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ARTICLE INFO ABSTRACT

Keywords: The deep drawing process involves complex deformations with highly nonlinear interactions among geometry,
Transfer Le_ammg physics, and boundary conditions. Deep Drawing Force (DDF) refers to the force exerted by the punch on the
Deep drawing force sheet during forming and is essential for mechanical design and the prediction of failure modes such as wrinkling

Deep neural network model
Metal forming
Finite element method

or fracture. This study proposes a data-driven transfer learning framework to predict DDF under various process
conditions, where knowledge learned from analytically generated data is transferred to a model trained on
limited numerical or experimental data, effectively reducing the data requirement while maintaining high
prediction accuracy. The transfer learning in this work is entirely data-driven and relies on analytically generated
data to pre-train a base model. Specifically, a large synthetic dataset is generated for pre-training using theo-
retical forming force equations based on the energy method. This base model is then fine-tuned using a small
number of high-fidelity Finite Element Method (FEM) results that have been experimentally validated, finally,
the prediction performance is evaluated by testing on unknown FEM data. The pre-trained knowledge is also
transferred to tasks involving parts with different geometries, demonstrating strong generalization capability.
Experimental results show that the transfer learning framework significantly improves prediction accuracy while
reducing data requirements, offering an efficient and cost-effective solution for deep drawing process modelling.

Nomenclature (continued)
n Strain hardening exponent

ANA Analytical solution Ny Bending work
a The horizontal distance between the centre of the punch radius and the N. The work by the external force

centre of the die radius N Friction work
B material strength coefficient N, Plastic deformation work
c The clearance between punch and die Ro, R Initial and current radius of outer flange
DDF Deep drawing force Rc The radius of the moving boundary points of region BC and region CD
DNN Deep neural network Rp Radius to the die lip
D, Diameter of punch r Thickness anisotropy coefficient
EXP Experiment Tde Die corner radius
FEM Finite element method S¢ The friction surface
Fy Blank holder force t Time
F, Punch force u The radial displacement
h Punch distance u The velocity of the point
M The bending moment v The deformation body volume
MAE Mean Absolute Error v The drawing rate
ML Machine learning a Contact angle
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(continued)
&, €p, Plastic strain in radial, circumferential, and thickness directions
&t
3 Equivalent plastic strain
& The equivalent strain rate
&, €p, Plastic strain rate in radial, circumferential, and thickness directions
&
The angle between the radial velocity and the actual velocity directions
u Coefficient of friction
p,x Horizontal coordinate of the point before and after deformation
c The equivalent stress
oN Normal stress
A Yield stress
T The contact surface friction force
@ Bending angular velocity

1. Introduction

Deep drawing is a metal sheet stamping process in which a blank
holder secures the sheet metal while a punch draws it into a die to form
the desired shape. It is commonly used to manufacture hollow compo-
nents with complex curves.

The deep drawing process reduces the need for expensive machining
operations and improves production efficiency. It can be combined with
other forming techniques to fabricate metal parts with complex shapes,
lightweight structures, and excellent mechanical properties. As a result,
deep drawing is extensively utilized in critical industrial fields,
including aerospace, automotive manufacturing, home appliances,
micro-components, and high-volume consumer goods production
(Vollertsen et al., 2004). However, the deep drawing process is influ-
enced by numerous process parameters, including material properties,
such as elastic modulus, yield stress, and anisotropy (Zhao et al., 2024),
geometric parameters, such as punch diameter (Guo et al., 2025), and
die corner radius (Giorleo and Ceretti, 2022) and process conditions,
such as blank holder force (Yoshihara et al., 2005), temperature (Zheng
et al., 2017), and friction coefficient (Kim et al., 2007). These parame-
ters significantly influence the forming quality in deep drawing. Exces-
sive plastic deformation may cause localized thinning, leading to
necking and fracture (Shutov et al., 2015; Basak et al., 2020; Basak and
Panda, 2023; Firouzjaei et al., 2024). Another common failure mode is
wrinkling, which occurs due to plastic buckling caused by high
circumferential compressive stress (Du et al., 2021).

Deep Drawing Force (DDF) is the force applied by the punch to the
sheet during the deep drawing process, progressively deforming the
metal sheet and drawing it into the die to achieve the desired shape. DDF
is a critical process parameter in deep drawing, used for calculating
deformation work, determining mechanical equipment requirements,
and designing tooling. DDF is utilized to determine the critical DDF for
fracture instability (Leu, 1997) and the limiting drawing ratio (Leu,
1999; Fazli and Arezoo, 2012), thereby defining the maximum deep
drawing height (Wan et al., 2001). Additionally, DDF is employed to
assess the instability mechanisms leading to wrinkling in deep-drawn
metal sheets. In industrial applications, blank holder force is an easily
controllable parameter that influences DDF. Establishing the relation-
ship between blank holder force and DDF allows for optimization to
prevent failure (Zhao et al., 2004). Moreover, DDF is also used for
real-time identification of material properties (Zhao and Wang, 2005).
Therefore, accurately and effectively determining DDF is crucial for
guiding the forming of sheet metal components. However, the deep
drawing process involves a multitude of parameters, and during form-
ing, the sheet is subjected to various forces, including bending, tension,
friction, and compression, which collectively dictate the final product
quality. Consequently, accurately and efficiently analysing DDF is both
an essential and demanding task.

