consistently been a research hotspot, 

with current main methods including Finite Element Method (FEM), 
Dynamic Stiffness Method (DSM), and Spectral Element Method (SEM) 
[7,8]. FEM is widely used in structural analysis, primarily due to its 
applicability to structures with complex geometries. FEM uses 
frequency-independent polynomials as interpolation functions, 
requiring mesh refinement to improve computational accuracy. This is 
especially true in high-frequency ranges, where it results in an 
augmentation of the amount of degrees of freedom, thereby significantly 
raising computational costs [9–12]. DSM employs frequency-dependent 
shape functions as interpolation functions. Its core lies in utilizing free 
wave solutions and representing the structural vibration modes through 
infinite trigonometric series, which allows for accurately satisfying the 
plate’s governing differential equations and providing high-precision 
solutions suitable for high-frequency vibration analysis [13–17]. How
ever, DSM typically represents boundary conditions through infinite 
trigonometric series, making it impossible to directly apply the Fast 
Fourier Transform (FFT) algorithm for spectral analysis and vibration 
response simulation. This necessitates additional post-processing steps, 
increasing computational complexity [8]. Recently, deep learning 
methods have gradually demonstrated their potential in the free 
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vibration analysis of plates [18–20]. Their core idea is to convert the 
partial differential equations that need to be solved and the boundary 
conditions into a loss function, and then approximate the displacement 
field of the plate or other physical quantities by training a deep neural 
network. Compared with traditional methods, the characteristic lies in 
being grid-free, without the need to construct an explicit element mesh 
or write a dedicated interpolation function form, and automatic differ
entiation can be used to compute high-order derivatives at scattered 
points, thereby satisfying the continuity requirements of high-order 
governing equations. However, deep learning methods require sub
stantial computational resources for training and are prone to falling 
into local optima.

For orthotropic rectangular thin plates, Kshirsagar et al. [21] 
assessed the free vibration properties for orthotropic rectangular plates 
when subjected to random combinations of traditional boundary con
ditions, including clamped, simply supported, and so on. This study 
employed the superposition method as a theoretical framework. Xing 
et al. [22] proposed a novel separation of variables method, successfully 
deriving the accurate free vibration results for orthotropic thin plates 
with combinations of simply supported and clamped boundary condi
tions. Liu et al. [23,24] developed the spectral DSM (S-DSM), a pio
neering method to the precise free vibration study of general orthotropic 
composite plates. This method ingeniously integrates the strengths of 
the classical DSM with those of spectral methods, emulating the synergy 
seen in FEM and boundary element method. Ghorbel et al. [25] utilized 
the DSM to study the free vibration of orthotropic Kirchhoff plates. 
Certain method is grounded in the strong form of the Kirchhoff plate 
equations and series solution methods, leveraging the symmetry of plate 
free boundary conditions and Gorman-type decomposition techniques to 
derive the dynamic stiffness matrix. This facilitates efficient matrix as
sembly. For complex plate systems assembled from multiple orthotropic 
rectangular thin plates, Wang et al. [26] extended the applicability of 
the separation of variables method and proposed an extended separation 
of variables approach. Using the Rayleigh principle and an improved 
multi-boundary compatibility technique, they first assumed that the 
eigenfunctions in the respective coordinate directions of each subplate 
are separable. Then, displacement continuity and internal force equi
librium conditions are imposed at the junctions, and finally, a 
closed-form eigenvalue solution is obtained under the governing equa
tions of the orthotropic materials. Papkov et al. [27] developed DSM 
applicable to both isotropic and orthotropic rectangular plates, capable 
of integrating the dynamic stiffness characteristics of plates with those of 
other components such as rods and beams. For the first time, this method 
was combined with FEM. The method involves the introduction of 
Fourier coefficients, which enable the representation of 
force-displacement relationships at each plate node, thus deriving the 
dynamic stiffness matrices for isotropic, and orthotropic plates as well.

The fundamental theory of thick plates is initially proposed by 
Reissner [28], primarily for solving static problems, then is subsequently 
expanded to the dynamic field by Mindlin [29]. In comparison with the 
Kirchhoff plate theory, the Mindlin plate theory takes certain effects of 
shear deformation and rotary inertia into account. Kshirsagar et al. [30] 
proposed a non-truncated infinite series superposition method. Based on 
the traditional superposition method, they introduced double or multi
ple Fourier series expansions in the displacement field and used 

mathematical software for precise series summation processing. This 
method achieved high-precision theoretical analysis for various 
boundary conditions, (including buckling and vibration of anisotropic 
plates), avoiding the extensive and complex derivations of closed-form 
Levy or Navier solutions when material orthotropy and thickness 
shear effects are introduced. Shi et al. [31] adopted an energy varia
tional method based on an improved Fourier series expansion and the 
Rayleigh–Ritz method. They represented the plate’s deflection and 
rotational components using a novel trigonometric series, simulated 
arbitrary boundary conditions with elastic boundary springs, and then 
constructed an energy functional by treating all Fourier coefficients as 
generalized coordinates. Finally, the problem was transformed into a 
standard matrix eigenvalue problem to solve for natural frequencies and 
mode shapes. Bahrami et al. [32], based on Levy-type boundary as
sumptions, used a frequency domain spectral element method for the 
free and forced vibration analysis of moderately thick orthotropic rect
angular plates. In their study, a Fourier series expansion was employed 
in one direction of the plate, reducing the two-dimensional problem to 
one dimension, which enabled the construction of a spectral stiffness 
matrix. Liu and Xing [33,34] derived precise closed-form solutions for 
the free vibration of orthotropic rectangular Mindlin plates by 
employing the variables separation method. Based on Mindlin plate 
theory, Papkov and Banerjee [35] proposed dynamic stiffness formulas 
for analyzing thick orthotropic rectangular plates. By using modified 
trigonometric bases, the solution of the plate free vibration was con
structed. This system established a connection between certain Fourier 
coefficients at the four edges of such plate and the boundary conditions 
for the motion. By linking the displacement vector with the force vector, 
they further derived the force-displacement relations.

SEM is a numerical analysis method that integrates FEM, DSM, and 
spectral method [36–38]. Early research on spectral element modeling 
of plate elements mainly focused on Levy-type plates. Doyle [39] was 
the first to derive the spectral element for Levy-type plates, laying the 
foundation for the subsequent development of spectral plate elements. 
Later, Campos and Arruda [40] proposed a SEM for plate elements 
applicable to arbitrary boundary conditions. However, in this method 
the boundary functions are expressed in the spatial domain using trig
onometric series, which makes it impossible to directly compute the 
spectral coefficients with the FFT algorithm, thereby limiting the effi
ciency of the method. In the book Spectral Element Method in Structural 
Dynamics, Lee [36] also derived the spectral element model for 
Levy-type plates in detail. In 2016, Park et al. [10,41] combined the 
boundary splitting method with the spectral super element method to 
construct a spectral element matrix for rectangular finite plates under 
arbitrary boundary conditions. Nevertheless, the approximate general 
solution obtained by the finite strip element method does not completely 
satisfy the homogeneous governing differential equations, so the accu
racy and convergence of this model are inferior to those of the dynamic 
stiffness model obtained directly from the homogeneous equations. 
Recently, Kim and Lee [8,42] achieved accurate spectral element 
modeling for rectangular Kirchhoff and Mindlin plates under arbitrary 
boundary conditions. They derived the general solution for rectangular 
plate elements and the spectral representation of the boundary functions 
in the frequency domain, used the projection method to correlate the 
spectral coefficients, and constructed the spectral element matrix based 
on the force–displacement relationship. Zhou et al. [43] utilized this 
model to investigate the vibration of bandgap features of periodic plates, 
further verifying the high accuracy of this method.

