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Abstract – In recent years, mesh-free approaches have
become a widely used alternative to conventional methods,
such as the Finite Element Method, in solving numerical
scattering problems. In this work a local Radial Basis
Generated-Finite Differences method is used to investigate
the electromagnetic scattering problem of an infinitely long
anisotropic circular cylinder, described by two coupled com-
plex partial differential equations. The method proves use-
ful for treating the complex valued solutions of the prob-
lem with material discontinuity at the junction between the
anisotropic cylinder and free space. The numerical solution
is compared to a known analytical solution in terms of accu-
racy and the values of Radar Cross Section.

I. INTRODUCTION

Electromagnetic scattering by different objects has
been of interest to physicists for a long time. Mie [1] pro-
vided a solution of plane wave scattering by homogeneous
dielectric sphere that was later extended to spheroids, el-
lipsoids [2] and infinite cylinders [3]. In recent decades,
motivated by various applications [4, 5, 6], substan-
tial research on electromagnetic scattering by different
anisotropic scatterers has been conducted. While closed
form solutions for circular [7] and elliptical [8] cylinders
exist, it is difficult to find solutions for arbitrary shapes,
possibly made of anisotropic materials. This has led to to
a wide variety of numerical methods being used to study
the problem. Finite-Difference Time-Domain (FD-TD)
method, developed by Yee [9], was applied to this problem
by Taflove [10] and Umashankar [11], followed by Finite-
Difference with Measured Equation of Invariance (FD-
MEI) to simulate scattering by a transversely anisotropic
cylinder [12, 13]. Also weak form Finite Element Method
(FEM) and its variants, namely edge-based FEM, have
been widely used to study the problem [14]. Mesh-based
methods can however run into problems when solving
severely anisotropic problems. Such problems require
mesh refinement along the anisotropy direction, which
makes them computationally expensive [15].

In the past decades, meshfree or meshless methods
based on radial basis functions (RBFs) have emerged as
an attractive alternative to the above mentioned mesh-
based methods, for solving partial differential equations
(PDEs) [16, 17]. The main strength of meshless meth-
ods is that there is no need for mesh generation. Further-
more, meshless methods have been applied to a variety
of electromagnetic problems [18, 19]. The electromag-
netic scattering problem by anisotropic cylinders has been
solved using the method of approximate particular solu-
tion (MAPS), a global strong form approach [15] and us-

ing meshfree local Petrov-Galerkin method (MLPG), a lo-
cal weak form approach [20].

In this paper Radial Basis Function-generated Finite
Differences (RBF-FD), a local strong form approach, is
applied to the scattering problem by an anisotropic cir-
cular cylinder, the scattering is formulated as a complex
valued problem and is solved using in-house Medusa li-
brary [21]. The error of the numerical solution is evalu-
ated with respect to the known analytical solution.

The rest of the paper is structured as follows: in sec-
tion II one can find the formulation of the direct scattering
problem from an anisotropic cylinder along with the def-
inition of RCS, RBF-FD method description and details
are presented in section III and finally, the numerical so-
lution and its analysis can be found in section IV.

II. ELECTROMAGNETIC SCATTERING PROBLEM

A. Scattering

Let D ⊂ R2 be the cross section of an infinitely long
anisotropic dielectric cylindrical scatterer surrounded by
a free space, with an outward normal n on boundary ∂D.
The anisotropy of the scatterer is described by A, a 2× 2
symmetric positive definite matrix, whose entries are rel-
ative magnetic permeabilities.

Figure 1. Anisotropic scatterer with cross section D, inside the
computational domain Ω.

The scatterer is excited by an eiωt time-harmonic
plane wave with TMz polarization, with ω standing for
its angular frequency. Let v ∈ C2(C) denote the complex
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valued field inside the scatterer and u ∈ C2(C) the field
outside of the scatterer. Field u can be further decom-
posed into the incident ui and the scattered field us. The
scattering of ui by an inhomogeneity with cross sectionD
in R2 can be formulated as a system of complex PDEs for
v and u:

∇ ·A∇v + εrk
2 v = 0 in D (1)

∇2us + k2 us = 0 in R2 \D (2)

with boundary conditions

v − us = ui on ∂D (3)

∂v

∂nA
− ∂us

∂n
=
∂ui

∂n
on ∂D (4)

lim
r→∞

√
r

(
∂us

∂r
− ikus

)
= 0, r = |r|, (5)

where k = ω
√
µ0ε0 = 2π

λ is the wave number of free
space, µ0 and ε0 are magnetic permeability and electric
permittivity of free space, while εr is the relative electric
permittivity of the scatterer. Relative magnetic permeabil-
ity matrix A is of the following form

A =
1

µxxµyy − µ2
xy

(
µxx µxy
µxy µyy

)
(6)

and the anisotropic normal derivative is calculated as

∂v

∂nA
= n ·A∇v. (7)

To numerically solve the described problem we con-
struct a finite computational domain Ω around our scat-
terer, as seen on Figure 1. This slightly changes the prob-
lem formulation, (2) is now only solved in Ω \D and (5)
changes to:

∂us

∂n
+

(
ik +

1

2r2

)
us = 0 on ∂Ω. (8)

The condition described in (5), and numerically calculated
as (8) is the so called Sommerfeld boundary condition and
it ensures that the scattered field us is outgoing.