In the past, researchers have extensively used experimental, analyt-
ical, and numerical methods to study deep drawing problems. Experi-
mental methods are costly and time-consuming, and their results are
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typically used to validate the accuracy of analytical and numerical ap-
proaches (Irthiea et al., 2014). Analytical methods are cost-effective and
easy to implement, deriving analytical expressions based on theoretical
analysis. Fereshteh-Saniee and Montazeran, (2003) applied three
analytical equations to estimate the maximum DDF, determining that
the Siebel formula yielded the most precise predictions. Choi et al.
(2007) developed an analytical model and a FE model for hydraulic deep
drawing conditions. The analytical model required approximately 30 s
per calculation, whereas the FE simulation took 45 min. This compari-
son highlights the substantial computational efficiency advantage of
analytical methods over time-consuming FEM simulations and repetitive
experiments. Assempour and Taghipour, (2011) utilized analytical
modelling grounded in incremental strain theory, leveraging mechani-
cal and geometric relationships with the finite difference method to
derive analytical equations for determining the punch force in hydraulic
deep drawing. Rivas-Menchi et al. (2018) evaluated the accuracy of
several analytical equations and found that their predictive performance
varied depending on the number of parameters in the expressions, with
prediction accuracy differing significantly under varying experimental
conditions. Some of these analytical methods require intricate iterative
computations, demanding continuous variable adjustments to meet
error constraints, which can pose convergence challenges and require
optimized algorithms to minimize computation time. To simplify cal-
culations, certain assumptions and simplifications are often made, such
as assuming constant blank thickness, simplifying friction treatment,
and neglecting elastic deformation, which may reduce computational
accuracy.

Sheet metal forming involves complex physical mechanisms,
including nonlinearities caused by contact and friction, geometric non-
linearities, and nonlinear material behaviour. FEM is commonly used to
address these challenges (Miiller, M. et al., 2024; Dong et al., 2023;
Luyen et al., 2022). Liu et al. (2019) conducted failure analysis on 6A16
aluminium alloy and investigated its deep drawing performance under
varying blank holder forces using FEM. Choi and Huh (1999) analysed
the deep drawing process of planar anisotropic materials using an
improved membrane FE formulation. A comparison of deep drawing
loads revealed that the modified membrane FE model for planar
anisotropy provided more accurate results than the conventional
membrane FE model for normal anisotropy. Kardan et al. (2018) opti-
mized process parameters for deep drawing by combining FEM and
experiments to minimize punch force and achieve a uniform thickness
distribution. Their findings indicated that adjusting the initial blank
thickness and die corner radius effectively reduced punch force and
ensured a uniform thickness distribution. Atrian and Fereshteh-Saniee
(2013) developed a FE model for deep drawing of laminated steel and
brass sheets. Their study found that FE simulations overestimated DDF
by approximately 10 % compared to experimental results. They also
examined the effects of initial blank radius, friction conditions, and
blank holder force on the maximum DDF. Sabet et al. (2021) investi-
gated friction conditions of two aluminium alloys and incorporated
surface roughness into the FE model. Their study revealed that an in-
crease in blank holder force and friction coefficient led to a higher DDF.
However, despite the high accuracy of FEM in addressing deep drawing
problems involving multiple nonlinear behaviours, its application in
deep drawing process design demands substantial computational re-
sources (Cwiekala et al., 2011).

Globally, the adoption of intelligent manufacturing solutions driven
by Machine Learning (ML) is accelerating to enhance productivity and
reduce costs through predictive analytics. ML-based data-driven models
have emerged as a viable alternative for addressing nonlinear challenges
(Momeni et al.,, 2023). These models can capture the complex in-
teractions of various process factors and have been applied across
multiple fields, including material modelling (Bonatti and Mohr,
2021a), material design (Yang et al., 2021), and additive manufacturing
(Cheng and De Waele, 2024). The rise of deep learning has opened new
possibilities for intelligent manufacturing in sheet forming (El-Brawany
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et al., 2023; Samad et al., 2025; Link et al., 2025). Lee et al. (2024)
propose a Gaussian process regression approach for deep-drawing blank
design that captures nonlinear blank—form relationships and streamlines
die development, and further reducing the cost of FEM simulations.
Modanloo et al. (2025) propose a Gradient Enhanced-Expert Informed
Neural Network (GE-EINN) model, which achieves accurate forming
depth prediction using limited stamping data by integrating expert
knowledge gradients, underscoring the value of hybrid ML strategies in
data-scarce metal forming applications. Bonatti and Mohr (2021b)
developed a FE-based Marciniak-Kuczynski model to generate a large
database and constructed a neural network model for predicting the
forming limit curves of sheet metal. Babu et al. (2010) developed an
artificial neural network model to predict the maximum DDF, depth, and
profile of tailor-welded blanks, achieving prediction errors within an
acceptable range. Storm et al. (2024) developed a Graph Neural
Network (GNN)-based approach to accelerate multiscale simulations of
material mechanical responses, maintaining the multiscale nature of the
problem while outperforming FE analysis in speed. Data-driven models
offer high predictive efficiency; however, their performance is influ-
enced by the size and quality of the dataset.

The Transfer Learning (TL) method offers a solution to data scarcity
by transferring general knowledge learned from one dataset to a model
trained on another dataset, thereby effectively enhancing generalization
performance across different tasks (Yosinski et al., 2014). Duan et al.
(2024) used GNN to predict incremental forming force, demonstrating
the generality and effectiveness of TL methods in a limited dataset. Qu
et al. (2023) generated a large amount of data using a phenomenological
constitutive model to train a base model and then used TL to apply the
pre-trained model to new tasks generated by numerical simulation with
small datasets, showing that TL can effectively utilize limited data to
improve prediction performance. Liu et al. (2020) used TL to transfer
knowledge of easily obtainable electronic properties in semiconductors
to help predict phonon properties, significantly reducing errors
compared to direct neural network prediction. However, as far as the
authors are aware, there has been no comprehensive attempt to apply TL
to the deep drawing process.