With the spectral element modeling method introduced by Kim and 
Lee, this study constructs a spectral element model suitable for ortho
tropic rectangular Mindlin plates under arbitrary boundary conditions. 
It derives the general solution of orthotropic rectangular plate elements 
and the spectral representations of boundary functions in the frequency 
domain, employs the projection method to associate spectral co
efficients, and constructs the spectral element matrix via the force- 
displacement relation. The derived spectral element model is applied Fig. 1. A rectangular plate.
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to the solutions of isotropic and orthotropic plates, and a comparison 
with previous studies is made to verify the feasibility of this study.

2. Spectral element model

2.1. Vibration equation

Fig. 1 illustrates a thick rectangular plate with a length of 2a, a width 
of 2b, and a thickness of h. With the principles of Mindlin plate theory, 
the displacement field of the plate is postulated as follows [33]: 

w = w(x, y, z, t)
u = − zϕx(x, y, z, t)
v = − zϕy(x, y, z, t)

(1) 

where w represents the transverse displacement at the mid-plane of the 
plate; ϕx and ϕy denote the rotations about the x-axis and y-axis, 
respectively; and z means the coordinate in the thickness direction, 
ranging from -h/2 ≤ z ≤ h/2.

The following is a summary of the geometric and normal boundary 
conditions to the orthotropic rectangular Mindlin plate, and which are 
located at the plate’s four edges: 

w(x, − b) = wB
o (x) or − Qy(x, − b) = QB

oy(x)

ϕx(x, − b) = ϕB
ox(x) or Mxy(x, − b) = MB

oxy(x)

ϕy(x, − b) = ϕB
oy(x) or My(x, − b) = MB

oy(x)
w(x, b) = wU

o (x) or Qy(x, b) = QU
oy(x)

ϕx(x, b) = ϕU
ox(x) or − Mxy(x, b) = MU

oxy(x)

ϕy(x, b) = ϕU
oy(x) or − My(x, b) = MU

oy(x)
w(− a, y) = wL

o(y) or − Qx(− a, y) = QL
ox(y)

ϕx(− a, y) = ϕL
ox(y) or Mx(− a, y) = ML

ox(y)
ϕy(− a, y) = ϕL

oy(y) or Mxy(− a, y) = ML
oxy(y)

w(a, y) = wR
o (y) or Qx(a, y) = QR

ox(y)
ϕx(a, y) = ϕR

ox(y) or − Mx(a, y) = MR
ox(y)

ϕy(a, y) = ϕR
oy(y) or − Mxy(a, y) = MR

oxy(y)

(2) 

whereQx and Qy mean the transverse shear forces, respectively, i.e.: 

Qy = C44

(
∂w
∂y

− ϕy

)

, Qx = C55

(
∂w
∂x

− ϕx

)

, (3) 

Mx and My represent the resultant bending moments and are defined 
as: 

Mx = −

(

D11
∂ϕx

∂x
+D12

∂ϕy

∂y

)

, My = −

(

D22
∂ϕy

∂y
+D21

∂ϕx

∂x

)

(4) 

and Mxy = Myx denote the resultant twisting moments, are expressed as: 

Mxy = − D66

(
∂ϕx

∂y
+

∂ϕy

∂x

)

(5) 

In Eqs. (3), (4), and (5), the bending stiffness and shear stiffness 
constants are: 

D11 =
Exyh3

12
(
1 − vxyvyx

),D12 =
vyxExyh3

12
(
1 − vxvy

)ʹ

D22 =
Eyxh3

12
(
1 − vxyvyx

),D21 =
vxyEyxh3

12
(
1 − vxyvyx

)́

D66 =
Gxyh3

12
,C44 = κGyzh,C55 = κGxzh

(6) 

where κ denotes the shear correction factor, νyxExy = νxyEyx, D12 = D21.
Based on dynamic equilibrium and considering the transverse force 

and the equilibrium moment, the vibration equation is established. The 
transverse equilibrium equation is: 

∂Qx

∂x
+

∂Qy

∂y
− ρh

∂2w
∂t2 = 0, (7) 

The rotational equilibrium about the x-axis follows as: 

−
∂Mx

∂x
−

∂Mxy

∂y
+ Qx −

ρh3

12
∂2ϕx

∂t2 = 0, (8) 

The rotational equilibrium about the y-axis is given by: 

−
∂Mxy

∂x
−

∂My

∂y
+ Qy −

ρh3

12
∂2ϕy

∂t2 = 0, (9) 

where in Eqs. (7), (8) and (9), ρ is the density.
By substituting Eqs. (3), (4), and (5) into Eqs. (7), (8), and (9), the 

secondary governing equations for the orthotropic rectangular Mindlin 
plate are as follows: 

C1

(
∂2w
∂x2 −

∂ϕx

∂x

)

+ C2

(
∂2w
∂y2 −

∂ϕy

∂y

)

+ Ω4w = 0

D1
∂2ϕx

∂x2 +
∂2ϕx

∂y2 + D3
∂2ϕy

∂x∂y
+ C1

(
∂w
∂x

− ϕx

)

+ Ω4
hϕx = 0

D2
∂2ϕy

∂y2 +
∂2ϕy

∂x2 + D3
∂2ϕx

∂x∂y
+ C2

(
∂w
∂y

− ϕy

)

+ Ω4
hϕy = 0

(10) 

where 

D1 = D11/D66,D2 = D22/D66,D3 = 1 + D12/D66

C1 = C55/D66, C2 = C44/D66

Ω4
h = ρh3ω2/12D66,Ω4 = ρhω2/D66.

(11) 

2.2. General solution in spectral form

The general solution of Eq. (10) is given in the following harmonic 
form: 

w(x, y) =

⎧
⎨

⎩

w(x, y)
ϕx(x, y)
ϕy(x, y)

⎫
⎬

⎭
=

⎧
⎨

⎩

v1
v2
v3

⎫
⎬

⎭
ei(kxx+kyy) = vei(kxx+kyy) (12) 

where i =
̅̅̅̅̅̅̅
− 1

√
is the imaginary unit, v = {v1, v2, v3}

T is a constant 
vector, and kx and ky are the wave numbers relative to the x and y co
ordinates. There are infinitely many values of kx and ky that comply with 
Eq. (10). The general solution can be written in the subsequent trigo
nometric series form [42]: 

w(x, y) = w(x)(x, y) + w(y)(x, y) (13) 

where 

w(x)(x, y) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

w(x)(x, y)

ϕ(x)
x (x, y)

ϕ(x)
y (x, y)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

=
∑p=− ∞

∞

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

v(x)p1

v(x)p2

v(x)p3

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

ei(kxpx+Kxpy) =
∑p=− ∞

∞
v(x)

p ei(kxpx+Kxpy)

w(y)(x, y) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

w(y)(x, y)

ϕ(y)
x (x, y)

ϕ(y)
y (x, y)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

=
∑q=− ∞

∞

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

v(y)q1

v(y)q2

v(y)q3

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

ei(Kyqx+kyqy) =
∑q=− ∞

∞
v(y)

q ei(Kyqx+kyqy)

