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Implementation of strong form meshfree methods for 
solving PDEs 
open source meshless project   
https://gitlab.com/e62Lab/medusa 
http://e6.ijs.si/medusa/ 
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Discretization of domain, approximation of differential operator, 
approximation of partial differential equations. 

Examples  
Simple test cases, linear elasticity, thermo-fluid flow, EM 
scattering, solidification of a binary alloy, simulation of 
semiconductors. 

open source meshless project   
Medusa: Coordinate Free Mehless  
Method implementation (MM) 
https://gitlab.com/e62Lab/medusa 
http://e6.ijs.si/medusa/ 

Implementation 
Implementation of the solution procedure in open source 
generic C++ library. 

Application in projects 
Simulation of fretting fatigue, simulation of overhead power line 
cooling. 



 

Leading Slovenian research organization named after the most recognized Slovenian scientist  Jožef Stefan 
 radiation of a black body (𝑗 = 𝜎𝑇4) 

 Stefan’s problems (study of ice growth)  

 

JSI employs approximately 780 employees 
 150 doctoral students 

 350 professional scientists with Ph. D.  

 

There are three main research branches at JSI 

 Physics:     

 Theoretical Physics, Low and Medium Energy Physics,   Thin Films and Surfaces, 

 Surface Engineering and Optoelectronics,  Condensed Matter Physics,  

 Complex Matter,  Reactor Physics,  Experimental Particle Physics 

 

 Chemistry and Biochemistry: 

 Biochemistry and Molecular Biology, Molecular and Biomedical Sciences,  

 Biotechnology , Inorganic Chemistry and Technology,  

 Electronic Ceramics,  Engineering Ceramics, Nanostructured Materials,  

 Synthesis of Materials, Advanced Materials. Environmental Sciences  

 

 Electronics and Information Technologies  

 Automation, Bio-cybernetics and Robotics, Systems and Control, Artificial Intelligence,  Open Computer Systems and Networks,  

 Communication Systems, Computer Systems, Knowledge Technologies, Intelligent Systems  

 

The principal funding of JSI 
 60 % national programme – 10 % applied research  - 10 % international projects – 20 % industrial contracts 

 

Jožef Stefan Institute 
B a s i c  i n f o  

main laboratories 

reactor centre 



Parallel and distributed systems laboratory 

8 full time researchers  + 2PhD students + 7 MSc students 

 

Interested in: 

Computational modelling, numerical methods, computer simulations, Parallelization and 
performance analysis, optimization, processor architectures, interconnection networks, clusters, 
grid and cloud computing, and processing of Bio-signals. 

 

 

 

Smartphone application for live 
ECG monitoring 

Simulated temperature 
distribution of a heart cross-

section. 

Memory architecture of a test 
computer, L2 and L3 hit rates, 

and speedup. 

Physical model of dynamic 
thermal rating 



Computational modelling 
  

class trivial2D : public optimObjBase{ 

 typedef trivial2D TT;  

public: 

 ///PARAMETERs AND CRITERIA definition 

 enum CriteriaName{R1,endCrit}; 

 enum ParamName{X,Y,endParam}; 

 trivial2D(){ 

  params.resize(endParam);   

  criteria.resize(endCrit); 

 } 

}; 

Employ numerical 
method to 
transform PDE  to 
the system of 
algebraic 
equations 
 
 

Traditional mesh-
based methods FDM, 

FVM, FEM 

Meshless methods  
MLPG, DAM, LRBFCM, SPH 

Final goal is to create expressive, robust and computationally 
efficient implementation of numerical solution procedure  

Implement and execute it on different 
computer architectures  

Prepare a physical 
model in terms of 
PDEs 
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Usually PDEs do not have closed 
form solution 

Discretize the domain into final 
number of elements or nodes.   

 
Approximate partial 
differential operator 

 
Approximate PDE resulting in a 

linear system  
 

Solve the linear system 



Discretization of the domain 
  

The most basic way to generate node sets is to employ existing tools and algorithms for mesh generation, use the generated 
nodes and simply discard the connectivity relations  
(G.-R. Liu, Mesh free methods: moving beyond the finite element method, CRC press, 2002) 
• Conceptually flawed 
• Expensive 
• Inappropriate for meshless 

 
A common iterative approach is to position nodes by simulating free charged particles, obtaining so-called minimal energy 
nodes, Other iterative methods include bubble simulation, Voronoi relaxation  or a combination of both. [17, 24, 1]  
(D. P. Hardin and E. B. Saff, Discretizing manifolds via minimum energy points, Notices of the AMS, 51 (2004), pp. 1186-1194 
Y. Liu, Y. Nie, W. Zhang, and L. Wang, Node placement method by bubble simulation and its application, Computer Modeling in Engineering and Sciences( 
CMES), 55 (2010), p. 89) 
• Iterative methods are computationally expensive and require an initial distribution 
• can be used as a post processing  