The primary objective of this study is to develop a TL-based data-
driven model for accurately and efficiently predicting DDF. This
research aims to improve the accuracy of DDF prediction, reduce the
reliance on expensive experiments, decrease the computational time
needed for numerical simulations in design process, and utilize prior
knowledge to minimize data requirements. Specifically, this study first
employs an energy-based axisymmetric forming force theoretical for-
mula to generate a dataset. This analytical approach considers multiple
process parameters and incorporates certain assumptions to simplify
calculations. While these assumptions introduce computational errors,
they are useful for preliminary model training. Next, a high-fidelity
dataset is created using an experimentally validated numerical model.
TL is then utilized to incorporate the new data into the pre-trained
model, enhancing its accuracy. Finally, knowledge transfer between
different geometries is explored, specifically by reusing the trained
model of cylindrical cups to predict DDF of rectangular components.
Throughout the study, the test dataset is used to evaluate the model’s
predictive accuracy and computational efficiency.

2. Theoretical formulas and numerical method of deep drawing
process

2.1. Theoretical model based on energy method

The drawing process of the cylindrical part is shown in Fig. 1. For the
sake of calculation, it is assumed that the thickness remains constant
during the deformation process. When considering the geometric re-
lationships, the material thickness is neglected, and the neutral layer of
the blank is considered as the research object of deformation, the single-
side gap of the mould is distributed to the corner radius of the punch and
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Fig. 1. Geometry of deep drawing assembly.

die, thus, rpe = ¢/2+ 1y, r4c =¢/2+ 14 and a = rpc + rgc.

The part can be divided into five regions and simplified accordingly:
1) the region OA, which is in contact with the punch, 2) the punch fillet
region AB, which bends at point B, 3) the free sidewall region BC, 4) the
die fillet region CD and 5) the flange region DE. The last three regions
undergo plastic deformation, with friction in regions CD and DE, and
bending at points B, C and D.

For any deformation stage, the conservation of energy can be
expressed as the work (N.) done by the external force per unit time,
which is equal to the sum of the plastic deformation work (Np), bending
work (Ny) and friction work (N¢) per unit time (Wang et al., 2017), that
is:

Ne =N, + N, + Nt

= . . (2.1)
Ne = pl/,Np = / ()’E‘dV,Nb = M(/J,Nf :/ TdeSf
v St

where F,, is the drawing force in kN, v is the drawing rate in mm/s, and G,
&, V are the equivalent stress in the deformation body in MPa, equivalent
strain rate in s~ and deformation body volume in mm?, respectively. M
is the bending moment on the bending surface in N- mm and ¢ is the
angular velocity of bending deformation in rad/s. 7 is the contact surface
friction force in N and u is the velocity of the point on the friction surface
St in the opposite direction in mm/s.

Taking any point M on the plate before deformation, the horizontal
coordinate of the point before and after deformation are p and x,
respectively. When the punch distance is h, the radial displacement of
the point is u, and the relationship x = p + u(p, t) is obtained, where t is
time, thus:

o drdn_ox,
" ohdt  oh
The blank is subjected to friction in the die radius region (CD) and
flange region (DE). Therefore, the velocity of the point in the region in
the opposite direction of the friction force is:

(2.2)

lif = 1/cos 6 2.3)

where 6 is the angle between the radial velocity and the actual velocity
directions.

The assumption of the constant volume condition and constant
thickness leads to (Choi et al., 2007):

& =—6—¢€=0 (2.4)
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& =—g=1In (g) (2.5)

The expressions for equivalent strain £ and equivalent strain rate ¢
are (Kim et al., 2008):

_ 1+r s o 2r V2+2r. p P
L AT e, — 1_:21()—( 2.6
E= v £ € e mn()) o In ) (2.6)
Bo LPT gy T, o v2EALN, 1),
T A VT TR T T At orx|on] T T x|on

(2.7)
w:—w (2.8)

21 + 2r)

where r is the thickness anisotropy coefficient of the plate.
Using the Holloman strain hardening equation, the equivalent stress
can be written as:

G = 0, + Be" (2.9)

where o; is the yield stress, B is the material strength coefficient and n is
the strain hardening exponent.

According to the plastic bending theory of straight beams, the
bending moment of the circumference should be %Ei, and the bending
moment on the entire bending surface is:

_ 1 1 RZ
B=w ln{ﬁ [R3 + 2rpc (Raa + rpe(1 — cos a))] + osa (1 - x—’;) }
1
& =wln L? (R} — R* + R} — 2r4[Rp0 — rgc(1 — cos 9)])]

&= ol L% (R~ R? +x2)}

t2
M; = ZEi(ZﬂRi) = gsziEi-, (i=B,C,D)
Arranging the above formula and substituting it into formula (2.1),
we get the formula for DDF as (Zhao et al., 1998):

szzw/E +/ :
v X Sfcosﬂ

2.1.1. Plasticity equation
From the geometric relationship, the relationship between the depth
h and the contact angle a is:

(2.10)

ox
oh

ox

oh

4 _
ds; + 5" > R ! (211)

(2.12)
Since the area remains unchanged before and after deformation, it
can be concluded that (Wu, 2022):

R27R2
RP—R2+R2_R? =%
0t Rp Ry cosa

—2(rpcRa +rdCRD)a+2<r§c —rgc) (1 —cosa)
(2.13)

Ry=d/2—1p,Rg =R+ 7y sina,Rp =Ra+a,Rc =Rp — . sina

(2.14)

The relationship x = x(p, h) between the instantaneous coordinates
x, the original coordinates p, and the stroke h of the punch of points in
each deformation region can be derived through the theory of constant
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region, i.e.
2 _po x* — R
p* =R; + 2y [Raa — rpc(cos a — 1)] + o5 a Ry <x<R¢
X=Rp —rgsinf
RC <x< RD
RZ — p* = R? — R% + 2r4|Rpf + rgc(cos 6 — 1))
R —p*=R*-x* Rp <x<R
(2.15)

By differentiating both sides of Equation (2.15) with respect to a, the
following equation can be obtained:

ox| |ox| da sinacosa (x*>—RZ%)
i RS bt ISt W -7 Rp<x<R
oh|,” |da|,dh~ 2x  Rc—Ra BEX=Re
ox |0x df dR| _sinacosé cosé
L - 4R : <R
oh|, |09d.Rdh 2 (Re+ B)Rpfrdcsma ¢SX=Ep
0x oxdR| sina
—| =|—=—=—|=——(R.+R <x<R
ahl, ~ |ar ar| = 2x RetRe) Rpsxs
(2.16)