(14) 

where kxp and kyq denote discrete wavenumbers defined by: 

kxp = pΔkx, (p = 0,±1,±2,±3,…)

kyq = qΔky, (q = 0,±1,±2,±3,…)
(15) 

and 
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Δkx =
2π
4a

, Δky =
2π
4b

(16) 

Substituting w(x)(x, y) and w(y)(x, y) from Eq. (14) into Eq. (10), 
yields: 

M(x)
p v(x)

p = 0, (p = 0,±1,±2,±3,…)

M(y)
q v(y)

q = 0, (q = 0,±1,±2,±3,…)
(17) 

M(x)
p =

⎡

⎢
⎢
⎢
⎢
⎣

− C2K2
xp + Ω4 − C1kxp

2
− C1kxpi − C2Kxpi

C1kxpi − K2
xp + Ω4

h − D1kxp
2
− C1 − D3Kxpkxp

C2Kxpi − D3Kxpkxp − D2K2
xp + Ω4

h − kxp
2
− C2

⎤

⎥
⎥
⎥
⎥
⎦

M(y)
q =

⎡

⎢
⎢
⎢
⎢
⎣

− C1K2
yq + Ω4 − C2kyq

2
− C1Kyqi − C2kyqi

C1Kyqi − D1K2
yq + Ω4

h − kyq
2
− C1 − D3Kyqkyq

C2kyqi − D3Kyqkyq − K2
yq + Ω4

h − D2kyq
2
− C2

⎤

⎥
⎥
⎥
⎥
⎦

(18) 

In Eq. (18), by setting det
(

M(x)
p

)
= 0 and det

(
M(y)

q

)
= 0, we can 

solve for Kxp and Kyq. The values of Kxp and Kyq obtained in MATLAB are 
presented in the form of the roots of a cubic polynomial equation as 
follows: 

ϑxz3
x + ιxz2

x + τxzx + δx = 0
ϑyz3

y + ιyz2
y + τyzy + δy = 0

(19) 

where 

Kxp = ±
̅̅̅̅̅
zx

√

Kyq = ±
̅̅̅̅
zy

√ (20) 

ϑx = C2D2

ιx = C2k2
xp − D2Ω4 − C2Ω4

h + C1D2k2
xp + C1C2D2 − C2D2

3k2
xp − C2D2Ω4

h + C2D1D2k2
xp

τx = C2Ω8
h − C2Ω4 − Ω4k2

xp + Ω4Ω4
h + C1k4

xp + D2Ω4Ω4
h + 2C1C2k2

xp + C2D1k4
xp

− C1D2
3k4

xp − C1Ω4
hk2

xp − C2Ω4
hk2

xp − C1C2Ω4
h − C1D2Ω4 + D2

3Ω4k2
xp + 2C1C2D3k2

xp

+C1D1D2k4
xp − C1D2Ω4

hk2
xp − C2D1Ω4

hk2
xp − D1D2Ω4k2

xp

δx = C1Ω4Ω4
h − Ω4Ω8

h + C2Ω4Ω4
h + C1D1k6

xp − C1Ω4k2
xp − C1Ω4

hk4
xp + C1Ω8

hk2
xp

− D1Ω4k4
xp − C1C2Ω4 + Ω4Ω4

hk2
xp + D1Ω4Ω4

hk2
xp + C1C2D1k4

xp − C1C2Ω4
hk2

xp

− C2D1Ω4k2
xp − C1D1Ω4

hk4
xp

(21) 

ϑy = C1D1

ιy = C1k2
yq − D1Ω4 − C1Ω4

h + C2D1k2
yq + C1C2D1 − C1D2

3k2
yq − C1D1Ω4

h + C1D1D2k2
yq

τy = C1Ω8
h − C1Ω4 − Ω4k2

yq + Ω4Ω4
h + C2k4

yq + D1Ω4Ω4
h + 2C1C2k2

yq + C1D2k4
yq

− C2D2
3k4

yq − C1Ω4
hk2

yq − C2Ω4
hk2

yq − C1C2Ω4
h − C2D1Ω4 + D2

3Ω4k2
yq + 2C1C2D3k2

yq

+C2D1D2k4
yq − C1D2Ω4

hk2
yq − C2D1Ω4

hk2
yq − D1D2Ω4k2

yq

δy = C1Ω4Ω4
h − Ω4Ω8

h + C2Ω4Ω4
h + C2D2k6

yq − C2Ω4k2
yq − C2Ω4

hk4
yq + C2Ω8

hk2
yq

− D2Ω4k4
yq − C1C2Ω4 + Ω4Ω4

hk2
yq + D2Ω4Ω4

hk2
yq + C1C2D2k4

yq − C1C2Ω4
hk2

yq

− C1D2Ω4k2
yq − C2D2Ω4

hk4
yq

(22) 

Eq. (19) is a cubic equation, which can be solved using Cordano 
formulas. By substituting the solutions into Eq. (20), the values of Kxp 
and Kyq can be obtained, where Kxp and Kyq each have 6 roots.

By substituting Kxp(j) and Kyq(j) (where j = 1~6) into Eq. (18), the 

corresponding eigenvectors v(x)
p(j) =

{
v(x)p1(j), v

(x)
p2(j), v

(x)
p3(j)

}T 
and v(y)

q(j) =

{
v(y)q1(j), v

(y)
q2(j), v

(y)
q3(j)

}T 
can be obtained.

Using the ratio form of the components of the eigenvectors, Eq. (14)
becomes: 

w(x)(x, y) =
∑p=− ∞

∞

1̅̅
̅̅̅̅̅

lpa
√

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∑j=1

4
eiKxp(j)y− iRxp(j)b

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

v(x)p2(j)

v(x)p1(j)

v(x)p3(j)

v(x)p1(j)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

v(x)p1(j) +
∑j=5

6
eiKxp(j)y− iRb

xp(j)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0

1

v(x)p3(j)

v(x)p2(j)

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

v(x)p2(j)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

eikxpx

w(y)(x, y) =
∑q=− ∞

∞

1̅̅
̅̅̅̅̅

ζqb
√

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∑j=1

4
eiKyq(j)x− iRyq(j)a

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

v(0)q2(j)

v(0)q1(j)

v(0)q3(j)

v(D)q1(j)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

v(y)q1(j) +
∑j=5

6
eiKyq(j)x− iRyq(j)a

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0

1

v(y)q3(j)

v(y)q2(j)

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

v(y)q2(j)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

eikyqy

(23) 

which can be simplified as: 

w(x)(x, y) = XZ(x)(x, y),w(y)(x, y) = XZ(y)(x, y) (24) 

where 

X =

⎡

⎣
1 0 0 0 0
0 1 0 1 0
0 0 1 0 1

⎤

⎦ (25) 

Z(x)(x, y) =
∑∞

p=− ∞
z(x)

p (y)

{
v̂(x)

p1

v̂(x)
p2

}

eikxpx, Z(y)(x, y) =
∑∞

q=− ∞
z(y)

q (x)

{
v̂(y)

q1

v̂(y)
q2

}

eikyqy

(26) 