 
Advancing front methods, which usually begin at the boundary and advance towards the domain interior, filling it in the 
process.  
(R. Lohner and E. Onate , A general advancing front technique for filling space with arbitrary objects, Int. J. Numer. Methods Eng., 61 (2004), pp. 1977) 
• Often limited to 2D  

 
Circle or sphere packing methods  
(X.-Y. Li, S.-H. Teng, and A. Ungor, Point placement for meshless methods using sphere packing and advancing front methods, in ICCES’00, Los 
Angeles, CA, Citeseer, 2000.) 
• Expensive 
• Good quality of nodal distribution 

 
Poisson Disk sampling based algorithms  
(R. L. Cook, Stochastic sampling in computer graphics, ACM Trans. Graphics, 5 (1986), pp. 51 
V. Shankar, R. M. Kirby, and A. L. Fogelson, Robust node generation for meshfree discretizations on irregular domains and surfaces, SIAM J. Sci. Comput., 40 
(2018), pp. 2584 
Slak J., Kosec G., On Generation of Node Distributions for Meshless PDE Discretizations, SIAM Journal on Scientific Computing, 41(5)) 
• Computationally effective 
• Dimension independent 
• Good quality of nodal distribution 



Poisson disk sampling based fill 
  

• Local regularity with minimal spacing guaranteed 

• Spatially variable density 

• Scalable 

• Compatible with irregular domains 

• Dimension independent  



h-adaptivity and relax algorithms 
  

Simple dimension independent h-adaptive algorithm Dimension independent relax post-process algorithm 

Four levels of the refinement algorithm applied around a hole in a domain after relaxation.  

 

In each node to be 
refined, new nodes 
are added on the half 
distances between 
the node itself and its 
support nodes.  

The basic idea is 
to “relax” the 
nodes based on a 
potential 
between them. 



Differential operator approximation 
  

Differential operator is approximated as 
 
 
 
 
Imposing exactness for a certain set of basis functions, e.g.  
monomials, MQs, Gaussians, etc., results in a system  
 
 
 
 
 
 
That can be subjected to additional weighting (W), when working with more 
nodes in support than basis functions (n>m) [1] 
 
To enforce consistency of the approximation system can be augmented with 
monomials up to a certain order 
 
 
 
 
 
 
 
 
 
 

The main idea behind meshless method is the 
approximation of differential operators over the local 
cluster of nodes, in many cases simply n closest nodes  

[1] http://e6.ijs.si/medusa/wiki/index.php/Computation_of_shape_functions 



Differential operator approximation 
  

More details on differential operator approximation such as complexity analysis, ghost nodes, boundary conditions, 
implementation notes, stability, … can be found at out discussion wiki page -- http://e6.ijs.si/medusa/wiki/index.php/Medusa 

Several strong form methods that can be described with this approach 

 
Finite Differences Method 

 

Local Radial Basis Function Collocation Method 

Šarler, B. (2007): From global to local radial basis function collocation 

method for transport phenomena,  Advances in Meshfree Techniques, 

Springer, Berlin, pp. 257-282. 

 

Generalized FDM - Finite pointset method 

S Tiwari, J Kuhnert - Meshfree methods for partial differential equations, 

2003 - Springer 

 

Diffuse Approximate Method  

Diffuse approximation method for solving natural convection in porous 

media,C Prax, H Sadat, P Salagnac - Transport in Porous Media, 1996 – 

Springer 

 

Radial basis function generated finite differences (RBF-FD) 

Accuracy of radial basis function interpolation and derivative approximations 

on 1-D infinite grids, B Fornberg, N. Flyer - Advances in Computational 

Mathematics, 2005 – Springer 

 

… and many more 

 
 

 
n=3, W(p)=1, b={1, x, x2} on regular nodes 

 

n, W(p)=1, b={sqrt(1+(p/c)2)}, m=n  

 

 

 

 

n=20-50, W(p)=exp(-(p/s)2), b={1, x, x^2, …} 

 

 

 

n=13, W(p)=exp(-(p/s)2), b ={1, x, y, x^2, y^2, xy} 

 

 

 

 

n=12,  basis = r^3, augmentation ={1, x, y, x^2, y^2, xy} 
 



Approximation of PDE 
  

Governing model 

Approximation of differential operator 
(Navier Cauchy equation) 

Assembly of linear system  

whose solution stands for discrete solution of governing problem 

    2       u u b

Cantilever beam example 



Concept of the Medusa Implementation 

Differential 
Operator 

approximation 

Support size 
size_t n 

Basis pool 
vector<function> b 

Weight function 
function W 

Approximation 
Engine 

Position vector 
Defines dimensionality   

Type of basis 
functions 

Type of weight 
function 

Approximation 
object 

Stencil 
selection 
Engine 

Node 
positioning 
algorithm 

Explicit 
operators 

Implicit 
operators 

Approximation of 
governing PDEs 

Vec_t laplace(container<vec_t> &u, int node) 

void laplace(matrix_t &M, int node, scalar_t alpha) 

Domain definition 

Solution of the 
problem 



Basic information of Medusa  
  

Main features: 
• Coordinate free and dimension independent implementation 
• Support different strong form meshless methods 
• Explicit transformation of equations into code 
• Minimal overheads due to the programming abstraction  
• Tested code  

http://e6.ijs.si/medusa/docs/html 

http://e6.ijs.si/medusa/wiki/index.php/Medusa 

Medusa is C++ template library using 
• Eigen library for linear algebra 
• Google test testing framework with approximately 500 tests 
• XML and HDF5 support for IO 
• Nanoflann for spatial-search structures 

 
 
 
 
 

 



Examples :: basic tests 



Examples :: basic tests 

 



Examples :: basic tests 

 

1D 2D 3D 

Global sparse matrices of discretized PDE and theirs spectra.  