Substituting Equation (1) into Equation (2), the expression for the
equivalent strain g; in each deformation zone can be obtained as:

(2.17)

2.1.2. Friction model

Considering only the friction conditions in regions CD and DE, it is
assumed that the friction force on the surface of DE is uniformly
distributed with a value of z7pg = poy. Region CD satisfies two boundary
conditions zcp|,_g. = 0, 7cpl,—r, = HOn , and its distribution is assumed

as:
- ﬂJNsm (.a —0) (2.18)
sina
_F+F
=" K@ (2.19)
where K(a) = T (Gao

. 2
R%—Rp?+arg.Rp—%2 (1-cos a)+u | raRp(1 —ozctgaz)—éri(1 <os a)

et al., 2018)

2.1.3. Bending angular velocity
Bending angular velocity at each point during the deformation stage
is given by:
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da dadh  cos’a

5 =% =4 "dhdt Rc—Rs 2.20)
u sin a '

pp=— = R.+R

¢p Tde 2RDrdc ( ¢ + B)D

2.1.4. Force-stroke relationship

By organizing the above equations and substituting them into
Equation (2.1), the analytical expression for the relationship between
drawing forming force and stroke is obtained as:

#t(Rg + R¢)sin a

sin a
T eosal + R Fo | )

F, = * H(a)

sin a
1 _ﬂT(RB +Rc)'<
dc

Where:
Re  x2 —R2 dx T'4 COS 6
H(a) =2 O3B G4y ———dh
() w(/R TRz _RZx T /0"64RD rasind

1 2R sina
Fom—— |1 + 5 | ———— R —Rp | Kl
HEbo R { * r2 (1 Tcosa® D) (a)] *

[+
+ 05— |+
Rp X

t
Arye

2r4Rp
R -Rj

R
cot a-cos a- (R—B(;Egg + E4C> + osD}

(2.21a)
2.2. Numerical analysis

A FE model of the cylindrical part drawing process established in the
commercial software ABAQUS is shown in Fig. 2, and an explicit dy-
namic time integration scheme is used to efficiently solve highly
nonlinear contact and large-deformation problems. Due to the symmetry
of the model, only a quarter model is established to reduce computation
time. The sheet is meshed with S4R elements (4-node reduced integra-
tion with hourglass control) with a global mesh size of 1.3 mm and a
total of 1683 meshes. They are widely used in metal forming simulations
due to their computational efficiency and ability to capture in-plane
deformation. The tools (punch, die, blank holder) are meshed with
discrete rigid shell elements (R3D4, 3D, 4-node rigid elements), with its
motion controlled by a reference point. Surface-to-surface contact was
defined with friction modelled using a penalty formulation and a con-
stant Coulomb coefficient. A structured mesh was used for the blank
with refined mesh zones in punch corner expected to undergo severe
plastic deformation.

To validate the FE model, experimental parameters from the litera-
ture (Choi and Huh, 1999) were adopted. The blank material used is
aluminium-killed steel, characterized by a stress-strain relationship
represented as 6 = 561.92(¢ + 0.00941)°%® (N/mm?). The anisotropy
coefficients (r) r0, r45, and r90 are 1.751, 1.521, and 2.082,

Blank holder

Blank

Fig. 2. FE model of cylindrical part deep drawing process.
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Table 1
Process and geometry parameters of the cylindrical cup deep drawing
process.

Parameters Value
Radius of sheet blank (RO) 55 mm
Sheet thickness (t) 0.74 mm
Diameter of punch (D) 50 mm
The corner radius of die (ry) 8 mm
The corner radius of punch (r,) 8 mm
The clearance between punch and die (c) 1 mm
Friction coefficient (x) 0.17
Blank holder force (Fp) 19613 N
Punch displacement (h) 30 mm

respectively. The geometric parameters are illustrated in Fig. 1, and the
process variables employed in the simulation are listed in Table 1.

Rectangular deep drawing is a typical non-axisymmetric deep
drawing process, compared to axisymmetric blanks, rectangular deep
drawing introduces additional parameters such as corner and straight
edge regions, complicating the deformation process. The concept of
equivalent diameter has been proposed in the literature (Daxin et al.,
2008; Medell-Castillo et al., 2013) to extend axisymmetric deep drawing
theory to rectangular parts, proving a close relationship between deep
drawing processes for different shapes. However, applying some theo-
retical formulas to calculate maximum forming force has not been ideal
(Rivas-Menchi et al., 2018), likely due to the equivalent diameter fails to
effectively capture the influence of additional parameters in rectangular
deep drawing. Therefore, this paper uses ML to describe the complex
nonlinear relationships. By using TL to combine the knowledge of cy-
lindrical drawing with the rectangular drawing dataset generated by
FEM, we can further explore the hidden connections between them. We
adopted the process parameters reported in the literature (Choi and
Huh, 1999) to construct the FE model, as shown in Fig. 3. The mesh unit
types of the mould and plate are the same as cylindrical drawing, and the
fillet areas of the mould are also refined and the blank is meshed with a
global mesh size of 1.25 mm and a total of 3264 meshes. We generate 17
sets of forming force data with different friction coefficients and plate
thicknesses. These data are used to further train the TL model to verify
its applicability in complex non-axisymmetric deep drawing.

3. Machine learning models
3.1. Deep Neural Network (DNN)

A fully connected DNN is constructed to train and learn the rela-
tionship between process parameters and punch force. The model con-

sists of an input layer, hidden layers, and an output layer. This pointwise
approach allows DNN to learn the underlying mapping:

Fig. 3. FE model of rectangular plate deep drawing.
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(r.t,h) —F, (3.1

where r is the coefficient of friction, t is the thickness, h is the stroke
displacement and F, is the force.