The function definitions in Eq. (26) can be found in Appendix A.
Applying Euler’s formula to Eq. (26) and combining the symmetry in 

the positive and negative directions, an infinite trigonometric series 
form is obtained. Subsequently, utilizing the orthogonality of Fourier 
series, the displacements and rotations are decomposed into a series of 
sine and cosine functions. Since the boundary conditions require the 
rotations and displacements at the plate boundaries to be zero, imposing 
constraints on certain coefficients in the series and eliminating terms 
that do not satisfy the boundary conditions. Following this, the coeffi
cient matrix of the Fourier series is introduced, and by setting the dis
tribution of odd and even coefficients, it is ensured that each term of the 
results satisfies the dynamic equations as well as boundary conditions. 
For the convenience of further numerical processing, the orthogonal 
trigonometric series form is converted into an exponential Fourier series 
form using Euler’s formula. The cosine and sine functions are expressed 
in terms of complex exponentials, thereby uniformly representing the 
orthogonal trigonometric functions as: 

cos
(
kxpx

)
=

eikxpx + e− ikxpx

2
, sin

(
kxpx

)
=

eikxpx − e− ikxpx

2i

cos
(
kyqy

)
=

eikyqy + e− ikyqy

2
, sin

(
kyqy

)
=

eikyqy − e− ikyqy

2i

(27) 

The solutions for the rectangular plate, Z(x)(x, y) and Z(y)(x, y) can be 
rewritten in the form of an infinite Fourier series as: 

Z(x)(x, y) =
∑∞

p=− ∞
Z̃
(x)
p (y)eikxpx,Z(y)(x, y) =

∑∞

q=− ∞
Z̃
(y)
q (x)eikyqy (28) 

where 

z̃(x)
p (y) = z(x)

p (y)

{
v(x)

p1

v(x)
p2

}

, z̃(y)
q (x) = z(y)

q (x)

{
v(y)

q1

v(y)
q2

}

(29) 
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v̂(x)
(− p)1 =

⎧
⎪⎨

⎪⎩

v(x)
p1 if p = 0, 2,4,…

− v(x)
p1 if p = 1, 3,5,…

, v̂(x)
(− p)2 =

⎧
⎨

⎩

− v(x)
p2 if p = 0,2, 4,…

v(x)
p2 if p = 1,3, 5,…

v̂(y)
(− q)1 =

⎧
⎪⎨

⎪⎩

v(y)
q1 if q = 0, 2,4,…

− v(y)
q1 if q = 1, 3,5,…

, v̂(y)
(− q)2 =

⎧
⎨

⎩

− v(y)
q2 if q = 0, 2,4,…

v(y)
q2 if q = 1, 3,5,…

(30) 

In light of the infinite nature of the Fourier series, it is imperative 
that truncation is employed during practical computations. To achieve 
this, discrete sampling points Nx and Ny are defined, and the truncated 
infinite exponential Fourier series is given as follows: 

Z(x)(x, y) =
1
Nx

∑p=
Nx
2

Nx
2 1

Z(x)
p (y)eikxpx,Z(y)(x, y) =

1
Ny

∑q=
Ny
2

Ny
2 − 1

Z(y)
q (x)eikyqy (31) 

where z(x)p (y) and Z(y)
q (x) denote the spatial domain frequency compo

nents: 

Z(x)
p (y) = NxZ̃

(x)
p (y),Z(y)

q (x) = NyZ̃
(y)
q (x) (32) 

Nx and Ny mean the amount of sampling points along the x and y 
coordinates, respectively: 

Nx = 4a
/

Δx, Ny = 4b
/

Δy (33) 

By substituting Eq. (31) into Eq. (24), hereinafter substituting the 
results into Eq. (13), the general solution is obtained as: 

w(x, y) = X

⎛

⎜
⎜
⎜
⎜
⎝

1
Nx

∑
p=Nx

2

Nx
2 − 1

Z(x)
p (y)eikxpx +

1
Ny

∑
q=−

Ny
2

Ny
2 − 1

Z(y)
q (x)eikyqy

⎞

⎟
⎟
⎟
⎟
⎠

(34) 

2.3. Boundary conditions

To apply SEM, the boundary conditions have to be transformed into 
vector form. In the x-direction, the boundary conditions have the 
following expressions: 

d(x)
o1 (x) =

{
wB

o (x),w
U
o (x),ϕB

oy(x),ϕU
oy(x)

}T

d(x)
o2 (x) =

{
ϕB

ox(x),ϕU
ox(x)

}T

f(x)o1 (x) =
{

QB
oy(x),Q

U
oy(x),M

B
oy(x),M

U
oy(x)

}T
( − a ≤ x ≤ a)

f(x)o2 (x) =
{

MB
oxy(x),M

U
oxy(x)

}T

(35) 

In the y-direction, the boundary conditions have the following 
expressions: 

d(y)
o1 (y) =

{
wL

o(y), wR
o (y), ϕL

ox(y), ϕR
ox(y)

}T

dy)
o2(y) =

{
ϕL

oy(y), ϕR
oy(y)

}T

f(y)o1 (y) =
{
QL

ox(y), QR
ox(y),M

L
ox(y), MR

ox(y)
}T

( − b ≤ y ≤ b)

f(y)o2 (y) =
{

ML
oxy(y), MR

oxy, (y)
}T

(36) 

2.4. Spectral element formulation

In real engineering applications, the boundary functions sometimes 
do not have periodic features within the initial spatial domain 
(x ∈ [− a, a] and y ∈ [ − b, b]). To avoid the leakage error, the boundary 
functions are transformed to be periodic and expressed within the 
extended spatial domain (x ∈ [− 2a,2a] and y ∈ [ − 2b, 2b]). Using 
Discrete Fourier Transform (DFT), the boundary functions can be con
verted into the following spectral form: 
⎧
⎨

⎩

d(α)
1 (α)

f(α)1 (α)

⎫
⎬

⎭
=

1
Nα

∑n=− Nα/2

Nα
2 − 1

⎧
⎨

⎩

d
(α)
n1

f(α)n1

⎫
⎬

⎭
eikαnα, ( − 2l ≤ α ≤ 2l)

⎧
⎨

⎩

d(α)
2 (α)

f(α)2 (α)

⎫
⎬

⎭
=

1
Nα

∑n=− Nα/2

Nα
2 − 1

⎧
⎨

⎩

d
(α)
n2

f(ξ)n2

⎫
⎬

⎭
eikαnα, ( − 2l ≤ α ≤ 2l)

(37) 

where the spectral components are specified as: 

d(α)
n1 =

{
W(− )

n ,W(+)
n ,ϕ(− )

nβ ,ϕ(+)

nβ

}T

f(α)n1 =
{

Q(− )

nβ ,Q(+)

nβ ,M(− )

nβ ,M(+)

nβ

}T

d(α)
n2 =

{
ϕ(− )

nα ,ϕ(+)
nα

}T

f(α)n2 =
{

M(− )

nαβ,M
(+)

nαβ

}T

(38) 

where 

( − ) = B, ( + ) = U, β = y, l = a, n = r if α = x
( − ) = L, ( + ) = R, β = x, l = b, n = s if α = y (39) 

Using the method in Ref. [42], the Fourier series in exponential form 
is first rewritten as a trigonometric series. Then, by employing an 
orthogonal projection method, the spectral components satisfying the 
geometric and natural boundary conditions are separately extracted, so 
that the boundary functions and the general solution of the plate are 
matched under the same sine-cosine basis. In this way, the trigonometric 
series coefficients corresponding to each degree of freedom can be 
explicitly determined and associated with the corresponding external 
forces and deformations. In this process, the odd and even harmonics 
correspond to different constraint characteristics at the boundaries, 
ensuring that the boundary conditions are strictly satisfied numerically. 
Finally, by aligning the general solution with the spectral components of 
the boundary conditions through orthogonal integration, one obtains: 