Examples :: basic tests 

 

Extension to 4D  



Examples :: performance tests 

 

Analysis of potential overheads due to the heavily abstracted code 

Comparison with primitive FDM implementation Analysis of low level CPU counters 

L
2

 c
ac

h
e 

h
it

 r
at

io
 

L
3

 c
ac

h
e 

h
it

 r
at

io
 

Number of nodes 

Cache utilization of abstracted code is of the same 
order in comparison to plain old data based code 

There are no measurable overheads in abstracted 
code in comparison with plain old data based code. 



Examples :: performance tests 

 

Comparison with FreeFem++ 
2

D
 

3
D
 



Average hot side Nussulet number (left) and maximal vertical velocity (right) with respect to the 
number of used nodes  

Examples :: Adaptive linear elasticity 
Disk under pressure case  

Principal “re-mesh” adaptive solution procedure 
• Solve governing PDE with uniform node distribution. 
• Estimate error with simple ad-hoc error indicator. 
• Based on computed error construct new density function for fill algorithm 
• Re-position nodes  
• repeat. 

 



Adaptive solution of 3D Boussinesq problem 

Average hot side Nussulet number (left) and maximal vertical velocity (right) with respect to the 
number of used nodes  

Examples :: Adaptive linear elasticity 

Demonstration of adaptive solution on L-shaped domain  



Examples :: Thermo fluid transport 
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Temperature contour and velocity quiver plots of solutions in 2D and 3D domains 

Examples :: Natural convection 

Comparison of results with published data 



Examples :: Natural convection 

Generalisation to irregular domains 



Examples :: Electromagnetic scattering 

Governing PDEs 

with boundary conditions 



Examples :: Electromagnetic scattering 



Examples: heat transfer in complex domain  

Heat sink created from the Mathematica's heat sink model. 

Triceratops created from the Mathematica's triceratops model. 



Examples: Simulation of PN junction 

After joining the P and N doped semiconductors, the electrons and 
holes start to diffuse. The diffusing carriers leave charged ions behind, 
which induce the electric field that counteracts the diffusion. In the 
equilibrium, the junction and its local surrounding is depleted of all 
carriers.  
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Examples: Solidification of binary alloy 
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Sn-10%Pb alloy 
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Macrosegregation map measured in a similar 
case experiment (Sn-5%Pb) in 10x6 cm  
Yves Fautrelle et al., SIMAP - EPM, Grenoble 
 



Fretting Fatigue simulation 

    2       u u b

The goal of the project was to determine stress distribution within the 
specimen as fast as possible in order to simulate fretting fatigue and 
predict the crack initiation and propagation. 



Fretting Fatigue simulation 

Aggressive adaptivity  
smallest internodal distance is       times smaller than the initial one. 

… 

172

Final solution in terms of von Mises stress 
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Radiation 
Boundary 
condition 

  
 

Steel part – 
heat transport 

Aluminium part – 
heat transport and 
heat generation 
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Result of Schlieren photography Simulated temperature 

Experimental setup for measurements of 
conductor temperature  

simulation of overhead power line cooling 



DTRi back end  C++14
SUMO BUS

DTRi front end  web app

NGINX SQL 

Plotly

Rivets HTML 5 

Protocol Buffer

Spdlog Eigen

Middle end
python

Bootstrap

Django

operaters

Analyses
Model setup
Case studies

Checks for icing alarms
Supply minimal current

Dynamic thermal rating operational module 

Extension and simplification of the model 
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Heat exchange with surrounding 
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Validation Coupling with ALADIN model 



Dynamic thermal rating operational module 

Comparison of simulated and measured line temperature at Podlog power line in August 2019. 



Conclusions 

Medusa  
• tested  modular open source library for mesh-free simulations 
• dimension independent 
• explicit transformation of equations into code 
• minimal overheads due to the introduced abstractions 
 

Future work 
• Further development of features for solving different problems 
• Parallelization of fill algorithm  
• Domain decomposition 
• Discretization of surfaces – coupling of Meshfree and CAD 
• Solve more problems starting with Ionospheric model  

Thank you for your attention 

Parallelization Domain decomposition Parametric domains Ionospheric model 

open source meshless project   
Medusa: Coordinate Free Mehless  
Method implementation (MM) 
https://gitlab.com/e62Lab/medusa 
http://e6.ijs.si/medusa/ 