In an L-layer fully connected neural network, the I layer contains N;
neurons, and the output of the j neuron is the weighted average of the
outputs from the previous (I — 1) layer, followed by the application of an
activation function to introduce non-linearity. The complexity of the
network architecture systematically increases from the input layer to the
output layer, enabling it to effectively capture hierarchical features in
the data. The general construction of an L-layer neural network is as
follows (Haghighat et al., 2023):

N1
A= f(Z WAl + b;.> (3.2
i=1

where Wf.j represents the matrix of weights and bjl. denotes the biases

associated with the I layer. f(-) is the activation function, enabling the
network to model complex phenomena that are not linearly separable.

Common activation functions include RELU (f(x) = max(0, x)),
Sigmoid function (f(x) = 1/(1 + e™)), Tanh (f(x) = (¥ — e™¥)/(e* +
e™)) (Lietal., 2021). Also, DNN was trained using the Adam optimizer,
a widely adopted algorithm for stochastic gradient-based optimization,
Adam combines the benefits of adaptive learning rates from RMSProp
and momentum-based gradient descent, making it suitable for effi-
ciently training complex neural network models.

The performance of DNN is evaluated through the loss function,
which estimates the difference between the predicted values and the
target values. During training, the backpropagation algorithm is used to
compute the gradient of the loss function with respect to the model
weights, adjusting the weights in the direction that reduces the loss
(Susmel, 2024). This iterative process continually improves the model’s
performance. Commonly used loss functions are: Mean Squared Error
(Bonatti and Mohr, 2021b) (MSE =1 Y"1, (y; — ?i)Z), Mean Absolute
Error (Weng and Yuan, 2023) (MAE =137, |y; — ¥i|) and Smooth L1
|x| —0.5,|x] > 1
0.5x% x| < 1 )-

In ML and statistical modelling, evaluating the performance of a
model is crucial. This paper uses the coefficient of determination (R?) as
a metric to assess the model’s explanatory power over the data. The
formula for calculating R? is as follows:

Loss (Smooth L1 = {

2

i —Y)

-

Il
_

R? = (3.3)

(vi — ?i)2

-

Il
-

Where y; is the target values, and y; is the predicted values, v is the
average of all actual values, and n is the number of samples.

3.2. Transformer Learning (TL) method

3.2.1. TL theory

TL is a machine-learning paradigm in which knowledge gained from
solving a source task is leveraged to improve learning performance on a
related target task. Formally, the source domain and source task are as
follows:

s ={Z,P(x)}, T = {7 i(x)} (3.4)
where Z’; is the feature space, P;(x) the marginal distribution, 7/, the

label space, and f; the predictive function. Similarly, the target domain
and target task are defined as:

G =A{ZP(X)}, T = {7 fe(x)} (3.5)
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InTL, s # Y, or .7 s # .7, yet one seeks to learn f, more effectively by
transferring information from (Z;, 7).

3.2.2. Pre-training (source task)

In deep neural networks, TL most commonly takes the form of
parameter transfer: a network is pre-trained on the source data to learn a
hierarchy of features, where early layers capture general representations
and later layers capture task-specific patterns (Pan and Yang, 2010).
Based on the TL method, this paper uses an analytical equation based on
the energy method to quickly generate a large amount of deep drawing
data as a data set for pre-training the source model. Although the
analytical solution has poor accuracy due to some empirical assump-
tions, it can still provide good trends and approximations. By updating
all weights and biases, the basic DNN is trained on the source data set to
minimize the source loss <s:

{W',b"} = arg min (W, b) (3.6)

3.2.3. Fine-tuning (target task)

After obtaining the source model, the source model parameters are
transferred to the target task, and the target data set for training the
target model is formed using experimentally verified FE data or exper-
imental data. A fine-tuning strategy is used to update the model pa-
rameters. During fine-tuning, one freezes the weights of the early layers
(1 <1< k) and updates only the deeper layers (k+ 1 <I<L) on the
target data to minimize the target loss ;. This strategy preserves
general features while allowing specialized adaptation, reducing the
amount of target data required to avoid overfitting (Yosinski et al.,
2014).

Mathematical Formulation of Freezing & Fine-Tuning.

1. Frozen layers (1 <1< k):

W, =W, bl =b (3.7)

y L)

2. Tuned layers (k+ 1 <1< L):

() = e min (o), {9,

This paper adopts the TL method to predict deep drawing force. The
source model is pre-trained based on the data calculated by the
analytical method, the source model parameters are transferred to the
target model, and the target model is fine-tuned using the experimen-
tally verified FE data. The flow chart of TL is shown in Fig. 4. By reusing
pre-trained features, TL can dramatically reduce data requirements,
accelerate convergence, and improve generalization when target data
are scarce or expensive. This makes it particularly well suited for engi-
neering tasks, where obtaining large, high-fidelity labeled datasets, e.g.,
from experiments or detailed FEM simulations, is costly.

4. Validation of theoretical model and FEM

Based on the FE model established in Section 2.2, the variation of
DDF with punch stroke is obtained, as shown in Fig. 5. The FEM and
experimental results are in good agreement. Thus, the FE model estab-
lished in this paper is completely reliable. In subsequent sections, this
verified and reliable simulation model can be used to generate the data
set required for ML.