⎧
⎨

⎩

d̃
(α)
n1

f̃
(α)
n1

⎫
⎬

⎭
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1̅̅
̅̅̅̅

ζnl
√

∫l

− l

⎧
⎨

⎩

d(α)
o1 (α)

f(α)o1 (α)

⎫
⎬

⎭
coskαnαdα if n = 0,2, 4,…,

Nα

2

1̅̅
̅̅̅̅

ζnl
√

∫l

− l

⎧
⎨

⎩

d(α)
o1 (α)

f(α)o1 (α)

⎫
⎬

⎭
sinkαnαdα if n = 1,3, 5,…,

(
Nα

2
− 1

)

⎧
⎨

⎩

d̃
(α)
n2

f̃
(α)
n2

⎫
⎬

⎭
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1̅̅
̅̅̅̅

ζnl
√

∫l

− l

⎧
⎨

⎩

d(α)
o2 (α)

f(α)o2 (α)

⎫
⎬

⎭
sinkαnαdα if n = 2, 4,6,…,

Nα

2

1̅̅
̅̅̅̅

ζnl
√

∫l

− l

⎧
⎨

⎩

d(α)
o2 (α)

f(α)o2 (α)

⎫
⎬

⎭
coskαnαdα if n = 1,3, 5,…,

(
Nα

2
− 1

)

(40) 
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By substituting Eqs. (13) and (34) into Eq. (40), the following 
equations can be obtained: 

d̃
(α)
n1 =

⎧
⎨

⎩

h(α)
n1(1)

h(α)
n1(2)

⎫
⎬

⎭

(

n = 0,1, 2,…,
Nα

2

)

d̃
(α)
n2 = h(α)

n2 ,

(

n = 1,2, 3,…,
Nα

2

)
(41) 

h(α)
n1(1) = ôn1E(α)

n1 v(α)
n1 +

∑m=0

Nβ
2

Φ(β)
mn1v(β)

m1

h(α)
n1(2) = ôn1

{
E(α)

n1 Γϕβ(α)
n1 v(α)

n1 + E(α)
n2 Γϕβ(α)

n2 v(α)
n2
}

h(α)
n2 = ôn2

{
E(α)

n1 Γϕα(α)
n1 v(α)

n1 + E(α)
n2 Γϕα(α)

n2 v(α)
n2
}

+
∑m=0

Nβ/2

Λ(β)
mn1Γϕα(β)

m1 ṽ(β)
m1 +

∑m=1

Nβ/2

Λ(β)
mn2Γϕα(β)

m2 ṽ(β)
m2

(42) 

where 

β = y, n = r, m = q if α = x;
β = x, n = s, m = p if α = y. (43) 

The definition of the above functions can be found in Appendix B.
Eq. (41) can be simplified to 

d̃ = H(ω)v (44) 

where H is a 3(Nx+Ny)+8 × 3(Nx+Ny)+8 matrix, and d̃ and v are 3 
(Nx+Ny)+8 × 1 vectors, defined as: 

d̃ =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d̃
(x)
1

d̃
(x)
2

d̃
(y)
1

d̃
(y)
2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, v =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

v(x)
1

v(x)
2

v(y)
1

v(y)
2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(45) 

where 

d(x)
1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d(x)
01

d(x)
11

d(x)
21

⋮

d(x)(
Nx
2 − 1

)

1

d(x)(
Nx
2

)

1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, d(y)
1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d(y)
01

d(y)
11

d(y)
21

⋮

d(y)(
Ny
2 − 1

)

1

d(y)(
Ny
2

)

1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, d(x)
2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d(x)
12

d(x)
22

d(x)
32

⋮

d(x)(
Nx
2 − 1

)

2

d(x)(
Nx
2

)

2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, d(y)
2

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d(y)
12

d(y)
22

d(y)
32

⋮

d(y)(
Ny
2 − 1

)

2

d(y)(
Ny
2

)

2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(46) 

v(x)
1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v(x)
01

v(x)
11

v(x)
21

⋮

v(x)(
Nx
2 − 1

)

1

v(x)(
Nx
2

)

1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,v(y)
1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v(y)
01

v(y)
11

v(y)
21

⋮

v(y)(
Ny
2 − 1

)

1

v(y)(
Ny
2

)

1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,v(x)
2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v(x)
12

v(x)
22

v(x)
32

⋮

v(x)(
Nx
2 − 1

)

2

v(x)(
Nx
2

)

2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, v(y)
2

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v(y)
12

v(y)
22

v(y)
32

⋮

v(
Ny
2 − 1

)

2

v(y)(
Ny
2

)

2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(47) 

Substituting Eqs. (13) and (34) into Eqs. (3), (4), and (5), and 
substituting the results into Eq. (2) and further into Eq. (40), the 
following functions are obtained: 

f̃
(x)
n1 =

⎧
⎨

⎩

g(x)
n1(1)

g(x)
n1(2)

⎫
⎬

⎭
,

(

n = 0, 1,2,…,
Nx

2

)

f̃
(x)
n2 = g(x)

n2 ,

(

n = 1, 2,3,…,
Nx

2

)
(48) 

f̃
(y)
n1 =

⎧
⎨

⎩

g(y)
n1(1)

g(y)
n1(2)

⎫
⎬

⎭
,

(

n = 0, 1,2,…,
Ny

2

)

f̃
(y)
n2 = g(x)

n2 ,

(

n = 1, 2,3,…,
Ny

2

)
(49) 

where 

g(x)
n1(1) = − C55 ôn1I

{
E(x)

n1

[
χ(x)

n1 − Γϕy(x)
n1

]
v(x)

n1 − E(x)
n2 Γϕy(x)

n2 v(x)
n2

}

g(x)
n1(2) = − ôn1IE(x)

n1

[
D11Γϕy(x)

n1 χ (x)
n1 + D12Γϕx(x)

n1 ξ(x)n1

]
v(x)

n1

− ôn1IE(x)
n2

[
D11Γϕy(x)

n2 χ (x)
n2 + D12Γϕx(x)

n2 ξ(x)n2

]
v(x)

n2

− I
∑Nx

2 − 1

m=0
Φ(y)

mn1

[
D11Γϕy(y)

m1 ξ(y)m1 + D12Γϕx(y)
m1 χ (y)

m1

]
v(y)

m1

− I
∑2

m=1
Φ(y)

mn2

[
D11Γϕy(y)

m2 ξ(y)m2 + D12Γϕx(y)
m2 χ (y)

m2

]
v(y)

m2

g(x)
n2 = D66 ôn2IE(x)

n1

[
Γϕy(x)

n1 ξ(x)n1 + Γϕx(x)
n1 χ (x)

n1

]
v(x)

n1

+D66 ôn2IE(x)
n2

[
Γϕy(x)

n2 ξ(x)n2 + Γϕx(x)
n2 χ (x)

n2

]
v(x)

n2

(50) 
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g(y)
n1(1) = − C44 ôn1I