B. Radar Cross Section

Radar cross section χ(θ), sometimes called the scatter-
ing cross section, is often of primary interest rather than
the fields u and v themselves, as it can be effectively mea-
sured [22]. In 2D it is defined as the following limit:

χ(θ) = lim
r→∞

2πr
|Es(θ, r)|2

|Ei(θ, r)|2
= lim
r→∞

2πr
|Hs(θ, r)|2

|Hi(θ, r)|2
,

(9)
where Es, Hs and Ei, Hi are the far field scattered
and incident electric and magnetic field intensities, respec-
tively. For TEz and TMz , where |ui| = 1, the expres-
sion can be further simplified to

χ(θ) = lim
r→∞

2πr|us(θ, r)|2. (10)

Finally given |us| along the outer contour we can calcu-
late RCS by expanding the solution in terms of Green’s
functions for the Helmholtz equation [23].

Figure 2. Given |us| inside a finite domain, one can calculate the
scattered field for any point r outside the domain via Green’s function

for the Helmholtz equation.

In the case of a circular outer contour the expression
simplifies into:

χ(θ) =
R2

4k

∣∣∣∣ ∫ 2π

0

F [us(r
′)]eikR cos ∆θdθ′

∣∣∣∣, (11)

where R is the radius of the outer contour and

F [us(r
′)] =

∂us(r
′)

∂n
− (ik cos ∆θ)us(r

′), (12)

where ∆θ is defined as the angle between vectors r′ and r
as depicted in Figure 2. We will use the |us| calculated in
the points on the boundary ∂D, as they are most densely
spaced in angle θ. Hence R in the above equations is re-
ally r1.

III. NUMERICAL METHOD

A. Radal basis functions
The foundation of the RBF-FD method are ra-

dial basis functions. They are defined over a set of
nodes X = {x1, . . . xn} generated by a radial function
φ : [0,∞)→ R as

{φi := φ(‖ · −xi‖), for xi ∈ X}. (13)

Commonly used RBFs are Gaussians, which we will also
be using in this paper. They are defined as

φi(x) = exp(−(εr)2), (14)

where r = ‖x − xi‖ and ε is the shape parameter which
controls the flatness of radial basis functions.

B. Solution procedure
A discrete formulation of a PDE is obtained by using

the RBF-FD method. Consider an elliptic boundary value
problem with Dirichlet boundary conditions

Lu = f in Ω (15)
u = u0 on ∂Ω, (16)

where f and u0 are known functions. In order to obtain
a discrete representation of the PDE, the domain is pop-
ulated with N nodes. Ni nodes are placed in the interior
of the domain and Nb on its boundary. Each node xi is



assigned n neighbors, denoted N(xi), that constitute its
support domain or neighborhood.

RBD-FD is a natural generalization of the FD method.
When using the FD method, stencil weights for opera-
tor L are known in advance. For example, if L is the
second derivative on a one dimensional equispaced grid
with spacing h, the weights are [1/h2,−2/h2, 1/h2]. As-
sembling the weights gives a global sparse system, whose
solution is an approximation of u in points xi. RBF-FD
works the same way, except the stencil weights cannot be
known in advance, as different neighborhoods have differ-
ent arrangements, hence computing the weights becomes
a part of the solution procedure. Moreover the operator L
is approximated as a linear combination of function values
at support points

(Lu)(xi) ≈
∑

xj∈N(xi)

wiju(xj). (17)

Weights wij are computed by imposing exactness of (17)
for a set of radial basis functions, as it is done with mono-
mials in the FD method. This gives a set of equations

(Lφk)(xi) =
∑

xj∈N(xi)

wijφk(xj), (18)

for all xk ∈ N(xi). Rewriting (18) in matrix form, one
obtainsφ(r

j1
j1
) · · · φ(rjnj1 )

...
. . .

...
φ(rj1jn) · · · φ(r

jn
jn
)


w

i
j1
...

wijn

 =

(Lφj1)(xi)...
(Lφjn)(xi)

 , (19)

where rjkjm = ‖xjk − xjm‖ and jk are indices of nodes
in the neighborhood N(xi) of node xi. This is a sys-
tem of n linear equations and can be compactly written
as Aiwi = bi. Matrix Ai is symmetric and in the case of
Gaussian basis functions with distinct support nodes [24],
positive definite, hence nonsingular.

After the weight vectors wi for all nodes n are com-
puted, they are assembled in a sparse matrix, and f and
x0 are used to obtain the right hand side of the system.
The system is then solved to give an approximation of
u. Boundary conditions that include differential opera-
tors, such as Neumann (4) or Sommerfield (8) boundary
conditions, are discretized using RBF-FD analogously to
operator L.