A significant discrepancy exists between the results obtained from
the analytical method and those from the experiment. The theoretical
calculation formulas used in this study are based on the principle of
energy conservation. While the calculation process takes various influ-
encing factors into detailed consideration, certain assumptions and
simplifications were made to simplify the analysis. These assumptions
and simplifications include the following. First, to simplify the analysis,
it is assumed that the average thickness of the blank remains constant
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Fig. 5. Comparison between analytical solution, FEM and experiments (Choi
and Huh, 1999).

before and after deformation, and the condition of constant plastic
deformation volume is simplified to constant area. However, in actual
deep drawing processes, the thickness of the blank does not change
uniformly. Specifically, the blank at the punch bottom and corners thins,
while at the die corners and outer edges, the thickness increases. This
non-uniform thickness change is not fully accounted for in the theoret-
ical model. Second, contact friction is also simplified. In actual deep
drawing processes, the sheet’s outer edge thickness gradually increases,
leading to a continuously changing contact area. Additionally, as the
outer edge thickens, the contact area in region DE decreases. However,
to simplify the analysis, this study assumes a completely uniform dis-
tribution of contact normal stress in region DE, while region CD uses a
continuity model based on boundary conditions to approximate the

effect of friction. These simplifications may not fully capture the com-
plex frictional behaviour in actual deep drawing processes. Additionally,
this study neglects the elastic deformation of the metal material during
the deep drawing process and its corresponding elastic energy. The
elastic deformation of the metal affects the overall deformation behav-
iour and energy distribution. Ignoring this factor may lead to discrep-
ancies between the theoretical model and actual conditions.

While these assumptions and simplifications facilitate theoretical
analysis, they also introduce certain limitations. Nonetheless, these
simplified theoretical calculations still capture the main features of the
forming process. However, considering the above simplifications, future
research may need to incorporate more complex numerical simulations
or experimental data to further refine the model, providing a more ac-
curate description of the complex physical phenomena in deep drawing
processes.

4.1. Generation of database

The analytical solution presented in this article is an in-depth study
of forming forces considering the influence of numerous parameters. A
significant advantage is their ability to quickly calculate the drawing
force for specified parameters. In this section, we use analytical solu-
tions to generate extensive forming force-stroke data. Data-driven
models are trained using artificially generated data and subsequently
retrained using data from FE model. Several learning schemes based on
TL are explored and compared.

The punch force generated by the verified and reliable FE model is
used as high-fidelity data as a small batch target data set in TL. The
effectiveness of TL directly depends on the similarity between the source
data and the target data. The free parameters of the analytical equation
source model are calibrated using the FE model.

Some simplifications have been made to the analytical equations,
and it is understandable that the FE and the analytical solution data are
slightly different. Despite some differences, the results show satisfactory
agreement between the forming force-stroke data obtained from FE
simulations and analytical equations. Subsequently, a large amount of
forming force-stroke data was generated using the analytical equation
for different friction coefficients and plate thicknesses for subsequent



Y. Guo et al.

70

60

Punch force, Fp (KN)
8 & 5 3

S
T

0 5 10 15 20 25 30

Displacement, h (mm)

European Journal of Mechanics / A Solids 114 (2025) 105780

~
S

(b)

Punch force, Fp (KN)
8 s £ 3 3
T T T T T

(=}
T

0 5 10 15 20 25 30
Displacement, h (mm)
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learning of pre-train model. We generated 49 different analytical force-
displacement sequences covering 7 coefficients of friction (0.02-0.20,
step size 0.03) and 7 sheet thicknesses (0.44-1.04 mm in step size 0.1
mm), as shown in Fig. 6(a). Each sequence is discretized into 30 data
points, generating a rich source dataset for pre-training the source
model. The target dataset was generated using the experimentally
verified FE model, with a coefficient of friction in the range of 0.05-0.17
(interval 0.03) and a blank thickness range of 0.54 mm-0.94 mm (in-
terval 0.1 mm), totally 25 groups, and each sequence is discretized into
33 data points, as shown in Fig. 6(b).

5. Results
5.1. Pre-trained model based on analytical equations

The hyperparameters of the pre-trained model were obtained
through trial and error. DNN was configured with 3 hidden layers, each
containing 40 neurons, a learning rate of 0.001, and a sigmoid activation
function to introduce non-linearity. Prediction accuracy was evaluated
using MAE, and the network was trained using the Adam optimizer. We
select 5 sets of the 49 source datasets in Section 4.1 as test datasets, with
the remaining data divided into training and validation sets in an 80 %
and 20 % ratio, respectively. The training and validation losses are
shown in Fig. 7(a) and 7(b) compares the test set results. R%is 0.9999,

indicating that the pre-trained model effectively captured the features
and patterns of the source dataset and maintained high predictive per-
formance on unseen data.

5.2. Comparison with/without TL

After obtaining the pre-trained source model, we compare the per-
formance of three modelling approaches, namely analytical, Non-TL
model, and TL model, on the same FEM force-displacement dataset.
Our TL workflow began with the pre-trained base network (Section 5.1)
and fine-tuned all layers using only eight FEM-generated curves (33
discrete points each), reserving 17 unseen curves for testing. For a fair
baseline, we also built a new DNN (Non-TL) from scratch on those eight
curves, with hyperparameters optimized via Optuna (3 hidden layers, 87
neurons per layer, learning rate = 0.0073, batch size = 59).

Although the Non-TL achieves a respectable R? = 0.957 and MAE =
0.168, inspection of its prediction errors reveals systematic under- and
over-estimation in the whole region (Fig. 8(b)), indicating that purely
data-driven fitting struggles to capture subtle nonlinearities when data
are scarce. By contrast, the TL model archive near-perfect metrics (R% =
0.9995, MAE = 0.016) and largely eliminates the bias patterns seen in
the Non-TL results (Fig. 8(c)).

From the results in Fig. 8(a), it can be seen that the analytical
equation significantly underestimates the larger deep drawing force, but
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Fig. 7. (a) Loss function and (b) prediction results of the source model.
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after fine-tuning with the TL strategy, this error is effectively reduced.
This shows that pre-training injects an initial representation of deep
drawing physics into the network and plays a strong regularization role
in the fine-tuning process.

To rigorously assess the TL model’s accuracy and exclude overfitting,
we conducted a 15-fold random sub-sampling experiment on our FEM
dataset. In each fold, 8 curves were randomly chosen for training and the
remaining 17 curves for testing. Both the TL and Non-TL models were
retrained and evaluated per fold, with the Non-TL model’s hyper-
parameters optimized via Optuna before each run.