{
E(y)

n1

[
χ (y)

n1 − Γϕx(y)
n1

]
v(y)

n1 − E(y)
n2 Γϕx(y)

n2 v(y)
n2

}

g(y)
n1(2) = − ôn1IE(y)

n1

[
D22Γϕx(y)

n1 χ (y)
n1 + D21Γϕy(y)

n1 ξ(y)n1

]
v(x)

n1

− ôn1IE(y)
n2

[
D22Γϕx(y)

n2 χ (y)
n2 + D21Γϕy(y)

n2 ξ(y)n2

]
v(y)

n2

− I
∑Ny

2 − 1

m=0
Φ(x)

mn1

[
D22Γϕx(x)

m1 ξ(x)m1 + D21Γϕy(x)
m1 χ (x)

m1

]
v(x)

m1

− I
∑Nx

2 − 1

m=1
Φ(x)

mn2

[
D22Γϕx(x)

m2 ξ(x)m2 + D21Γϕy(x)
m2 χ (x)

m2

]
v(x)

m2

g(y)
n2 = D66 ôn2IE(y)

n1

[
Γϕx(y)

n1 ξ(y)n1 + Γϕy(y)
n1 χ (y)

n1

]
v(y)

n1

+D66 ôn2IE(y)
n2

[
Γϕx(y)

n2 ξ(y)n2 + Γϕy(y)
n2 χ (y)

n2

]
v(y)

n2

(51) 

The definition of the functions in Eqs. (50) and (51) can be found in 
Appendix B.

Eqs. (48) and (49) can be simplified as 

f̃ = G(ω)v (52) 

where G denotes a 3(Nx+Ny)+8 × 3(Nx+Ny)+8 matrix, f̃ denoted a 3 
(Nx+Ny)+8 × 1 vector, which is defined as: 

f̃ =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

f̃
(x)
1

f̃
(x)
2

f̃
(y)
1

f̃
(y)
2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(53) 

where 

f(x)1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(x)01

f(x)11

f(x)21

⋮

f(x)(
Nx
2 − 1

)

1

f(x)(
Nx
2

)

1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, f(y)1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(y)01

f(y)11

f(y)21

⋮

f(y)(
Ny
2 − 1

)

1

f(y)(
Ny
2

)

1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, f(x)2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(x)12

f(x)22

f(x)32

⋮

f(x)(
Nx
2 − 1

)

2

f(x)(
Nx
2

)

2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, f(y)2

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(y)12

f(y)22

f(y)32

⋮

f(y)(
Ny
2 − 1

)

2

f(y)(
Ny
2

)

2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(54) 

By simultaneously solving Eqs. (44) and (52) and eliminating v, the 
relation between force and displacement can be obtained as: 

S(ω)d̃ = f̃ (55) 

where S(ω) is the spectral element matrix, defined as: 

S(ω) = GH− 1 (56) 

2.5. Free vibration analysis

After obtaining the spectral element matrix S(ω) of the orthotropic 
Mindlin plate, the condition det(S(ω))=0 can be set to determine the 
plate’s natural frequencies ωi, where i is the mode number. Subse
quently, substituting ωi into S(ω)d̃ = 0 to calculate d̃, and then 
obtaining the spectral components v of the general solution through Eq. 
(44). At this point, v represents the spectral components for p = 0 ∼

Nx/2 and q = 0 ∼ Ny/2, and the complete spectral components v
(p = − Nx/2 ∼ (Nx /2) − 1 and q = − Ny/2 ∼

(
Ny /2

)
− 1) can be ob

tained using Eq. (30). By substituting the complete spectral compo
nentsvinto Eq. (34), the ith mode shape shall be determined. The spectral 
element matrix S(ω) of each unit can be assembled into the global 
spectral element matrix Sg(ω) in the identical manner to the assembly of 
the global stiffness matrix in FEM.

3. Numerical examples

This section explores the feasibility of the spectral element model for 
orthotropic Mindlin plates using numerical methods. First, the spectral 
element model is employed to calculate the first ten natural frequencies 
of isotropic Mindlin plates and compare them with the results [42] to 
affirm the model’s convergence and accuracy. The first six mode shapes 
are plotted. The results of this study are also compared with the DSM and 
FEM calculations for orthotropic Mindlin plates presented in Ref. [35] to 
confirm the applicability of the spectral element model in solving 
orthotropic plates. Finally, the natural frequencies of orthotropic 
Mindlin plates under CFCF (Clamped-Free-Clamped-Free), FFFF (Free-
Free-Free-Free), SSSS (all edges are simply supported) and CSFS 
(Clamped-Supported-Free-Supported) boundary conditions are 
computed, and the first six mode shapes are illustrated for the FFFF and 
CSFS boundary conditions as example.

In Table 1, a comparison is presented of the first ten natural fre
quencies of isotropic square plates under FFFF boundary conditions. 
These frequencies were calculated using the spectral element model that 
was proposed, from the results in Ref. [42], and FEM. In this study, the 
spectral element model was tested with sampling numbers of 25 and 27 

to evaluate its accuracy and convergence. As shown in the table, when 
the sampling number is set to 25, the results obtained through calcula
tion agree well with those in Ref. [42]. When the sampling number is 
increased to 27, the results perfectly match those in Ref. [42]. Fig. 2
displays the mode shapes to the first six natural frequencies obtained 
using the spectral element model.

After verifying the applicability of the spectral element model in 
isotropic plate problems, the first ten natural frequencies of a square 
orthotropic glass/epoxy Mindlin plate (with material properties Exy =

60.7 GPa, Eyx = 24.8 GPa, a/b = 1, h/a = 0.1, νxy = 0.23, κ = 0.8601, Gxy 
= Gxz =Gyz = 12 GPa) were further computed. Table 2 compares the first 

ten Non-dimensional natural frequencies 
(

Ωn = a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω2ρh/D11

4
√ )

obtained 

Table 1 
The first ten natural frequencies obtained using SEM, from the results in 
Ref. [42] and FEM (E = 69 GPa, 2a = 2b = 1 m, h = 0.1 m, ρ = 2700 kg/m3, ν =
0.3, κ = 5/6).

Modes SEM (Hz) 
Nx=Ny=27[42]

FEM (Hz) 
200 × 200 Elements

SEM (Hz) 
Nx=Ny=25

SEM (Hz) 
Nx=Ny=27

1 309.7 309.69 309.48 309.68
2 461.2 461.45 461.20 461.17
3 567.9 568.03 567.25 567.86
4 777.2 777.25 777.24 777.21
5 1348 1348.55 1348.07 1348.06
6 1356 1357.13 1356.21 1356.13
7 1476 1476.46 1477.06 1476.42
8 1648 1648.34 1647.93 1648.26
9 2135 2135.85 2134.36 2134.82
10 2395 2396.94 2395.67 2395.36
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using SEM, the DSM [35], and FEM. The results show that the SEM re
sults are within a 0.6 % error compared to both DSM and FEM, 
demonstrating the feasibility of the spectral element model in analyzing 
orthotropic Mindlin plates.