C. Remarks on weight computation
It should be noted that the value of the shape param-

eter ε is important as it influences the performance of the
algorithm. It is known for example, that as ε decreases,
the accuracy of the solution increases, but the matrices Ai
become more and more ill conditioned [25]. This is com-
bated by scaling the shape parameter ε inversely propor-
tional to the internodal distance, as this keeps the condi-
tion number of Ai constant with increasing node density.
For large values of ε and variable nodal densities, issues
may arise due to the Runge phenomenon [26]. The au-
thors used the scaling shape parameter technique and no
such issues were detected.

IV. SOLUTION

A. Case description
The scattering of interest is such, that the wavelength

of the incident wave is of the same order of magnitude as
the scatterer radius. Hence the product of the wave vec-
tor k and the radius of the scatterer r1 characterizes the
problem. We will be studying incident plane wave that is
TMz polarized, with linear frequency of 300 MHz and of
the form

ui = exp(ik(x cos θi + y sin θi)), (20)

where θi is the angle of the incident wave. To get
the radius of the scatterer we set kr1 = π

2 , to obtain
r1 = 0.25. As it is customary [15, 20], we chose the ra-
dius of the outer computational domain to be three times
that of the inner boundary. The authors also solved the
problem with different ratios in the range r2

r1
∈ [2, 15] and

larger ratios provided no additional accuracy when com-
puting RCS and were much more computationally expen-
sive, while r2

r1
= 2 was unstable. Finally, the relative per-

meability matrix of our problem is

A =
1

16

(
5 3
3 5

)
(21)

the incident angle θi = π
4 and the electric permittivity of

the scatterer is εr = 0.5.

B. Numerical solution
The problem was solved using the RBF-FD method

described in section III. Gaussian basis functions φi(x) =
exp(−(εr)2) were used, with a support size of n = 9.
The value of the shape parameter ε was set to ε ≈ 0.0011.
Both the field inside the scatterer and the scattered field
are calculated simultaneously as they are coupled via the
nodes they share on the boundary of the cylinder. A
common way to solve complex valued problems is to de-
compose the system of equations into real and imaginary
parts and obtain a new system of coupled equations. The
medusa library [21], can however solve complex valued
problems natively, simplifying the process. While both
the real and the complex part of the scattered field are
needed to calculate the radar cross section the magnitude
of the field inside the scatterer and the magnitude of the
scattered field are shown in Figures 3 and 4



Figure 3. Magnitude of the field inside the cylinder. Number of
computational nodes Ni = 6986.

Figure 4. Magnitude of the scattered field outside the cylinder. Number
of computational nodes Ni = 55262.

Note, the discontinuity at the boundary between the
cylinder and free space, which is a result of plotting only
the scattered field outside the cylinder. The sum of the in-
cident and the scattered produces a continuous field. The
numerical solution is compared to the analytical solution
derived by Monzon [27].

To compare the analytical and numerical solution we
computed the average error, defined as

εa =
1

N

N∑
i=1

|ûi − ui| (22)

where, ûi and ui are the analytical and numerical solution
in i-th node respectively. Since the numerical solution is
sensitive to node distributions, the error was computed for
120 slightly different nodal arrangements and then aver-
aged out. This was repeated for different number of nodes
N inside the domain. The results are presented in Figure 5
and Figure 6.

Figure 5. Average error of the numerically calculated field v inside the
scatterer, with regards to the number of nodes inside the scatterer Ni.

Figure 6. Average error of the numerically calculated field us outside
the scatterer, with regards to the number of nodes outside the scatterer

No.

The errorbars in figures 5 and 6 represent the standard er-
ror of the mean

σx =
σ√
N

(23)

σ being the standard deviation.

C. Radar Cross Section
The radar cross section is obtained from the numer-

ically scattered field by using (11). Normal derivatives
of the scattered field are needed for the computation of
RCS and they are obtained by explicitly taking the gradi-
ent of the computed scattered field us using the RBF-FD
method. With that, calculating the radar cross section be-
comes a matter of correctly applying numerical integra-
tion techniques; interpolants of both the values and the



normal derivatives of the scattered field are constructed,
and then used to numerically integrate (11). The results
for the considered case are shown in Figure 7.

Figure 7. Radar cross section for εr = 0.5, µxx = µyy = 5,
µxy = µyx = 3, θi = π

4
and kr1 = π/2 .

The analytical solution shown in Figure 7 was calcu-
lated using the method described in [27]. The root mean
square error (RMSE), defined as

RMSE =

√√√√ 1

Nrcs

Nrcs∑
i=1

[χ̂(θ)− χ(θ)]2 (24)

where χ̂ and χ are the analytical and numerical RCS re-
spectively and Nrcs is the number of points in which RCS
was calculated. For this case we obtain that RMSE =
1.6749 · 10−3.

V. CONCLUSION

In this paper we present a solution to the direct scat-
tering problem by an infinitely long anisotropic cylinder
using the RBF-FD method. It was shown that the method
gives satisfactory results when compared to the analytical
solution of the problem, both in terms of field strength and
RCS. Thus showing that RBF-FD method is a good alter-
native to other meshless methods (MAPS, MLPG) when
applied to the scattering problem.

In future work the solution will be extended to irregu-
larly shaped domains in three dimensions with application
of refinement of nodes distribution.
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