Fig. 9 plots the resulting MAE distributions across all trials. The TL
model consistently achieves a low mean MAE of 0.0169 with a tight
variance, underscoring both high accuracy and robust stability. In stark
contrast, the Non-TL model’s mean MAE of 0.0835 is accompanied by
large fluctuations, indicating that its performance is highly sensitive to
the particular training split. The Non-TL model’s unstable MAE behavior
reveals its overreliance on sparse training sets, leading to inconsistent
predictions. The TL model’s low variance demonstrates that pre-training
on analytical data provides a strong inductive bias, enabling reliable
performance even when target data are limited and randomly chosen.
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5.3. Performance of TL model

To dissect which pre-trained representations most benefit the target
task, we investigated the effectiveness of the TL model by examining the
impact of transferring different hidden layer on R? during the transfer
process. Using the base network with three hidden layers, we conducted
fine-tuning and the results are shown in Fig. 10, four variants of fine-
tuning are worth noting: No layers transferred (all weights randomly
initialized) average R? = 0.743; Only Layer 1 transferred average R? =
0.837; Layers 1 + 2 transferred average R? = 0.863; All three layers
transferred average R? = 0.988.

The results show that transferring only the first hidden layer yields a
dramatic jump from R? = 0.743 to 0.837, nearly matching the benefit of
transferring two layers. This underscores that early layers capture broad
and general features that are highly reusable across domains. Trans-
ferring only Layer 2 or Layer 3 fails to improve performance. This is
because subsequent deeper hidden layers perform complex nonlinear
transformations on the general features, gradually converting them from
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Fig. 11. MAE of different fine-tuning strategies after migrating all pre-
trained parameters.
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general to specific, and nonlinear feature combinations fine-tuned to the
source task’s peculiarities, offering little independent value for the new
domain. Performance steadily improves as more pre-trained layers are
included, peaking at R? = 0.988 when all layers are transferred. This
indicates that, while deeper layers are specialized, their adaptation still
contributes positively when fine-tuned collectively.

We systematically investigated how freezing different subsets of pre-
trained layers affects model accuracy, using MAE as the performance
metric (Fig. 11). All experiments began by transferring the full set of pre-
trained parameters into the target model. Subsequently, we either froze
or unfroze layers according to the following configurations.

1. All layers frozen: Only the final output layer was retrained on the
FEM data, yielding the poorest predictive accuracy;

2. Progressive unfreezing: We sequentially allowed deeper layers to be
fine-tuned, unfreezing layer 3 and layers 2-3;

3. Full fine-tuning: All layers were updated on the target data, pro-
ducing the lowest MAE of 0.017.

These results show that keeping all hidden layers fixed forces the
model to rely solely on source-task representations, which results in
poor accuracy. Additional unfrozen layer consistently reduced MAE,
demonstrating that successive fine-tuning unlocks progressively richer,
task-relevant features. Full fine-tuning achieved the best performance,
confirming that unfreezing more layers produces the most accurate and
robust force predictions when target-domain features are significantly
different from the source.

Fig. 12 illustrates the trend of MAE as the TL model is trained with
varying numbers of FEM datasets. It can be observed that the MAE of the
directly trained DNN model gradually decreases as the data volume
increases, while the TL model consistently outperforms the Non-TL
model under all data conditions. Specifically, when fewer than four
datasets are used, the DNN model fails to converge effectively, whereas
the TL model demonstrates excellent predictive performance. Notably,
when only one FEM dataset is used for training, the TL model achieves
an MAE as low as 0.108 and an R? of 0.98. As the amount of training data
increases, especially when using five or more data sets, R? stabilizes
above 0.9994, very close to 1. This demonstrates the significant ad-
vantages and superior performance of the TL method when dealing with
small datasets. This result highlights the effectiveness of TL in improving
model prediction accuracy. TL can leverage the knowledge learned in
the pre-trained model to achieve excellent results in the target task, even
with a small amount of training data. In contrast, directly trained DNN

non-TL
044 B TL
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= _
0.2 1
0.0 O @Ml =l = Hﬁﬂ—ll_l—\
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Fig. 12. MAE of TL and Non-TL with different numbers of training data sets.
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Table 2
Comparison of CPU time between FEM and TL.
Method Time
FEM 6433 s
Pre-train model 108 s
TL model 7.255-16.04 s

models, lacking the support of pre-trained knowledge, require large
amounts of training data to achieve relatively high-performance levels.
In conclusion, this study, by comparing the performance of TL models
and directly trained models under different amounts of training data,
further confirms the crucial role and advantages of TL in improving
model prediction performance in small dataset environments. This
provides strong support for the promotion and implementation of TL in
practical applications, especially when data is limited. TL is undoubtedly
an efficient and reliable model training strategy in such scenarios.

The above analysis confirms that the knowledge TL model has the
advantage of improving prediction accuracy. This paper also considers
the advantage of TL in reducing training time. Table 2 shows the CPU
time required for FEM and TL. In the deep drawing process, the blank
undergoes large plastic deformation involving complex loading condi-
tions and contact problems, which often leads to slow convergence
during the calculation process. It takes about 6433 s to complete a task
using FEM, while the training time for the pre-trained model is only 108
s. Additionally, the training time for the network after knowledge
transfer with small batches of data is even shorter, reflecting its excellent
computational efficiency. The reason why the TL model significantly
reduces training time is that it effectively utilizes the knowledge ob-
tained in the pre-trained model, allowing it to quickly adjust parameters
in the target task and adapt to new datasets. In contrast, FEM requires
starting over with complex numerical calculations, which is time-
consuming. This result not only demonstrates the significant improve-
ment in prediction performance with TL but also highlights its advan-
tage in computational efficiency. By reducing training time, TL can
greatly enhance the practical application efficiency of the model, mak-
ing it more practical and economical for industrial applications.