After verifying that the spectral element model can be effectively 
applied to the solution of orthotropic plates, the natural frequencies of a 
graphite/epoxy orthotropic Mindlin plate (with material properties Exy 
= 185 GPa, Eyx = 10.5 GPa, a = b = 1 m, h/a = 0.1, νxy = 0.28, κ = 5/6, 

Fig. 2. The first six natural frequencies and their corresponding mode shapes for an isotropic square plate under FFFF boundary conditions.
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Gxy = Gxz = Gyz = 7.3 GPa, ρ = 1600 kg/m3) were further computed. 
Tables 3, 4, 5 and 6 present the calculation results under CFCF, FFFF, 
SSSS and CFSF boundary conditions, respectively. In all tables, the 
second column contains the results obtained by FEM with a discretiza
tion of 200 × 200 elements, while the third and fifth columns, respec
tively, present the results of SEM with 25 and 27 sampling points. The 
results show that the calculation errors of natural frequencies between 
SEM and FEM are within 1.5 %. Fig.3 and Fig.4 present the mode shapes 
of the first six natural frequencies obtained using SEM for FFFF and CSFS 
boundary conditions, respectively.

4. Conclusions

In referring to the spectral element modeling method proposed by 

Kim and Lee, this study proposes a spectral element model for ortho
tropic rectangular Mindlin plates with arbitrary boundary conditions, 
and its specific application methods in free vibration analysis are 
described. The accuracy and reliability of the proposed method for 
orthotropic rectangular Mindlin plates is demonstrated through a com
parison with existing solutions, including SEM for isotropic plates, DSM 
for orthotropic plates, and the FEM for both types of plates. The spectral 
element model in this study can also be applied to the solution of dy
namic response and wave propagation analysis in further study, as 
described in Ref. [42].
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Table 2 
The first ten non-dimensional natural frequencies (Hz) of a square glass/epoxy plate under FFFF boundary conditions.

Modes DSM 
[35]

FEM 
200 × 200 Elements

SEM

Nx=Ny=25 Err1( %) Err2( %) Nx=Ny=27 Err1( %) Err2( %)

1 1.5643 1.5606 1.5601 0.27 0.03 1.5596 0.30 0.06
2 1.8716 1.8583 1.8636 0.43 0.29 1.8618 0.52 0.19
3 2.3503 2.3423 2.3468 0.15 0.19 2.3466 0.16 0.18
4 2.4490 2.4407 2.4411 0.32 0.02 2.4380 0.45 0.11
5 2.6963 2.6810 2.6874 0.33 0.24 2.6885 0.29 0.28
6 3.1036 3.0816 3.0885 0.49 0.22 3.0852 0.59 0.12
7 3.4095 3.3993 3.3964 0.38 0.09 3.3935 0.47 0.17
8 3.4451 3.4307 3.4329 0.35 0.06 3.4254 0.57 0.15
9 3.8464 3.8171 3.8294 0.44 0.32 3.8292 0.45 0.32
10 4.0427 4.0252 4.0266 0.40 0.03 4.0266 0.40 0.03

Note: Err1 and Err2 represent the relative errors of the SEM calculations with respect to the DSM and FEM calculations, respectively.

Table 3 
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under 
CFCF boundary conditions.

Modes FEM 
200 × 200 Elements

SEM(Hz)

Nx=Ny=25 Err( %) Nx=Ny=27 Err( %)

1 65.44 65.35 0.14 65.35 0.14
2 86.78 86.59 0.22 86.59 0.22
3 177.95 177.89 0.03 177.89 0.03
4 208.41 208.26 0.07 208.13 0.13
5 294.55 294.28 0.09 294.21 0.12
6 342.72 342.85 0.04 342.68 0.01
7 375.92 375.61 0.08 375.37 0.15
8 382.65 381.97 0.18 381.83 0.21
9 528.02 527.17 0.16 527.12 0.17
10 554.35 553.58 0.14 553.47 0.16

Note: Err represents the relative errors of the SEM calculations with FEM 
calculations.

Table 4 
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under 
FFFF boundary conditions.

Modes FEM 
200 × 200 Elements

SEM

Nx=Ny=25 Err( %) Nx=Ny=27 Err( %)

1 54.81 54.76 0.09 54.75 0.11
2 65.32 64.79 0.81 64.46 1.31
3 127.60 127.08 0.41 127.13 0.37
4 178.09 176.26 1.03 176.81 0.72
5 238.97 242.45 1.46 240.48 0.63
6 265.04 265.44 0.15 265.44 0.15
7 284.94 281.87 1.08 281.85 1.08
8 345.08 345.59 0.15 344.17 0.26
9 389.20 389.45 0.06 389.59 0.10
10 446.74 446.42 0.07 446.57 0.04

Note: Err represents the relative errors of the SEM calculations with FEM 
calculations.

Table 5 
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under 
SSSS boundary conditions.

Modes FEM 
200 × 200 Elements

SEM

Nx=Ny=25 Err( %) Nx=Ny=27 Err( %)

1 256.60 255.62 0.38 256.23 0.14
2 317.79 316.29 0.47 315.85 0.61
3 445.17 446.41 0.28 445.41 0.05
4 599.46 596.97 0.42 598.03 0.24
5 634.55 631.64 0.46 632.60 0.31
6 727.62 724.14 0.48 725.46 0.30
7 872.57 873.21 0.07 872.11 0.05
8 1028.20 1025.97 0.22 1025.91 0.22
9 1059.74 1062.77 0.29 1055.80 0.37
10 1074.56 1077.43 0.27 1072.94 0.15

Note: Err represents the relative errors of the SEM calculations with FEM 
calculations.

Table 6 
The first ten natural frequencies (Hz) of a square graphite/epoxy plate under 
CSFS boundary conditions.

Modes FEM 
200 × 200 Elements

SEM

Nx=Ny=25 Err( %) Nx=Ny=27 Err( %)

1 85.24 85.08 0.19 85.18 0.07
2 193.48 193.94 0.24 193.26 0.11
3 270.57 269.87 0.26 270.14 0.16
4 347.48 347.62 0.04 347.06 0.12
5 356.31 356.4 0.03 355.82 0.14
6 484.58 484.28 0.06 483.88 0.14
7 566.82 567.49 0.12 565.25 0.28
8 638.39 638.71 0.05 637.32 0.17
9 675.96 675.42 0.08 675.72 0.04
10 689.71 690.26 0.08 688.91 0.12

Note: Err represents the relative errors of the SEM calculations with FEM 
calculations.
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Fig. 4. The mode shapes to the first six natural frequencies of a square graphite/epoxy plate under CSFS boundary conditions.
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Appendix A

The definition of the functions in Eq. (26) is as follows: 

z(x)
p (y) =

1̅̅
̅̅̅̅̅

ζpa
√

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

e(x)
p1 (y) 01 × 2

e(x)
p1 (y)Γ

ϕx(x)
p1 01 × 2

e(x)
p1 (y)Γ

ϕy(x)
p1 01 × 2

01 × 4 e(x)
p2 (y)Γ

ϕx(x)
p2

01 × 4 e(x)
p2 (y)Γ

ϕy(x)
p2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

z(y)
q (x) =

1̅̅
̅̅̅̅̅

ζqb
√

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

e(y)
q1 (x) 01 × 2

e(y)
q1 (x)Γ

ϕx(y)
q1 01 × 2

e(y)
q1 (x)Γ

ϕy(y)
q1 01 × 2

01 × 4 e(y)
q2 (x)Γ

ϕx(y)
q2

01 × 4 e(y)
q2 (x)Γ

ϕy(y)
q2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A.1) 

v̂(x)
p1 =

{
v(x)p1(1), v

(x)
p1(2), v

(x)
p1(3), v

(x)
p1(4)

}T

v̂(x)
p2 =

{
v(x)p1(5), v

(x)
p1(6)

}T

v̂(x)
q1 =

{
v(y)q1(1), v

(y)
q1(2), v

(y)
q1(3), v

(y)
q1(4)

}T

v̂(x)
q2 =

{
v(x)q1(5), v

(x)
q1(6)

}T

(A.2) 

where 0m×n represents the zero matrix of m× n. 