5.4. Knowledge transfer for non-axisymmetric deep drawing process

To evaluate the generalizability of our TL framework beyond
axisymmetric cups, we next apply it to a rectangular deep-drawing task.
Six FEM-generated force-stroke data are used to train both (i) a stand-
alone DNN (with hyperparameters tuned via Optuna) and (ii) the TL
model (pre-trained on analytical cup data and fine-tuned on the same six
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rectangular cases). The remaining 11 sets of FEM data served as an
unseen test set. The results are shown in Fig. 13.

As it can be seen from Fig. 13 (a), although the optimized DNN
captures the overall upward trend of the punch force (“Fp”) versus stroke
(“h™), its predictions exhibit noticeable scatter around the true curves,
yielding an R? of only 0.9236. By contrast, the TL model produces
force-stroke data that almost perfectly overlap the FEM results,
achieving an R? of 0.9985. These results demonstrate that features
learned from axisymmetric deep drawing can be effectively transferred
to a distinct rectangular geometry, even with only six fine-tuning sam-
ples. The TL strategy thus provides a powerful means to extend high-
accuracy force prediction to new part shapes with minimal additional
data.

6. Discussion

In the field of machine learning, transfer learning has the advantages
of improving prediction accuracy and shortening training time. Sheet
metal deep drawing is a highly nonlinear problem. Analytical equations
have the advantage of fast computational efficiency, but they are usually
calculated based on assumptions and simplifications. Such results usu-
ally have large deviations or are not applicable to certain problems. FEM
can simulate deep drawing behavior more accurately, but it often re-
quires large computing resources. Transfer learning provides a bridge
between the two methods, connecting the two knowledge models in the
form of data. We can obtain a large amount of forming force data from
mature analytical methods for pre-training basic neural networks.
Through these data, we can fully learn the general characteristic rela-
tionship of forming force-displacement, so we can reduce the demand
for high-fidelity data and only need less FEM data to adapt effectively.
And if new data, such as experimental data, is obtained, it can be used to
fine-tune the saved model without having to create the model from
scratch, so that it can acquire knowledge from the data of different
methods. This can make full use of existing data in the industrial field,
and of course it is necessary to identify whether there is a certain
correlation.

The principal novelty of our method is its purely data-driven use of
analytical formulations: unlike Physics-Informed Neural Networks
(PINNs) that integrate hard physical constraints into the architecture or
loss, our framework treats analytical data simply as a rich source
domain. This decoupling yields a flexible, modular pipeline that can be
easily updated as new FEM or experimental data become available,
without retraining from scratch.

Our layer freezing experiments reveal that unfreezing more layers
invariably enhances predictive accuracy, with full fine-tuning achieving
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the lowest MAE and highest R, Yet, freezing the first hidden layer alone
preserves excellent performance, underscoring that early layers capture
broadly transferable, physics-driven features. This suggests a pragmatic
compromise: one may freeze foundational layers to accelerate training
while retaining most of the TL benefit. However, the data volume in this
study is not large, so we mainly focus on improving the prediction ac-
curacy. Therefore, full model fine-tuning is used as the main migration
strategy.

Despite its strengths, this approach carries the following risk: the
analytical pre-training may embed biases that propagate through TL if
its simplifying assumptions (axisymmetric, constant thickness, uniform
friction) deviate significantly from the target application. Future work
must therefore assess TL’s robustness across alternative analytical
models and explore mitigation strategies to curtail inherited errors. In
addition, our analytical pre-training for axisymmetric cups and its
extension to deep drawing of rectangular plates can effectively predict
the forming forces of new shapes, proving that the force responses of the
two are very similar. However, for more complex parts, further explo-
ration of the correlation is needed. Regarding the model architecture,
sequence-based models, i.e. Recurrent Neural Network/Gated Recurrent
Unit (RNN/GRU), may be more effective in capturing the temporal
correlations on the force-displacement curves than pointwise DNNs and
deserve further investigation. Also, the characterization scope of this
paper is limited, as only the coefficient of friction and thickness are
considered. Other process variables (e.g., strain rate, anisotropy, tem-
perature) should be added to the TL framework and tested for
scalability.

7. Conclusions

This study proposes a TL framework for metal deep drawing, aiming
to achieve high prediction accuracy of forming force under conditions of
data scarcity. This framework combines analytically generated deep-
drawing force data with a minimal set of high-fidelity FEM data to
predict forming force under severe data constraints. By pre-training a
DNN on energy-based axisymmetric forming equations and fine-tuning
on only eight FEM curves, our TL approach achieved near-perfect ac-
curacy (R? = 0.9995 and MAE = 0.016), significantly better than both
the analytical baseline (R? = 0.9232, MAE = 0.242) and a directly
trained DNN (R? = 0.957, MAE = 0.168). This is mainly attributed to the
inductive bias imparted by analytical pre-training, which equips the
network with generalized physical features that facilitate rapid
convergence and robust generalization. Our layer-wise analyses further
reveal that the first hidden layer captures the bulk of these transferable
features (R? jump from 0.743 to 0.837), while subsequent layers refine
task-specific nuances. This suggests a principled, data-efficient strategy:
freeze foundational layers to preserve broad physics knowledge, and
fine-tune deeper layers to adapt to new domains. Beyond accuracy, TL
also significantly reduces computational costs: compared to a 6,433 s
FEM run, pre-training and TL require only 108 s and 7-16 s, respec-
tively. By extending our framework to rectangular cups, we demon-
strated that features learned from axisymmetric drawing can transfer
effectively to non-axisymmetric tasks, and the TL model (R? = 0.9985)
can effectively eliminate the scatter observed in directly trained DNNs
under data scarcity (R2 = 0.9236), improving accuracy. In conclusion,
this work establishes TL as a powerful alternative modeling paradigm
for metal forming. It leverages existing analytical and numerical
knowledge to deliver high-fidelity predictions with minimal additional
data, offering a compelling route to accelerate die design and process
optimization under data-scarce conditions.
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