ζp =

{
2 if p = 0
1 if p ∕= 0 , ζq =

{
2 if q = 0
1 if q ∕= 0 (A.3) 

e(x)
p1 (y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

eiKxp(1)y− iK̂xp(1)b

eiKxp(2)y− iK̂xp(2)b

eiKxp(3)y− iK̂xp(3)b

eiKxp(4)y− iK̂xp(4)b

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

T

, e(y)
q1 (x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

eiKyq(1)x− iK̂yq(1)a

eiKyq(2)x− iK̂yq(2)a

eiKyq(3)x− iK̂yq(3)a

eiKyq(4)x− iK̂yq(4)a

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

T

e(x)
p2 (y) =

{
eiKxp(5)y− iK̂xp(5)b

eiKxp(6)y− iK̂xp(6)b

}T

, e(y)
q2 (y) =

{
eiKyq(5)x− iK̂yq(5)a

eiKyq(6)y− iK̂yq(6)a

}T

(A.4) 
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Γϕx(x)
p1 = diag

[
v(x)p2(1)

v(x)p1(1)

,
v(x)p2(2)

v(x)p1(2)

,
v(x)p2(3)

v(x)p1(3)

,
v(x)p2(4)

v(x)p1(4)

]

Γϕy(x)
p1 = diag

[
v(x)p3(1)

v(x)p1(1)

,
v(x)p3(2)

v(x)p1(2)

,
v(x)p3(3)

v(x)p1(3)

,
v(x)p3(4)

v(x)p1(4)

]

Γϕx(y)
q1 = diag

[
v(y)q2(1)

v(y)q1(1)

,
v(y)q2(2)

v(y)q1(2)

,
v(y)q2(3)

v(y)q1(3)

,
v(y)q2(4)

v(y)q1(4)

]

Γϕy(y)
q1 = diag

[
v(y)q3(1)

v(y)q1(1)

,
v(y)q3(2)

v(y)q1(2)

,
v(y)q3(3)

v(y)q1(3)

,
v(y)q3(4)

v(y)q1(4)

]

Γϕx(x)
p2 = diag[1,1]

Γϕy(x)
p2 = diag

[
v(x)p3(5)

v(x)p2(5)

,
v(x)p3(6)

v(x)p2(6)

]

Γϕx(y)
q2 = diag

[
v(y)q2(5)

v(y)q3(5)

,
v(y)q2(6)

v(y)q3(6)

]

Γϕy(y)
q2 = diag[1,1]

(A.5) 

where the superscript T represents the transpose of the vector or matrix, and diag[] represents the diagonal matrix. The parameters ζp and ζq, as 
defined in Eq. (A.3), are the correction factors for the Fourier components. The parameters K̂xp(j) and K̂yq(j) in Eq. (A.4) are scaling factors introduced 
for numerical stability. They are defined as follows: 

K̂xp(j) =

⎧
⎪⎪⎨

⎪⎪⎩

− Kxp(j) if Im
(
Kxp(j)

)
> 0

Kxp(j) if Im
(
Kxp(j)

)
< 0

0 if Im
(
Kxp(j)

)
= 0

K̂yq(j) =

⎧
⎪⎪⎨

⎪⎪⎩

− Kyq(j) if Im
(
Kyq(j)

)
> 0

Kyq(j) if Im
(
Kyq(j)

)
< 0

0 if Im
(
Kyq(j)

)
= 0

(j = 1, 2, 3,…,6)

(A.6) 

In the Eq. (A.6), Im(⋅) represents the imaginary part of the complex number.

Appendix B

The function definitions in Eqs. (42), (50), and (51) are as follows: 

E(α)
n1 =

[
e(α)

n1 (− d)
e(α)

n1 (d)

]

,E(α)
n2 =

[
e(α)

n2 (− d)
e(α)

n2 (d)

]

(B.1) 

Φ(β)
mn1 = om

⎡

⎣
e− imπ/2φ(β)

mn1

eimπ/2φ(β)
mn1

⎤

⎦, Φ(β)
mn2 = om

⎡

⎣
e− imπ/2φ(β)

mn2

eimπ/2φ(β)
mn2

⎤

⎦

Λ(β)
mn1 = om

⎡

⎣
e− imπ/2λ(β)

mn1

eimπ/2λ(β)
mn1

⎤

⎦,Λ(β)
mn2 = om

⎡

⎣
e− imπ/2λ(β)

mn2

eimπ/2λ(β)
mn2

⎤

⎦

(B.2) 

{ôn1, ôn2} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

{1,1} if n = 0,
Nα

2

{2,2i} if n = 2, 4,6,…,

(
Nα

2
− 2

)

{2i, 2} if n = 1, 3,5,…,

(
Nα

2
− 1

)

(B.3) 

where 
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om =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1 if m = 0,
Nβ

2

2 if m = 1,2, 3,…,

(
Nβ

2
− 1

)

φ(β)
mn1 =

{
φ(β)

mn(1),φ(β)
mn(2),φ

(β)
mn(3),φ(β)

mn(4)

}

φ(β)
mn2 =

{
φ(β)

mn(5) φ(β)
mn(6)

}

λ(β)
mn1 =

{
λ(β)mn(1), λ

(β)
mn(2), λ(β)mn(3), λ

(β)
mn(4)

}

λ(β)
mn2 =

{
λ(β)mn(5), λ(β)mn(6)

}

(B.4) 

φ(β)
mn(j) = φ̂(β)

mn(j) ×

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
σm1(j) − σm2(j)

)
coskαnd if n = 0, 2,4,…,

Nα

2
(
σm1(j) + σm2(j)

)
sinkαnd if n = 1,3, 5,…,

(
Nα

2
− 1

)

λ(β)mn(j) = λ̂
(β)
mn(j) ×

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
σm2(j) − σm1(j)

)
coskαnd if n = 2, 4,6,…,

Nα

2
(
σm2(j) + σm1(j)

)
sinkαnd if n = 1,3, 5,…,

(
Nα

2
− 1

)

(B.5) 

where j = 1, 2, 3,…,6, and 

φ̂(β)
mn(j) =

iKβm(j)
(

k2
αn − K2

βm(j)

) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ζmζnld

√ , λ̂
(β)
mn(j) =

kαn
(

k2
αn − K2

βm(j)

) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ζmζnld

√

σm1(j) = ei(Kβm(j) − K̂βm(j))d, σm2(j) = e− i(Kβm(j)+K̂βm(j))d

(B.6) 

I =
[

1 0
0 − 1

]

(B.7) 

χ (α)
n1 = diag[iKαn(1), iKαn(2), iKαn(3), iKαn(4)]

χ (α)
n2 = diag[iKαn(5), iKαn(6)]

ξ(α)n1 = ikαn⋅diag[1, 1, 1, 1]
ξ(α)n2 = ikαn⋅diag[1, 1]

(B.8) 

where 

β = y, l = a, d = b, n = r, m = q if α = x;
β = x, l = b, d = a, n = s, m = p if α = y . (B.9) 

Data availability

Data will be made available on request.
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